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ABSTRACT

In this paper, a generalized dynamical theory of thermoelasticity
is employed to study disturbances in an infinite elastic solid containing a
spherical cavity which is subjected to step rise in temperature in its inner
boundary and an impulsive dynamic pressure on its surface. The
problem is solved by the use of the Laplace transform on time. The
short time approximations for the stress, displacement and temperature
are obtained to examine their discontinuities at the respective
wavefronts. It is shown that the instantaneous change in pressure and
temperature at the cavity wall gives rise to elastic and thermal
disturbances which travel with finite velocities v, and v, (>wvy)
respectively. The stress, displacement and temperature are found to
experience discontinuities at the respective wavefronts. One of the
significant findings of the present analysis is that there is no diffusive
nature of the waves as found in classical theory.
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1. INTRODUCTION

Lord and Shulman [1] have first initiated the study of the generalized dynamical
theory of thermoelasticity by introducing a relaxation constant to take into account the
time needed for acceleration of the heat flow. If the relaxation constant is set equal to
zero, Lord and Shulman’s equations reduce to the classical field equations for the linear
coupled dynamical theory of thermoelasticity (see, for example, Boley and Weiner [2],
Chapter 1). Lord and Shulman’s analysis results in a system of coupled hyperbolic partial
differential equations which is then used for the investigation of a particular problem in
order to find a closed form solution.

Subsequently, considerable attention has been given to the study of wave propagation
in generalized thermoelasticity based upon the work of Lord and Shulman. Several authors
including Norwood and Warren [3], McCarthy [4], Puri [5], Agarwal [6], Chandrasek-
haraiah et al. [7-8], Roy-Choudhuri and Debnath [9-10] have investigated various problems
revealing interesting phenomena which characterize the generalized thermoelasticity.

On the other hand, Nariboli [11] has considered the problem of a spherically sym-
metric thermal shock in an infinite elastic medium with a spherical cavity. Matsumoto
and Nakahara [12] have solved the problem of a spherically symmetric thermal shock in
an infinite medium with a spherical cavity. In spite of these studies, these problems have
hardly received any attention within the scope of the generalized thermoelasticity.

The main objective of this paper is to make an investigation of a coupled problem
of a thermoelastic infinite solid containing a spherical cavity which is subjected to step
rise in temperature in its inner boundary and an impulsive or step rise in dynamic pressure
on its surface. The short-time approximations for the stress, displacement and temperature
are obtained using the Laplace transform technique. It is shown that the instantaneous
change in pressure and temperature at the cavity-wall gives rise to elastic and thermal
disturbances which travel in the medium with finite velocities v, and v, (> v,) respectively.
The stress, displacement, and temperature are found to experience discontinuities at the
respective wavefronts. One of the significant findings of this analysis is that there is no
diffusive nature of the waves as found in classical theory.

2. BASIC EQUATIONS OF GENERALIZED THERMOELASTICITY

We consider an infinite isotropic homogeneous elastic medium with a spherical cavity
of radius r=a. We denote the radial and circumferential stresses and strains by
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O,,, O Oy and e,,, €4, €, respectively. Invoking the spherical symmetry, the radial
displacement u is the only displacement and the stress and strain tensors are indepen-
dent of 6 so that we have the following relations
Ogo = Oy e,,-%, ew-e“-é (2.1)
The stress-strain relations are
0, =M +2pe,, — a(3A +2p)T (2.2)

Ogg = Ogy = M + 2pegq — (3N +2u)T (2.3)

where A = ¢,, + eg + €, is the dilatation, A, p are Lame’s constants, a is the coefficient of
linear expansion, and T is the excess of temperature over the reference temperature T
when the medium is unstressed.

The generalized heat conduction equation with thermal relaxation due to Lord and
Shulman [1] is given by

KV-T = pC(T +1T') + BT, (A +7A) (2.4)

where k is the coefficient of thermal conductivity of the solid, p is the constant mass density

of the medium, C, is the specific heat of the solid at constant strain, T is the thermal
relaxation time, B = (3A +2u)a, and V> = (-::.,. 3) 2

r)or’

The stress equation of motion is

3 2 du
5;0” + ;(orr - 090) = p_a-t—z. (2'5)
It is convenient to introduce the following dimensionless quantities
(U,R) = %(u,r), ©=T/T,, n=vt/a, (2.6)
1
(Og» Gg O,) = 5;(0,,, Ogr Tpe)s 2.7

where v? = (A +2u)/p is the dilatational wave speed in the medium. In terms of the
dimensionless quantities, equations (2.2)-(2.5) can be written as

aU x(_a_q g_g) BTy

YA _Ph 8
%=R*Wm\R R © (2.8)
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U A(aU 20\ BT,
Oy =0, = R -é-ﬁ(-a—k-' —R—') —‘i;-@ (2.9)
3’0 290 a@ tv628 oA Tvd’A
—+o—- +——|, 2.10)
dR?* R 4R 8n aq Aom am?
90z 2 pv’ U
R +R(0R - 0p) = 2 37] (2.11)

pC, . . . .
where a, = (T)av and a; = fav/k are dimensionless constants. Making use of equations

(2.8)-(2.9) and (2.11), we finally obtain the following equations

DD\U - aDG-)---(?—22 (2.12)
m?
D.DO- a2( 9 +1:'?i€2) a3( 0 +T -22—) (D,U), (2.13)
m om? m o’
where a; = (BT,)/(A + 2) is another dimensionless constant, T = tv/a, and
D "a'E and D, 5‘%% (2.14)

We assume the region Sy: 7 = a is initially at rest and to have zero temperature and
zero velocity. It is noted that this condition is not required in the classical theory, but it
is an essential requirement for the solution of the present problem.

3. THE SOLUTION OF THE PROBLEM AND BOUNDARY CONDITIONS

It is convenient to solve the problem by introducing the Laplace transforms (Myint-U
and Debnath [13]) U(R, s) and ©(R, s) by

[T,8]- J “e™"[U,0ldn, Res >0 G.1)

Application of the transform method with the prescribed initial conditions
U(R,0) = ©(R,0) = 0, equations (2.13)-(2.14) become

(DD, -s*)U =a, DO (3.2)

(D,D -ays - fs2)B =ay(s +vs)D,U (3.3)
I
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where p = a,v' =1 /( %) is the dimensionless relaxation time (or relaxation constant) and
k = (x/pC,) is the thermal diffusivity.

Invoking operations by DD, and DD respectively to (3.2)-(3.3) and using the
remaining one, it gives the following equations

L -m))(L-m)U =0 (3.4)
M -m})(M -m3)8 =0 (3.5)
where L = DD, and M = D,D are two operators, and m?, m} are the roots of the quadratic

in m? given by

m® = {s*(1 +PB +eP) +sa(1 +&)}m*+ (a5’ +Ps*) =0 (3.6)
where
aa, |, .
e= T (BTopC,) (A +2p) (3.7

is the thermoelastic coupling constant.
The solutions of equation (3.4) are modified spherical Bessel functions of order 3/2,

and can be expressed in terms of exponentials. Thus we have

— 2 1 1
-mR 2,
U= i;A,-e ( R +m;R2) . (3.8)
Similarly, the solution of equation (3.5) can be obtained as
— 2 e-m,R
os EB‘.°-——, (3.9)
i=1 R

where A; and B; are functions of s. Since the solutions must vanish at infinity, the square
roots are always so chosen that they have positive real parts.
The boundary conditions of the problem are:
(i) The boundary of the spherical cavity of radius a is subjected to a dynamical pressure
so that oz = —-P(n)) on R=1, form = 0, and
(ii) A step rise in temperature of magnitude ¥ is applied at the inner boundary of the
cavity so that O=x*HM) on R =1, for n=0,
where H(n) is the Heaviside unit function, i being constant.

These will give for R=1,
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o -% and ER =—P(s) (3.10ab)
Introducing (3.8)-(3.9) into equation (3.2) (for R=1), we have
s2—m?
B; = <A (3.11)
aym;
From (3.8)-(3.10), we have
e""'x ) e""z ) —
Al—-(sa,+2m +2)+A, » —(s"a, +2m, +2) = P(s), (3.12)
m, m;
and
s*—mi  m SP—m]
A am, e +A,° am, e ‘=ys (3.13)
Solving (3.12) and (3.13), we obtain
e""Lkl a
Op=0y==—73 [F (s)(s*-mD) —% - (s%a, +2my+ 2)] *[as'R*-m{R*-mR - 1]
e I 2 2 X4 2p2 . 2p2
+ vE . [P(s)(s —ml)—--‘;;-(sza4 +2m, + 2)] [as’R*-m;R"-m,R - 1],
(3.14)
and
e""lRl - xa E
Og =— R P(s)(s*-m2) —-—;1 - (s%a, +2my +2)| * [a,sR*+2mR +2]
i |
e 1o 2 2y X4, ] 252
+ I0E * | P(s)(s —ml)-—;- s (s°a,+2m, +2)| *[a,s'R°+2m,R +2] (3.15)

where R, =R -1, a, =1+ (N2p) and A’ = (m, — m,) [(@,s* + 2) (m, + m,) + 2(s* + m,m,)].

The exact evaluation of the Laplace inverse transform is almost a formidable task.
Therefore, special attention will be given to the possible discontinuities and short time
approximations. We express the roots of (3.6) in the form

miz_(ﬁ;‘/\?)z

(3.16ab)

where
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o,y =551+ +ef) +sa(l + &) = 2(as’ +En")i (3.17ab)

. 1 .
Putting s = 5» We can write

12= E@E;—w-z—(f-), (3.18ab)
where
o hE
‘pl,z(l’)'[(l + B +¢B) + payl +e):2(B+a2p)’] (3.19ab)
Expanding by means of Maclaurin’s series and taking p = }, we have
m ,=H +_-S:_+’fl_'_1_,3+0 L (3.20ab)
1,2 1,2 V1,2 s Sz ’
where
a, (1+8)+1/\/[_§_ (1+e)-1/VB
Hip=7° 1 E i,  (3:21ab)

[1+(1+8)B+2\/—B_} {1+(1+5)B°2\/E}

1

1 1

‘71;-5[{“(1+e)l3+2\/—(3_}:[1+(1+8)3_2\/3_}5}, (3.22ab)

1 22 - .
m,:--;js‘;'[{1+(1+s)8+2\/g} 1{1+(1+e)3-2\/é-} ]
g RN S S (PO s §

— —

S aeopaaVEl {1easop-2vVEl|

Since the relaxation time is small, an attention will be given to small time approxi-

(3.23ab)

Nl

mations. We next use Abel’s theorem (see Doetsch [14]) stating that lim f(n) = lim sf(s)
n— 0 5 —»®
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in order to calculate approximate values of stresses.
In order to illustrate the general theory, we now consider two special cases:

I. P(n) = Pyd(n), II. P(n) = P'H (m) where P, and P’ are constants and 8(x) is the Dirac
function of distribution.
CASE I. We expand the expressions for 0y and O in ascending powers off and

retain all terms up to l, So, for large s, we obtain
s

- - ! 1 17
G, =0 "‘“E""T‘T" . [Ll + LA L)+ Ly + Lls+LL)~
R m(;—g) S
& (5
—— .[L'l+(L'1L4+L'2)%+(L'3+L'1L5+L'2L4)-1—27, (3.24)
R+ af373) >
and
- e-R’(:’-WI) 1 1
Og =~ - T 1 '[L6+(L6L4+L7);+(L6L5 +L7L“+L8)'3]
Raf3-3) S
e-Rl(:—zH‘z) ’ ' ' 1 ' ’ ’ 1
AR [L UL AL+ L s+ L+ L s)-;], (3.25)
Raf 73 “‘
where
oL 1
L,L',=PR 7 %= (3.26ab)
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L

){v (l‘-lz V12+2n12V12)+RP'12+1}

R{a) {1t T2 2| - @R

+ -— T +

4 sz XVz.x iz Wy,2

2P,

( ol"z,l+xa1a4)], (3.28ab)
V2,.l

1 1\ (W Iy _1_ _1_ 2
+2(v1 Vz)(V2+V1)] [(h(vg v% ]+L4, (3.30)
1
v2.1
2P
L,L',= Ll -vi)- z(ﬂo-—pﬁ+xala4), (3.32ab)
V1,2 Va1

1
Ly, L's ’Po(l "_2—) (2Ru1,2+2)-2R(2P0 * u—1—1+xala.) /¥12
V2,1 V2,1

2 !
—amZ{Po(p;1+ :'“) +23‘f—‘}. (3.33ab)

2,1 Va1
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Similarly, the expressions for U and © can be obtained in the form

ST 1
-~ ol —+ +L o« —
de,;(‘j‘z‘fz') [ S (Lyy+LLy) sz]
Ry(Baty )
e ( 2) L 53 , , 1
- To1y +(L'y+LL'3)5 ], (3.34)
)
v v
and
1) 1 1
— e
Om——71 37" [Lls +(LeLys +Lyg) * st (LsLys+LLys ‘*'L17);‘5]
aak(73)
) 1 1
————r s+ EL s+ L) T+ Ll s+ Ll 6 +L 1) 5 (3.35)
s R(573) ;
where
1
LijL'ys= Po(l -—2-) . —B—, (3.36ab)
V21 V12
Li,L'yy=Py1- I/Vix) (Rpy 2 +1) = R(2Pgy 1V 1 + X218)N 1 2 (3.37ab)
Lis,L'\s=Py1 =15 )1 - 1M1 ), (3.38ab)

Lig L' g =-2P(1 - 1/"3,1)“1,2/\' 12— (1= I/Viz)(zpol’m/vz,x +X41a4), (3.39ab)

Ly L'y = =Po(1 = 1/v3) (132 + 201 2Vy.0) + 20y A 2Pobiy (N 1 + X818 2

—(1 = INV2 ) {Py(13 | + 205 Ny 1) + 2Xa V5 1} (3.40ab)



On Generalized Thermoelastic Disturbances 235

Application of the inverse Laplace transform [13] to (3.24)-(3.25) and (3.34)-(3.35)
yields
-#R

e
Oya=0, ~»~— .
oY R (1N -1M))

R R
[L,a(n -v—;) +(L,L, +L2)H(n -;1)

1

+(L3+L1L5+L2L4)(n -f—j)H(n -5)]

e

TRV~ 1V

L' Ry L'L,+L’ R,
)[ 1 n—vz +(L"Ly+L')H n—Vz
- , R, R,
+ @+l LssLL) (-2 (- } (3.41)
and
-WR

Og ~-—
R RPa,(IN=1N

« | L¢d -& +(LL,+L)H —&
g) [6 n v, 4 1 n v,

R
+(L6LS+L7L4+L3)(n-;f)H(n——-)]

e

-+ [
Rla,(1~7-1A3)

R, R,
[L'éa(n—;;) +(L'6L4+L'7)H(n-;;)

’ ’ ' Rl Rl
+(L 6LS+L sLy+L s)('r] —Z)H(n—;;)] (3.42)
ey [t | n- (-2
Ra{5m3) 1 YA
e‘“zkl 1

R2a (l_l
4 2 2
V2

At

2

Rl R]_ R
} [wo(n-3t) s@rrtars(n-Ca(n-2) ], oo

and
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“wR,

e R, R,
Om {L@(n ) +L4L15)H(n -2
Raja3=3)
R, R,
+(Lyg+LLyg+LsLs) ('ﬂ ""‘)H("ﬂ --‘71-)]
e‘l‘sz , R, R,
T 711y [L 156(7\ ) +(L'g+LL' 15)H(7| "‘")
Rala4( :f—_z-)

R, R,

P L g+ L 15)( )H(n —;—)] (3.44)

CASE II. Proceeding as in Case I, for small values of time, we obtain

e R,

' R, R, R,
R ey (-] st n-3) ‘”(““v:)]

27 2
v2

e""sz

r , Rl , , R1 Rl
+——7—|LyH|n-— +(L'y+LL') n-;— H n-;— ], (3.45)
Ra(jmg) L\ S

and

e R R R

2

r R R R
+——————-—5- L'uH(n—;-z‘-) +(L',2+L4L'u)(n-v—;) -H(n-v—’)], (3.46)

where
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Ly,L'y "Rz{P'o(l - 1/"%,1) o ARG 1/"3,2)’

Ly L' jg=—{P'y(1- 1/‘/3.1) -X3\a,} * {2R2P-1,2N1,2 +R/V1,2}

-R 2(“4 - 1/"?,2) (2P"guy vy 1 +2XaiN, 1),

Ly,L'y =aR{P'(1- 1/"3,1) - X244},

Ly L'y =2R{P'(1 -1/ ,) - x@,a,} vy, — aR*{ (2P oy, + 2Xa, )N, 1}

‘We can also find

=R, (1, +s/,) R (1, +s/v
- e 1\ 1 Lxs e 1(, 2 .Llls

U~21_1..—s_2-_2}.l s’
Ra4 vg Ra4v§ 'v;

2
1

_ R p 1
O~ [-;—+(L20 +LL,) - -5]
Rala,‘(;?-;z) s
R, (1, +5/y) L'
e 19 ’ ’ 1
) [Fwsin 5]

Rala4( a2
1

v2
where
’ R ’ 2
LigL'g= v, «[P'y(1- I~ ,) - y AN
1,2
LigL'g=(1~ 1/\'12)[13'0(1 - U"ix) -Xa,a,),
, 24, , , 2 2 , W1 2%a
1,2 2,

237

(3.47ab)

(3.48ab)

(3.49ab)

(3.50ab)

(3.51)

(3.52)

(3.53ab)

(3.54ab)

(3.55ab)
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Finally, we obtain the approximate solutions in the form

-, R
Ty e
U--——.—-—.—.—-—-oL Rp— oH ——
Rzaa(ilf“é) 18(“ " B
1 2
et (n &).H(n 13.‘) (3.56)
Raf3-3) '\ v.) '
1 2
-u,R
e T R R R
02 rv [LuH{n- 0t s a0~ -#Hn-3|
Raa( 573) | ! !
e.qul ’ Rl ’ ’ Rl Rl
--——————;——;-[L wH[N=2 |+ Wyt Ll (n -2t B n—v—] (3.57)
RalaA(;f"‘z) 2 2 2

4. DISCUSSION AND CONCLUSIONS

It follows from the above short time approximation of solutions that the disturbances
consist of two types of waves propagating with finite velocities v; and v, (>+v,). In the
limit  — 0, v, = 1 and v, — . This limit corresponds to the classical coupled theory
which predicts an infinite speed of thermal wave. Obviously, v, is the speed of thermal
wave and hence v, is the speed of elastic wave. Since v, > v,, the elastic wave follows the
thermal wave. It may be pointed out that the forms of y,(p) and y,(p) suggest that there
is no diffusive nature of the waves as found in Nariboli [11]. This is one of the significant
features of the present study.

The present analysis also reveals that stress, displacement and temperature are found
to experience discontinuities at the wavefronts, and they are given below. For Case I, the
discontinuities are
. ) _ e‘“\,zkx
R +R3a4( 5= %)

i V2

«[LL,L")+ (LzyL'z)] > 4.1)
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-y, 2R,
- - € ' ,
[oz - UR]Rx vy, s (L 1\ [LLeL'e)+ (L, L"), 4.2)
o 373)
. _ e"‘x.zkl
[u-u ]R,-nv, ) TN [LIS’L'13] > (4.3)
o 373)
and
e‘l‘l.le
[0~ o.]k, -V 1'2_‘_1—'_1‘“ *[LieL"16) + Ly * (L1, L"15)): (4.4)
Ra3)

For Case 1II, the displacement is continuous at the wavefront. However, the stress and
temperature are discontinuous at the wavefronts, and are given by

e'“l.zkx
[0; - OB]RX -nvi, == ; T—T—T—[Lg,L ,9] ’ (4.5)
e

272
A

. _ _ e""’l.ZRl
[ok - CR]R1 —va +T_T—1_ *[LiwLl'yl, (4.6)
* Ra(3my)

and

e‘Rx"x,z

1 ‘l
Ra1a4 v} vg)
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(O G>.]Rx ev2 = F *[Lyo, L' 35} (4.7)
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