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ABSTRACT

Solutions of initial value problems associated with a pair of ordinary differ-
ential systems (Ly, L,) defined on two adjacent intervals I; and I, and satisfying
certain interface-spatial conditions at the common end (interface) point are
studied.
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1. Introduction

In the studies of acoustic waveguides in ocean [1], optical fiber transmission [4], soliton theory
[3], etc., we encounter a new class of problems of the type
L.f, = Xn: P y—f = 0f, defined on an interval I
171 —k — kdtk - 1 1
and

m drk
Lyfo :kZ Qk&% =0,f, defined on an adjacent interval I,,
=0

where 0, 0, are constants, intervals I, and I, have common end (interface) point t = ¢, and the
functions fy, f, are required to satisfy certain interface conditions at ¢ =c. In most of the cases,
the complete set of physical conditions on the system gives rise to self adjoint eigenvalue problems
associated with the pair (L, L,). In some cases, however, the physical conditions at the interface
may be inadequate to describe the problem in a mathematically sound manner. In such a situa-
tion, when the problem is formulated mathematically, it becomes ill-posed, and therefore cannot
be solved effectively (uniquely) using existing methods. With the introduction of interface-spatial
conditions (entirely a new concept), we shall be able to convert these ill-posed problems into well-
posed problems and this justifies their mathematical study.

In a series of papers, we wish to develop a unified approach to these interface-spatial
problems for both the regular and the singular cases. In the present paper, for the first time, we
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shall study the initial value problems (IVPs) for a pair of linear first order ordinary differential
systems satisfying certain interface-spatial conditions.

Before proving the main theorems, we introduce a few notations and make some assumptions.
For any compact interval J of R and for any non-negative integer k, let Ck(J ) denote the space of
k-times continuously differentiable complex-valued functions defined on J. If I is a non-compact
interval of R, Ck(I ) denotes the collection of all complex-valued functions f defined on I whose
restriction f | ; to any compact subinterval J of I belongs to Ck(J). Let AC’k(I) denote the
space of all complex-valued functions f which have (k—1) derivatives on I, and, the (k—t)th
derivative is absolutely continuous over each compact subinterval of I. Let I, = (a,c], I, = [c,b),
—oo<a<e<b< 400, and let f(J) denote the jth derivative of f. For a matrix A, let R(A)
and p(A) denote the range and rank of A. Let C" denote the complex n-dimensional space.

Let A&(t) (Ay(t)) be matrix valued functions of order nxn (m xm), whose entries belong to
C(I1,) (C%I,)). Let by(t) (by(t)) be a vector-valued function of order nx 1 (mx 1), whose entries
are integrable over every compact subinterval of I, (I,).

Let the functions P € Ck(Il) (k=0,1,...,n) Qi € Ck(I2) (k=0,1,...,m) P, (t)#0 on I,
and @, (t)#0 on I,. Let g;(g,) be a measurable complex-valued function defined on I, (I,)
which is integrable over every compact subinterval of I,(1,).

Without loss of generality, we assume n >m. Let A and B be m xn and m x m matrices
with complex entries respectively, and R(A) = R(B). Consequently, p(A) = p(B) =:d( < m).
Let N be a subspace of R(A), and the dimension of N equals d'. Let t, €I, (i=1,2),
C = column (cgy,¢q,...¢,_4) €C", and D = column(d,,d,,...,d,, ;) € C™. Let Y, = column
(Y11:Y12>- - » Y1) and Yy = column(ygy, Y9, - -+ Yom)-

Consider the following interface-spatially mixed pair of linear first order ordinary
differential systems:

Yy =407, +b,(1), te Iy, (1)
Yy =AYy +by(1), L€y, (2)
AY (c)— BY 4(c) € N. (3)
Also, consider the initial conditions
Yi)=C (4)
and
Y,(c)=D. (5)

We call problems (1)-(3) and (4)((5)) the interface-spatially mized initial value problems
(IFSIVP) (I) ((11)).

Consider the following interface-spatially mixed pair of linear ordinary differential equa-
tions (of orders n and m):

_ n d2f1
Lifi =) Py =gy tely, (6)
k=0
_ m d2f2
L2f2 = Qk_d‘ig_ =gy tE Iz, (7)
k=0
Af ()= Bf,(c) N, (8)

where

?1 = column(fl,fgl),...,fg"_l),



IVPs for a Pair of ODS with IFS Conditions 305

and

?2 = column (fz,f(zl),...,fgm_l)).

Also consider the initial conditions
) =¢; (1=0,1,..,n-1), ®)
)=, G=01em-1) o

We call problems (6)-(8) and (9) ((10)) the interface-spatially mized initial value problems
(IFSIVP) (I') (II')).

Definition 1: We call a pair of vector-valued functions (Y,Y,), defined on I, xI,, an
interface-spatially mized (IFS) solution of (1)-(2) if
(l) Ylj € AC (I ) (.7 - 1 n)a
(4) Y, satisfies equation (1) for almost all t € I,
(id) Y, € ACY1,) (j=1,...,m),
(iv) Y, satisfies equation (2) for almost all £ € I,,
and

(v)  the pair (Y,,Y,) satisfies relation (3).

Definition 2: We call a pair of complex-valued functions (fy,f,), defined on I, x1I,, an
interface-spatially mized (IFS) solution of (6)-(7) if
(7) J1 € AC™(1,) and satisfies equation (6) for almost all t € I,
(1)  f, € AC™(I,) and satisfies equation (7) for almost all ¢t € I,
and

(737)  the pair (f, f,) satisfies relation (8).

Definition 3: We call a pair of vector-valued functions (Y,Y,), defined on I, xI,, an
interface-spatially mized solution of IFSIVP(I) ((II)) if
(1)  (Y,Y,)is an IFS solution of (1)-(2)
and
(1)  Y,(Y,) satisfies condition (4) ((5)).

Definition 4: We call a pair of complex-valued functions (f;,f,), defined on I, xI,, an
interface-spatially mized solution of IFSIVP(I') ((IT")) if
(7) (f1,f) is a IFS solution of (6)-(7)
and

(16)  (fy, fy) satisfies condition (9) ((10)).

Definition 5: We say that a collection of non-trivial pairs (Y{,Y5),..,(Y

p2) are
linearly independent if for any set of scalars ay,..

pl’
p?

Z Yzl’ Yz2 (0’0)

implies that oy =y =... = a, =0.
Similarly, we define the linear independency of a collection of pairs (fy1,f12)s-- (fpl, fp2).

Definition 6: By an IFS fundamental system for the IFSIVP(I) ((II)), we mean a set of

linearly independent IFS solutions of IFSIVP(I) ((II)) which span the IFS solution space of
IFSIVP(I) ((I11)).

Similarly, we define a fundamental system for the IFSIVP(I') ((I1')).
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2. Main Theorems

Theorem 1: (a) If either by(t) #0, by(t) #0, or C is a nonzero vector, then the IFSVP(I)
has an IFS fundamental system consisting of “m—d +d'+ 1” linearly independent IFS solutions
of IFSIVP(I). If by(t) =0, by(t) =0, and C is a zero vector, then the IFSIVP(I) has an IFS
fundamental system consisting of “m —d +d'” linearly independent IFS solutions of IFSIVP(I).

(b) If either by(t) #0, by(t) #0, or D is a nonzero vector, then the IFSIVP(II) has a
fundamental system consisting of “n—d+d'+1” linearly independent IFS solutions of
IFSIVP(II). If by(t)=0, by(t) =0, and D is a zero vector, then the IFSIVP(II) has an IFS
fundamental system consisting of “n —d + d'” linearly independent IFS solutions of IFSIVP(II).

Proof: Since the components of b,(t) are measurable complex-valued functions integrable on
I, by Theorem 2.1 [2], there exists a unique vector-valued function ¢(t)= column(¢,(t),
$9(t); . s $,(t)) defined on I, with ¢, € AC'(I,) such that

¢'(t) = Ay (t)(t) + by (1), t € 14,
o(t) =C.

Let ¢(c) =n. Since R(A)= R(B), there exists a vector 8% € C™ such that Anp= Bg°. If
An # 0, B is a nonzero vector, and if An = 0, then we take B° to be zero vector. Since p(B) =d,
there exist (m —d) linearly independent vectors g',42%,...,0™~ d e C™ which are solutions of
BB =0. Clearly, 8%8°+8%,...,8%+ 8™~ % are (m—d+1) or (m—d) linearly independent
solutions of An = Bg, affected by An # 0 or Anp =0.

Also, since the components of b,(t) are measurable complex-valued functions integrable on I,

there exists a unique vector-valued function y(t) = column (vy,(%),...,%,(t)) defined on
I, with ¢ () € AC'(I,) such that

P'(t) = Ay()Yo(t) +0,(1), t €Iy,
¢o(c) = ﬁo-

Let ;(t) = column(y);1(¢),...,%;,(t)), defined on I, with ¢, € ACY(1,), be the unique
vector-valued function such that

P(1) = Ay(t)y,(1), tel,,
Pic) =4 i=1,...,m—d.

Clearly, vy,...,%,, _ 4 are linearly independent and if g° # 0, then v,...,9,, _ 4 are also linearly
independent.

Choose a basis o!,..., a?’ for N,and let 3 =™~ 4474 be a solution of
—Bgm-dti=ot (i=1,...,d).

Since o' are l,inearly independent ﬁm_d+d’s are also linearly independent. In fact,
B,..., 8™~ 4+ 4 are linearly independent.

Again, let 9,(t), defined on I,, be a unique vector-valued function such that
bi(t) = Ay(1)9i(1), t €Iy,
pic)=p0" (i=m—-d+1,...m—d+d").
Clearly, wl,...,tl)m _d4q e linearly independent.

Now, define
(Yo1,Yo) = (,%0),
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(YY) = (8 +9;) (G=1,...m—d+d").

Clearly, each pair (Y;;,Y,,) (¢=0,1,...,m—d+d’') is an IFS solution of (1)-(2). Moreover, if
by(t) # 0, by(t) #0, or C # 0, then the pair (¢,1;) is nontrivial.

Claim: For by(t) #0, by #0 or C #0, {(Y;1,Y;2),i=0,...,m—d+d'} is an IFS fundamen-
tal system for thsl IFSIVP(I).
m—d +

Let ’20 a,(Y,;1,Y;2) = (0,0), where a;s are scalars. Then

1= m—-d-l-d’ m—d+d
> aY;=0 and Y qY;,=0. (11)
1=0 1=0
Consequently, we get
m—d+d
> ailAd(c) = B(Yo(c) + ¥i(c))]+ ag(Ad(c) = Bi(c)) =0,
et
' m—d’
Y. a(=By(c)=0,
ie., i=m_d+i
m—d+d .
a0’ =0, which implies that a; =0 (i=m—-d+1,...,m—d+d").
i=m—d+1
Hence, relation (11) becomes
m—d
Zaqﬁ_OandZ (Yo +¥;) + Agthy = 0. (12)
1=0 i=1
Again, from relation (12), we get
(Z a)bo(c) + Z agb(c) =
i=0 1=1
i.e.,
(Z )ﬂ°+2aﬂ’—0 (13)
1=0 1=1

If g° # 0, then g%, 8L,.... ™ _d, are linearly independent and hence a;, =0 (i =0,1,...,m —d). If
B° =0, then relation (13) gives a;=0 (i=1,....,m—d) and from relation (12) we get
ay(9,%o) = (0,0), which implies that ay = 0. Thus, (Y,{,Y,5) (:=0,1,...,m —d+d') are linear-
ly independent.

Now, let (Y,Y,) be any solution of the IFSIVP(I). We note that Y, = ¢.

Case (i): Suppose that AY,(c)— BY,(c) =0. Furthermore, since A¢(c)— Bipy(c) =0, we
get B(Y,(c) —%y(c)) =0, which implies that Y,(c) —%y(c) belongs to the null space of B.
Therefore, there exist constants a; (i =1,...,m —d) such that

m—d

Yy(e) = tolc) = Z aiﬂi’

i.e., =

m—d ) —
Yole) =8+ ) af =(1- Z a;)p° + Z (8° + A7)
1=1 =

m—d

=(1- Y a)vy(c) Z pi(c))

1=1

=(1 —mz a;)Y go(c) + Z aY

= 1=
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Thus, by the uniqueness of the solution of IVPs for a system of ordinary differential equations, we

have m—d m—d
(Y,Y,) = (1- Z a;)(Yo1,Yo2) + Z a;(Y;1,Yi2)-
i=1 1=1

!
Case (ii): Suppose that AY (c) = BY,(c) =€ = 3 a; 4, _ 4;, where a;s are scalars.
i=1
Define a pair (K, K,) by

m—d+d m—d+d
(K, Kp)=(1- Z a;)(Yo1,Yo2) + Z a;(Y;1,Y ;2)- (14)
i=m—-d+1 i=m-—d+1

Then (K, K,) is an IFS solution of IFSIVP(I). Consequently, we get
B(Yy(c) — Ky(c)) = 0.

Therefore, there exist scalars a; (i =1,...,m —d) such that
m—d .
Yye) = Kale) = D a;6"
1=1
l.e.,

m—d .
Yole) = Kofe)+ 3 a6

1=1
m—d m—d .
= Kz(c)—(z a;)8% + Z a,(B°+ B
1=1 i=1
m—d m—d
= K,y(e) = (D a)o(e) + D a;(to(e) +vi(c))
1=1 1=1
(15)
Thus,
m—d m—d
(Y),Yy) = (K, Ky) — Z a;(Yo1,Yoo) + Z a;(Y;1,Y ;9)
i=1 i=1
m—d+d m—d+d
:(1_2 ai)(Y01’Y02)+Z a;(Y;1,Y i2)-
1=1 i=1

Hence, the claim is proved. If b,(t) =0, by(t) =0, and C' =0, then (¢,%) is a trivial pair and
the pairs (Y;,,Y;,) (:=1,..,m—d+d’) form an IFS fundamental system for the IFSIVP(I).

This completes the proof of part (a). Part (b) can proved similarly.
Theorem 2: There exist exactly “n+m —d + d'” linearly independent (IFS) solutions of

Y =4,)Y,, tel, (16)

Yy =Ay(1)Y,, tely, (17)
satisfying the interface-spatial conditions

AY ((c)— BY 4(c) € N. (18)

Proof:  Since p(A) = p(B)=:d, there exists a basis {p!,...,n"} for C™ such that
{771,...,77"_‘1} forms a basis for the null-space of A, and a basis {8%,...,™} for C™ such that
{ﬂd +1 ...,8™} forms a basis for the null space of B.

Let ?il (whose components belong to ACI(II)) be the unique solution of
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Y, =AY, tely,
Yi(c)= n (i=1,..,n).
Since R(A) = R(B), for each i =n—d+1,...,n, there exist scalars 03 (i =1,...,d) such

. d . .
Ant = Zla;BﬂJ.
] =

that

Let ?iz (with components belonging to AC(I,)) be the unique solution of
Yo = Ay(1)Y,, te I,
Yy)=Bg ~"td (i=n+1,..,n+m—d).
Let (al,..., adl} be a basis for N and choose /B\i € C™ such that
—-Bfi=d' (i=1,...,d").
Let 1/’\1-2 (with components belonging to AC*(I,)) be the unique solution of
YY) = A,(t)Y,, tel,
Yy)=p"""m+d (G=ntm—-d+1,..,n+m—d+d).
Define the pairs

(?ilvo) (i:17---’n_d)’
(YY) = (Y, Vy) (i=n-d+1,.,n),
(0,}71-2) (i=n+1,...,n+m—d+d).

Clearly each pair (Y,;,Y,,) is a nontrival IFS solution of (16)-(18).

Claim: (Y,,Y;,) (i=1,..,n+m—d+d') form an IFS fundamental system for the IFS
solutions of (16)-(18).

First, we shall show that the pairs (Y,;,Y ) are linearly independent. To this end, let
n+m—-d+d
a,(Y;1,Y;2) =(0,0), where a;s are scalars.

1=1
Then, n R n+m—-d+d R
ZaiYﬂ =0 and Z a,Y,,=0. (19)
i=1 ti=n—-d+1

Since ?il(c) (i=1,..,n+m—d+d") are linearly independent, from the first equation of
relation (19) we get a; =0 (i =1,...,n). Consequently, the second equation reduces to
n+m—d+d
a;Y,,=0. (20)
i=n+1
Evaluating the above expression at ¢ =c¢ and then applying the matrix B to the resulting
expression, we get
n+m—d+d
a;o
i=n+m-—d+1

i—-n—m+d:0

)

which implies that a; =0, for i =n+m—d+1,..,n+m—d+d'. Thus, relation (20) reduces to
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n+m—d ~
> a;Y,, =0, and since Y o(c) (¢ =n+1,...,n+m —d) are linearly independent (this fact can
i=n+1
be easily verified), it follows that
a,=0 (i=n+1,..,n+m—d).
This proves the linear independency of (Y ;;,Y;,)s.

Next, let (Y,,Y,) be any IFS solution of (16)-(18). Choose scalars a; (i = 1,...,n) such that
n .
Yy(e)= D an' (21)
1=1
Case (1): Suppose that AY(c) — BY 4(c) = 0.
n
Define the pair (K, Ky) = > a,(Y ;1Y ;o)
=1

n 1 —
Then K,(c)= Y a;Y;(¢)=Y(c). Hence, Y; =K, and B(Y,(c)— Ky(c)) =0, which
implies that =1

n+m-—d )
Y,y(c) = Ky(e) + Z a,p' " +4 for some scalars a;s,
i.e., 1=n+1
n+m-—d
Yy(c) = Ky(e) + Z a;Y ().
t=n+1
Thus, n+4+m-—d
(YY) = (K Ky)+ D (YY)
i=n+1
n m —
= Z (Y1, Y i)
- n+m—-d+d .
Case (2): Suppose that A(Y,(c) - BYy(c) =€ = > aat " 4 where a;s
are scalars. i=n+m-—d+1
n+m-—d+d
Define (H,,H,) = > a,(Y;1,Y;9)-
i=n+m—-d+1
Then A(H,(c)—Y,(c)) — B(Hy(c) —Y,(c)) = 0, and therefore, by case (1),
n+m-—d
(Y,—H,Y,—H,)= Z a,(Y;1,Y;,) for some scalars a;s.
1=1
Thus, +m—
(Y1,Yy) = (Hy, H Z i(Yi1,Yip)
n+m—d+d
=Y (YY)
1=1

This completes the proof.

Remark 1: The assumption d’' =d yields that there are no explicit boundary conditions at
the interface point.

If d' = 0, then the interface-spatial condition becomes
AY (¢) = BY 4(c) =0,

which is generally called the interface condition.

Since higher order ordinary differential equations can be converted into a system of first order
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equations, Theorems 1 and 2 yield the following results for the pair (L, L,):

Theorem 3: (a) If either g #0, gy #0, or cg,¢qy..5¢, 1 are not all zeros, then the
IFSIVP(I') has a fundamental system consisting of “m—d+d'+ 1”7 linearly independent IFS
solutions of IFSIVP(I'). If gy =0, g, =0, and cy,cq,...,¢,, _q are all zeros, then the IFSIVP(I")
has a IFS fundamental system consisting of “m—d+d'” linearly independent solutions of
IFSIVP(I").

(b) If either g; #0, g5 #0, or dg,dy,...,d, _, are not all zeros, then the IFSIVP(II') has a
IFS fundamental system consisting of “n—d+d + 1”7 linearly independent IFS solutions of
IFSIVP(II"). If g, =0, g, =0, and dy,d,,...,d,, _ are all zeros, then the IFSIVP(II') has an

IFS fundamental system consisting of “n—d+d'” lnearly independent IFS solutions of
IFSIVP(IT).

Theorem 4: There ezist ezactly “n+m—d + d'” linearly independent (I FS) solutions of
Lifi=0, tel,,
Ly,f,=0, tel,,
satisfying the interface-spatial conditions
A?l(c) — Bfy(c)€N.
Remark 4: For d’ = d, Theorems 3 and 4 reduce to Theorems 1 and 4 of [6].
For d' = 0, Theorems 3 and 4 reduce to Theorems 3 and 6 of [6].

For d’ = 0 as well as for the (m X n) matrix A given by

mtP column

b S

Il
(=R
S —_ O
- o o—
o © °
(e o =

and B equal to the (m x m) identity matrix, Theorems 3 and 4 reduce to Theorems 2 and 5 of [6].

3. Physical Examples

Example 1 - Acoustic waveguides in ocean [1]: The following problem is encountered in the

study of acoustic waves in the ocean consisting of two layers: an outer layer of finite depth and
an inner layer of infinite depth:

d%f
Llflzﬁ-+kff1:)\fl, 0<t<d, (22)
d%f
sz2=—dp-2+k§f2=Af2, d; < <t< +00, (23)

together with the end point conditions given by

f0) =0, 1t M) =0, (24)

and the interface conditions given by
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Fildy) = Fody), 1/p1fH(dy) = 1/p,f0(d)). (25)

Here p,,p, are constant densities of the two layers, k,ky are the constants which depend upon
the frequency constant and the constant sound velocities ¢, c, of the two layers, respectively, A is

an unknown constant, d; denotes the depth of the outer layer, and f,,f, stand for the depth
eigenfunctions.

In this example, the interface conditions at ¢ =d; of the two layers can be written in the
matrix form

1 0 fl(dl) 1 0 f2(d1)
0 1/p )\ £1dy) 0 1/p |\ 1dy)

HereA:( ! 0 >,B:< ! 0 ),rankA:rankB:fl,m:n:d:?andd’:O.
0 1/91 0 1/92

Hence, by Theorem 3 and Remark 2, there exist a unique IFS solution for any IFSIVP
associated with (22)-(23) and (25). Also, By Theorem 4 and Remark 2, there exist exactly two
linearly independent IFS solutions of problems (22)-(23) and (25).

Example 2 - Optical fiber transmission [4]: In the study of wave optics of step index fiber, we
encounter the following problem:

2
Lify= df1+1/t Lt (kg — VP f = B2y, 0<t<a, (26)

2f2

2f2-" +1/t (nzk3~vz/tz)fz=ﬂ2f2, a<t<oo, (27)

together with the interface conditions at ¢ = a, given by

Jt 1 F(0] < +oo, 1t | f5(t)] =0. (29)

Here 1, and 7, are the refractive indices of the core and cladding, respectively, £ is the wave pro-
pagation constant, v is an integer ky = w/c, ¢ is the prorogation velocity and w is the wave fre-
quency and f; and f, are the field (electromagnetic) distributions of core and cladding, respective-
ly.

In this example, relation (28) gives continuity conditions at ¢t =a. Here A and B are the
2x 2 identity matrices, n =m =d =2 and d'=0. Hence, by Theorem 3 and Remark 2, there
exists a unique IFS solution for IFSIVP associated with (26)-(28). Also, by Theorem 4 and
Remark 2, there exist exactly two linearly independent IFS (continuous) solutions of (26)-(28).

Example 3 - One-dimensional scattering in quantum theorem [3]: In quantum theory, the
one-dimensional time-independent scattering problem with the delta function scattering potential
is represented by the problem:

2f1

Lifi=—54+kf =0, —c0<t<0, (30)

2
f
Lyfy= dt22+( —vg)fy =0, 0<t< +o00, (31)

together with the interface conditions given by

F1(0) = £,(0) =0, (32)
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£000) - £89(0) = = vof,(0), (33)

where k% = 2mE/h2, Vg is a constant, and the functions f; and f, are associated with the flux
density of the particle of the two regions, respectively. Here, m denotes the mass of the particle,
E denotes its total energy, and h denotes the Planck constant divided by 27. In this example,
the interface conditions at ¢ = 0 of the two regions can be written in the matrix form

1 0 £1(0) (10 £4(0)
vy 1 Moy )\ oo Moy )

1 0 1 0

vy 1 0 1
rank A =rankB=2, m=n=d =2, and d' = 0.

Here

A=

Hence, by Theorem 3 and Remark 2, there exists a unique IFS solution of any IFSIVP
associated with (30)-(33). Also, by Theorem 4 and Remark 2, there exist exactly two linearly
independent IFS solutions of (30)-(33).

Example 4: In this illustrative example, consider the following problem:

d*f,

Lifi=—5 —kify =0, a<t<e, (34)
el
2f2—7d72"+k2f2—0, CStSb, (35)
together with interface condition
fie) = fole) (36)
and the end point conditions
fl(a) =0= fz(b), (37)

where k; and k, are constants. Problems (34)-(37) can be thought of as the transverse vibrations
of a string stretched between a and b, fixed at a and b, with different uniform linear densities (in
the portion) between a and ¢ and between ¢ and b, and plucked at the point ¢t = c.

In this example, there is only one condition at the interface (i.e., the continuity condition),
and no definite relation between the derivatives is available. Therefore, we may take

F@ - ) =a, aeRr. (38)

We note that relation (38) is not at all a restriction on derivatives. Consequently, relation (36)
and (38) can be written as

10 c 10 folc
01 )\ 7 01 J\ )
where N = the linear span of (?)
Here, A = B =the (2x2) identity matrix, n=m=d =2, and d'=1. Therefore, by

Theorem 3, there exist one or two linearly independent IFS solutions of the IFSIVP associated
with problems (34)-(36) depending on whether the initial data is zero or nonzero. Also, by
Theorem 4, there exist three linearly independent IFS solutions of problems (34)-(36).
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Remark 3: The results of this paper are used in studying the deficiency indices and self-
adjoint boundary value problems associated with (L, L,) satisfying interface-spatial conditions
which we shall establish elsewhere.
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