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ABSTRACT

Sufficient conditions are found for oscillation of all solutions of impulsive
differential equation with deviating argument.
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1. Introduction

The impulsive differential equations with deviating argument are adequate mathematical
models of numerous processes and phenomena in physics, biology and electrical engineering. In
spite of wide possibilities for their application, the theory of these equations is developing rather

slowly because of considerable difficulties of technical and theoretical character related to their
study.

In the recent twenty years, the number of investigations devoted to the oscillatory and non-
oscillatory behavior of the solutions of functional differential equations has considerably increased.
The large part of the works on this subject published by 1977 is presented in [4]. In monographs
[2] and [3], published in 1987 and 1991, respectively, the oscillatory and asymptotic properties of
the solutions of various classes of functional differential equations were systematically studied. A
pioneering work devoted to the investigation of the oscillatory properties of the solutions of
impulsive differential equations with deviating argument was rendered by Gopalsamy and Zhang

[1].

In the present paper, sufficient conditions are found for oscillation of all solutions of the
equation

() —p(t)z(t+h) =0, t#Ty
Ax(ry) = a(1) +0) —2(r) = 0) = bpa(ry — 0) = bra(ry),
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where the function p = p(t) is nonnegative and continuous, and 7,(k € N) are fixed moments of
impulsive effect.

2. Preliminary Notes

Let N, ={1,2,..,n}, p€e C(R,,R,), R, =[0,00), let h be a positive constant, {T;}3°_
be a monotone increasing, unbounded sequence of real numbers, and {b;}3°—, be a sequence of
real numbers.

Consider the impulsive differential equation with a deviating argument (1) under the
condition

l’(t) = ‘P(t)’ te [Oah)’ (2)

where ¢ € C'l([(],h),lR+ ).

Introduce the following conditions:
Hl: O<h<rTy.
H2: There exists a positive constant T > h such that 7 s1- T 2T, keN.
H3: There exists a constant M >0 such that for any £ € N the inequality 0 < M < b, is
valid.

We construct the sequence
{tik €N} = {r,k eN}U{r) — b,k €N}

so that ¢ <tp ., ,keN.

Definition 1: By a solution of equation (1) under condition (2) we mean any function
z:[0,00)—R for which the following holds true:

1. If 0 <t <ty =7, —h, then the function z coincides with the solution of the problem

z'(t) — p(t)z(t + h) = 0.

2. Mt <t<tpyq ty €{rpk EN}\{rp —h,k €N}, then the function z coincides with the
solution of the problem

a'(t) = p(t)z(t+h) =0
z(tp+0)=(1+ bki)x(tk)a

where k;, is determined from the equality 7, =1,.
1

3o Uty <t<tp q typ €{T)—hk € N}\{r},k €N}, then the function z coincides with the
solution of the problem

2'(t) = p(t)e(t + h+0) = 0

2ty +0) = z(t}).

4. Mty <t <ty g, tp €{T,k €N} N {7 —h,k €N}, then the function z coincides with the
solution of the problem
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z'(t)— p(t)z(t+h+0)=0
2t +0) = (14 by Jz(t),

where k, is determined from the equality Tk, = 1%

Definition 2: A nonzero solution z of equation (1) is said to be nonoscillating if there exists
ty > 0 such that xz(t) is of constant sign for ¢ > ¢,. Otherwise, the solution z is said to oscillate.

3. Main Results

Theorem 1: Let the following conditions hold:
1. Conditions H1 and H2 are met.

T
1

2. limsup(1+b;) [ p(s)ds > 1.

1—00 T, = h

Then all solutions of equation (1) oscillate.

Proof: Let a nonoscillating solution z of equation (1) exist. Without loss of generality we
assume that z(t) > 0 for ¢ >ty > 0. Then z(t+ h) > 0 also for t > t,.

From (1), it follows that z is a nonincreasing function in (t,, Tk)U[Ufoz k(Tl-,Tl-_i_l)], where
Tk‘ > tO > Tk —1

Integrate (1) from 7, —h to 7, (¢ > k+ 1) and obtain

T.
1

z(r;)—a(r;,—h) = / p(s)z(s + h)ds,

T.—h

1

T

o(r) = 2(ry= W) 2 a(r;+0) [ p(s)is. ©)
T.—h

. 1
Since

o(r;+0) = (1+b)z(r; - 0) = (1 + b;)a(r)) (4)

then (3) and (4) yield the inequality
ori=h)+a(r) [(148) [ pl)ds—1|<0. 6
T, = h

Inequality (5) is valid only if

limsup(1 + bi)/ p(s)ds <1,

1—00

which contradicts condition 2 of Theorem 1. a

Theorem 2: Let the following conditions hold:
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1. Conditions H1-H3 are met.
t+h 1

2. htx_x_l_)gxfjt' p(s)ds > P CEST)E

Then all solutions of equation (1) oscillate.

Proof: Let a nonoscillating solution « of equation (1) exist. Without loss of generality we
assume that z(t) > 0 for t > ¢, > 0. Then z(¢ + h) > 0 also for ¢ > .

From (1) it follows that z is a nondecreasing function in (ty,7) U[U RO C P PO 1)],
Tk -1 < to < Tk.
Define the function w(t) = %;—), t>1t,, and let 7, € (t,t +h), t > t;. Then
_x(r;+0) _x(t+h) _=z(t+h)
x(ﬂﬁ‘”(ﬁ)* 1+bi < 1+bi < 1+ M

From the last inequality it follows that w(t) > 14+ M for t > t,,.
We shall prove that the function w is bounded from above for t > ¢,

1. Let 7; € (t,t +%), t > t,. Integrate (1) from ¢ to t+% and obtain that

t+h/2
o) —a() +a(t+ B —a(r+0)= [ pl)a(s+h)ds. (®)
t
Since

2(r;+0) = (1 +b,)z(r)) (7

then from (6) and (7) it follows that e h/2
st+h e+ [ pe)ats+ Wyds+bia(r) (®)

t
From (8) we obtain that L+ h)2 ‘B2
h . .

2(t+g)> [t,lfi hm:c(s + h)[ p(s)ds = +;l?{+3h/2]x(8)[ p(s)ds.  (9)

If in the interval [t + h,t + 32—’1] there is no point of jump, then

inf z(s) = z(t + h).
s €[t +h,t+3h/2]

If in the interval [t + h,t + %@] there is a point of jump, 7, , ;, then from the inequalities

z(r; 41 +0)  ax(t ‘*‘g‘zﬁ)

x(t+h)§x(ri+1): o5 <177

it follows that
inf =z(t+ h).
s € [t+llmr,1t+3h/2]x(s) 2(t+h)
The last inequality and (9) lead to L4 B2
x(t—i—%) > m(t+h)/ p(s)ds. (10)
t
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Integrating (1) from t+% to t + h, we get i
t+
z(t+h)—az(t+ %) >x(t+ 32_h)/ p(s)ds. (11)
t+h/2
From (10) and (11) it follows that
z(t +§-2b‘) 1
a:(t+—'1) < T¥h2 TR < const.
2 J p(s)ds [ p(s)ds
t t+h/2

Thus we proved that the function w is bounded from above.

2. Let r,e(t+5 h t+h). The boundedness from above of the function w can be proved ana-
logously.

We divide (1) by z(t) > 0, t > t,, integrate from ¢ to ¢ + h and obtain
Gy [ B [ R

(s z'(s s+

—2ds + / ds = / ————=ds,
/ ) Zonel B Cer o

l

t+h

In [1 1 w(t)]— / p(s)w(s)ds. (12)
t
From (12) it follows that .,
t+
In [1 +Mw(t)]> llmlnfw(t)/ p(s)ds. (13)

t

Denote wy = liminf, , w(t), 0 < wy < co. Then from (13) we obtain

t+h
liminf p(s)ds <

t—o0

t

ln[(1+M)_1w0]< 1
Wo “e(l+ M)

The last inequality contradicts condition 2 of Theorem 2.

O
Corollary 1: Let the conditions of Theorem 2 hold. Then:
1. The inequality
o'(t)— p(t)z(t+h) >0, t#71y,
(14)
Ax(ry) = bya(7y)
has no positive solutions.
2.  The nequality
2() = p(Da(t+h) 0, t#7
(15)

Ax(ry) = bya(ry)

has no negative solutions.
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Proof of 2: Let inequality (15) have a negative solution z(t) for t > t, for some t;>0.
From (15) it follows that

2'(t) < p(d)a(t +h) <0, (16)

l.e., z is a nonincreasing function in (¢, 7) U[U e k(ThTiy 1)]
From (16) we obtain that
() o2t +h)
t .
EoRLCaon

Analogously to the proof of Theorem 2 we are led to a contradiction with condition 2 of

Theorem 2. 8]
Theorem 3: Let the following conditions hold:
1. Conditions H1-H3 are met.

T

2. llmlnff p(s)ds > + T
T—h
Then all solutions of equation (1) oscillate.

Proof: From (3) analogously to the proof of Theorem 1 we obtain

,
k
L 2(7) 1 1
< = < X
lim inf p(s)ds“:c(rk+0) T46, T+ M
T~ h
The last inequality contradicts condition 2 of Theorem 3. O
Corollary 2: Let the conditions of Theorem 3 hold. Then:
1. Inequality (14) has no positive solutions.
2. Inequality (15) has no negative solutions.

The proof of Corollary 2 is carried out analogously to the proof of Corollary 1.

Theorem 4: Let the following conditions hold:
1. Conditions H1- H3 are satisfied.
2. In each interval of length h there are k points of jump (k € N).

t+h .
3. lim inf s)ds > ————.
t—o00 ‘{ p( ) e(l + M)k
Then all solutions of equation 1 oscillate.

Proof: Let a nonoscillating solution z of equation (1) exist. Without loss of generality we
assume that x(t) > 0 for ¢t > ¢, > 0. Then z(t+ h) > 0 also for t > 0.

For any fixed ¢ (t > t;) in the interval (t,t 4 h), let
t<MWar® o «rByyh
be k points of jump with respective constants bgl),bg),...,bgk).
z(r‘s +0)

Since z(7,) = BETRE € N and z is a nondecreasing function in (t,'rgl)) U

[Uf:%(rs , g'+1))]u(7£k),t+h), then
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a:(t) < x(rgl)) — M < < :L‘(t + h)

S | LR O))
From (17) it follows that
. _z(t+h)
Introduce the function w(t) = OB t >t

We shall prove that the function w is bounded from above for ¢ > ¢,.

39

(17)

Let the interval [¢,¢ +—g] contain [ points of jumps, and let the interval [¢ + —’21, t+h] contain r

points of jumps (I +r = k).
Integrate (1) from ¢ to t+£2‘- and obtain that

t+h/2

l . .
il e = [ plogatotmas+ Y o0l

f 1=1
From (18) it follows that
t+h/2

z(t+ %) >z(t+ h)/ p(s)ds.

Integrate (1) from t+% to t + h and obtain that

t+h

k . .
c(t+h)—z(t+ %) = / p(s)z(s + h)ds + Z bg')x(rgl)).

t+h/2 i=141

From (20) it follows that
t+h

2t +h) > z(t + 3 / p(s)ds.
t
From (19) and (21) we obtain that
2+ _ 1
m(t+%) - t+h/2 t+h
{ p(s)ds/ p(s)ds
t+h/2

From the last inequality it follows that the function w is bounded from above for ¢ > t.

Denote wy = liminf, | _w(t), 0 < wy < co.

t—o0

Integrate

from t to t 4 h, t > t,, and obtain
t+h

RN S ' ' z(s
I Y fna(r ) - s O 0)]= [ o)™ s
t

=1

< const.

(18)

(19)

(20)

(21)
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( ) t+h
w(t /
n| e = p(s)w(s)ds. (22)
[Hf: 1(1+b£1))} t
Assertion (22) leads to the inequality
t+h
w(t) . /
In| ———— [ > lim infw(t s)ds.
[(HM),C}_ i) [ )
From the last inequality we obtain that
LR In[(1 + M)~ *u,]
liminf/ p(s)ds < W 0 < 1 £
t—oo A 0 e(l+ M)
which contradicts condition 3 of Theorem 4. O

Corollary 3: Let the conditions of Theorem 4 hold. Then:
1. Inequality (14) has no positive solutions.
2. Imequality (15) has no negative solutions.

The proof of Corollary 3 can be rendered analogously to the proof of Corollary 1 and
Theorem 4.

Consider the nonhomogeneous impulsive differential equation with deviating argument:
z'(t) = p(t)x(t + h) = q(t), t# 7y,

Ax(t)) = brx(ry).

(23)

Introduce the following condition:
H4: ¢eCR,,R,).

Theorem 5: Let the following conditions hold:
1. Conditions H1-H4 are met.
Tk .

2. llkn'_l'g}fj;k ~ hp(S)dS > m

Then equation (23) has no positive solutions.

Proof: Let z(t) >0 be a solution of (23) for ¢t > ¢, > 0. Integrate (23) from 7, —h to 7
(Tx >ty + h) and obtain

Tk
x(ry) —x(T—h) = / p(s)z(s + h)ds
T—h
Tk
4 W+ [ s (24)
Tk—hSTSCS)S‘rk T—h
From (24) it follows that
Tk

o) 2 o(r+0) [ ps)ds.

‘rk—h
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From the last inequality we obtain that

Tk
(7)) 1
/ p(s)ds < z(1,+0) <1 +M
rk——h

which contradicts condition 2 of Theorem 3.

Introduce the following conditions:
H5: ¢ € C([0,00),R).

41

H6: There exists a function v € (Cl(IR_I_,IR) such that v'(t) = ¢(¢), ¢ > 0.
H7:  There exist constants ¢; and ¢, and two sequences {t;}7° CR, and {t/}{° CR, with
lim,;_, t; =lim,;_, ! = oo and v(t}) = qy, v(t)) = ¢4, ¢4 < v(t) < gy

1—00 "1 1—00 "1

Theorem 6: Let the following conditions hold:
1. Conditions H1, H2, H5-H7 are satisfied.
2. b, >0, keN.

TR+ h
3. limsup [ p(s)ds > 1.

k—o0 TL

Then all solutions of equation (23) oscillate.
Proof: Let z(t) > 0 be a solution of equation (23) for t > ¢, > 0.
Set

2(t) = «(t) — v(t) + q.
Then from (23) we obtain that
2(t) 2 p(t)=(t + h),
Az(1y) = bpz(my) + Ay,

where Ay = bv(7) —brgy > 0.

1. Let the inequality (25) have a positive solution z(t) for t > t; > t,.
to 7+ h, 7, > t; and obtain that

T th
2(T+h)—2(1) +0) > z('rk-{—h)/ p(s)ds,
%
Trth
z(T +h) / p(s)ds—1|<0.
Tk

The last inequality contradicts condition 3 of Theorem 6.

2. Let z(t) < 0 for t > t, be a solution of the inequality (25). Then,
2(t) = 2(t) —vo(t)) + ¢y = 2(8;) > 0, ;> 1.

Theorem 7: Let the following conditions hold:

(25)

Integrate (25) from 7
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1. Conditions H1-H3, H5-H7 are met.

r
.. 1
2. l}cn_l'gfik ) hp(s)ds >
Then all solutions of equation (23) oscillate.
Proof: Analogously to the proof of Theorem 6 we obtain (25).

Let z(t) >0 be a solution of (25) for ¢t>1t, >t, Integrate (25) from 7, —h to 7
(Tg >ty + h) and obtain

Tk
)= (=0 2 +0) [ p()ds
TR~ h
Tk
) 2 [+ bs(rg + A [ p(o)ds,
TR h

Tk
) 2 L+ bs(ry) [ p(o)ds.
TR~ h

From the last inequality it follows that

Tk
p(s)ds < o <L
1+b,—14+M
TR~ h
which contradicts condition 2 of Theorem 7.
The case when z(t) < 0 is considered analogously. 0
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