J. of Inequal. & Appl., 1997, Vol. 1 pp. 11-24 © 1997 OPA (Overseas Publishers Association)
Reprints available directly from the publisher Amsterdam B.V. Published in The Netherlands under
Photocopying permitted by license only license by Gordon and Breach Science Publishers

Printed in Malaysia

Characterizations of Chaotic Order via
Generalized Furuta Inequality*

TAKAYUKI FURUTA

Department of Applied Mathematics, Faculty of Science,
Science University of Tokyo, 1-3 Kagurazaka,
Shinjuku, Tokyo 162, Japan

(Received 2 May 1996)

A characterization of chaotic order is given by using generalized Furuta inequality and its
application to related norm inequalities is given as a precise estimation of our previous paper
[15]. Also parallel results related to generalized Furuta inequality are given by using nice
characterization of chaotic order by Fujii et al. [7].
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1 INTRODUCTION

In what follows, a capital letter means a bounded linear operator on a complex
Hilbert space H. An operator T is said to be positive (in symbol: T > 0) if
(Tx,x) = Oforall x € H. Also an operator T is strictly positive (in symbol:
T > 0)if T is positive and invertible.

As an extension of the Lowner-Heinz theorem [17, 20], we established the
following order preserving operator inequality in [9].

THeoREM F (Furuta inequality). If A > B > 0, then for eachr > 0,

(i) (B"APB")s > (B'BPB"):

*Dedicated to Professor P.R. Halmos on his 80th birthday with respect and affection.

11



12 T. FURUTA

p g=1 1+2ng=p+2r
\ _
\\\\ p=4q
N
N
S
§
1D
1,0
0,—27) L0 !

and
(i) (A”APA™)¢ > (A" BPA")
hold for p > 0 and q > 1 with (1 +2r)q > p + 2r.

Alternative proofs are given in [3, 10] and [18] and also an elementary
one-page proof in [11]. Applications and related results are shown in (cf.
[4, 5, 12] and [13]).

We remark that the Furuta inequality yields the Lowner-Heinz theorem
when we put r = 0 in (i) or (ii) in Theorem F: if A > B > 0 ensures
A% > B for any « € [0, 1].

The domain surrounded by p, g and r in the Figure is the best possible
one for the Furuta inequality in [21].

Recently Ando-Hiai [2] established various log-majorization results to
ensure excellent and useful inequalities for unitarily invariant norms.

We established the following extension of the Furuta inequality which

interpolates an inequality equivalent to the main result of Ando-Hiai log-
majorization results and the Furuta inequality itself.
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THEOREM A (Generalized Furuta inequality) [6, 14]. If A > B > 0 with
A > 0, thenforeacht € [0,1]and p > 1,

Fp,t(A, B, 7, S) —_ A—r/Z{Ar/Z(A—-t/ZBpA—t/Z)SAr/Z}"‘—"‘(pl::)t:_, A—-)‘/2

is a decreasing function of both r and s for any s > 1 and r > t and the
following inequality holds

AT =F, (A A1, s)
> F,:(A, B,1,5)
foranys > 1, p > 1andr suchthatr >t > 0.
Animmediate consequence of Theorem A, we showed the following result.
THEOREM B [14]. If A > B > O with A > O, then for each t € [0, 1],
(A5(ATAPAT) AS)0 > (A5 (AT BPAT) Ab)e
holds foranys >0, p>0, g>1 and r>1t with (s—1)(p—1) >0
and(1—t+r)g>(p—t)s+r.

Wewrite A > BiflogA > log B whichis called the chaotic order [5] and it
is well known in Ando [1] that A > B holdsifandonlyif A? > (A5 BPA?%)3
holds for all p > 0. As an extension of this characterization, we have the
following result.

THeorReM C [5, 13].  Let A and B be positive invertible operators. Then the
following properties are mutually equivalent:

O A > B(ie., logA >logB).

(I) AP > (AP/2BPAP/%)1/2 forall p > 0
(IlI) A* > (A*/2BP A*/2)3+ forall p > O and u > 0.

We recall that the Schatten g-norms are defined by

1/q
lAlly = (Zs;’m)) for 1<q < oo,
J

where s;(A) are the singular values of the compact operator A arranged in
decreasing order s1(A) > s52(A) > .... When g = o0, the norm ||A||s
coincides with the operator norm ||A|| = s1, the norm ||A||, is called the
Hilbert-Schmidt norm and || A||; is called the trace norm.
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2 A CHARACTERIZATION OF CHAOTIC ORDER AND ITS
APPLICATION TO RELATED NORM INEQUALITIES

THEOREM 2.1  The following properties (1) and (II) are mutually equivalent:

I A> B (ie, logA > logB).
(I) There exists the unique unitary operator U, for all p > 0 such that
U, — Ias p — +0, and
B < UPA"U; forall p > 0.
Theorem 2.1 can be generalized as follows by scrutinizing our previous

paper [15].

THEOREM 2.2 Let A and B be positive invertible operators. Then the
following properties (I), (1), (II) and (IV) are mutually equivalent:

O A> B(i.e,logA >logB).

) Forp>u=>0,5s >1,«a €[0, 1] and B > —ua, there exists the unique
unitary operator U = Uy g ua,s such that Up g uas —> I as p, B and
uoe — 40, and

A5 (AT BPATY AL < UAWetPsHBY*,

(II) For p > 0, and B > O, there exists the unique unitary operator U =
Uy, pg suchthat U, g —> I as p and B —> +0, and

ATBPAS < UAPHU™,

(IV) For p = 0, there exists the unique unitary operator U = U, such that
U, — Iasp— +0,and

BP < UAPU*.
CoROLLARY 2.3 Let A and B be positive invertible operators such that
A > B (ie.,log A > log B). Assume that f is a continuous increasing

Sfunction such that f on Ry with f(0) = 0. Let ||S||; denote Schatten q-norm
of an operator S for q > 1.

(@) Foranyp>u>0,s >1anda € [0, 1],

IF{AZ (AT BPA) AT)||, < || f (AW HBy||,
holds for all B > —u«.
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(II) Forany p > 0,

If (A% BPAT)||, < |If(APHP)]],.
holds for all B > 0.

We need the following Lemmas in order to give proofs of the results.

LeMMA 2.1  Let S be an invertible positive operator and let T be aninvertible
positive contraction. Then there exists the unique unitary operator U = Ug
such that

(*) TST <USU™.
U can be chosen to be I in (*) if and only if S commutes with T.

Proof of Lemma 2.1 Let TS'/? = U|T §'/?| be the polar decomposition of
an operator 7'S'/2, Then U is uniquely determined unitary operator since §
and T are invertible and S!/2T = |T S!/2|U*. Therefore we have

TST = U|TSY?*U* = US'/?’T?$Y?U* < USU* since 0<T <1,

so that we have (*). Then U = I «— TSY? = |TSV?| «— (T §1/2)? =
SU2T28Y2 «— T§Y? = SY2T «— TS = ST.

Whence the proof of Lemma 2.1 is complete.

LemMma 2.2 [12,14]. Let A and B be invertible positive operators. Then for
any real number A,

(BAB)A — BAI/Z(AI/ZBZAI/Z))‘—IAI/ZB.

Proof of Theorem 2.1

(I) = I). By Theorem C, we recall that A > B <= AP >
(AP/2BP AP/2)1/2 holds for all p > 0 <= (BP/2APBP/?)1/2 > BP
holds for all p > 0 since the last implication <= easily follows by
Lemma 2.2. Let BP/2AP/? = U, H, be the polar decomposition of an
operator BP/2AP/2 | where H, = |BP/2AP/2| = (AP/2BP AP/?)!/2 and
U, is the unique unitary operator since A and B are both invertible. Then
we have

lim U, = lim {BP/2AP/2(AP/2BP AP/%)=1/2y = |
p—>+0 p—>+0
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Then we obtain
BP < (BP/ZAPBP/2)1/2
= (U,HUN'?
=U,H,U,
< U,,A"U;,‘ by Theorem C.
(II) = (I). As U, is unitary operator for any p > 0 by (II), we have

Up(A? —DU; _ BP — ]
>

’

p B
. . . TP -1
tending p —> +0, we have log A > log B since hn}_0 =log T for
p—> p
any positive operator T and U, —> I as p —> +-0 by the hypothesis in (II).

Proof of Theorem 2.2.
(I =D). (I). First of all, we recall the following (2.1) by Theorem C

A > B holds if and only if A* > (A*BPA%)5 forall p >0 and u > 0.
2.1)
Put A; = A* and B; = (A5BPA%)5+ in (2.1). Then A; > B; > O by
(2.1). By Theorem B , foreach ¢ € [0, 1] and all p > O and u > 0,

(p] —1)s+r

A, © > {AIATBPAT YAl 2.2)

holdsforanys > 1,p; > 1, > landr > t with(1—t+r)q > (p1—t)s+r.
Put p; = 2 > 1,4 =2 and also put o = 1 — ¢ in (2.2), then for each
o e€f0,1]andall p>0andu > 0,

(wotp)stur
2

A > (AT (AT BPAS) ATY: (2.3)
holds for any s > 1 under the following conditions (2.4) and (2.5):
r>1—-« 24

2(x +r)u > (ux + p)s + ur. 2.5
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If (2.5) holds, then we have the following inequality since p > u > 0 and
s>1

2(a + r)u > (ua + p)s + ur
>uo+ p-+ur

>u(@+1+4r)

so that ¢ + r > 1, that is, (2.5) ensures (2.4) and therefore (2.3) holds under
only the condition (2.5). Let 8 be defined by:

ur — (uee + p)s
B = ———2——”-. 2.6)
Then (2.5) is equivalent to the following (2.7)
B > —ua. 2.7
Let T be defined by
T = AP (AT (AT BP AT A5 )i A~ 2.8)

It turns out that T is an invertible positive contraction by (2.3) and (2.6),
and by (2.8) we have

A (uar+ e)s+£ (ua+ e).H-g
2 2

TA = (AT (AT BPAS)Y A% ). 2.9)

Taking square of both sides of (2.9) and refining via (2.6), we obtain
TA®HPSHBT — AT (AT BPA%) AL, (2.10)

Anoperator T in (2.8) canbe writtenas T = T} g ya,s since ur = 2+ (ua+
p)sby (2.6).Put S = Sp g ya,s = A¥TPIHP Then S = S) g ua,s —> I as
p,Bandua —> +0andalso T = T g yo,s —> I as p, B and uo —> +0
by (2.8) and (2.6). Then by Lemma 2.1 and (2.10), there exists a unique
unitary operator U = Up, g ua,s such that U = Uj g ua,s —> I as p, B and
ua —> +0,and TST < USU*, that is,

A5 (AT BPAT)Y AL = TAW+PS+BT @.11)

< UA(ua+P)s+ﬂ U*.
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Whence we obtain (IT) under the conditions required.
(I) ={II). Putuc = 0 and s = 1 in (I) and also replace p > Oby p > 0
by continuity of an operator.
(IIH) =1V). Put 8 = 0 in (III).
av)=@). Q) follows from (IV) by Theorem 2.1.

Whence the proof of Theorem 2.2 is complete.

Proof of Corollary 2.3.
Essentially we have only to follow the proof of [15, Theorem 1], but for
the sake of completeness here we cite its proof.

(I) Applying Kosaki’s nice technique [19] to (IT) of Theorem 2.2, we obtain
by [16, Lemma 1.1] and [16, (2.2) and (2.3)]

Uun{AT (AT BPAT Y A%} <, (U* AP D5HBY) < 11, (AP~D54P)

forn =1, 2..., where {¢,(")}n=1,2,... are singular values, so that

un{fIAT(ATBPAT) AR]) = f{ua[A5 (AT BPAT) AT])
< flpa(AP™FBY) =, { f(APD5HEY)
and by summing up over n on Schatten g-norm for ¢ > 1, then for any
p>u>0,s>1lande € [0, 1],
IF{A% (AT BPAT) AT}||, < ||f (ALt By,

holds for all 8 > —ua«a, that is, we obtain the desired estimate (I) of
Corollary 2.3.

(II) We have only to put ue = 0 and s = 1 in (I).
Whence the proof of Corollary 2.3 is complete.

3 PARALLEL RESULTS RELATED TO GENERALIZED FURUTA
INEQUALITY

Very recently, Fujii, Jiang and Kamei [7] obtained very nice characterization
of chaotic order and they also applied its results to the Furuta inequality.
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In this chapter, as a continuation of [7] we shall obtain parallel results
related to Theorem A which interpolates Theorem F and Ando-Hiai log
majorization.

At first, we shall state the following two parallel results related to
Theorem A.

THeOREM 3.1 If logA > logB , then for any 8§ > O, there exists an
o =uos € (0,1] and foreacht € [0,x] and p > «,

(@—t+r)ps.

Fpi(A, B,r,s) = e Gotr A7T/2{AT/2(A1/2BP A=1/2)S ATI2) G5 AT/

is a decreasing function of both r and s for any s > 1 and r > t and
A" > F, (A, B,r,s) holds, that is,

@=ttrpss

e Gopetr AOTIHT > (AT/2(AT1/2BP AT/2)S AT/ G 3.1
foranys > 1, p>aandr >1t.

THEOREM 3.2 Iflog A > log B, then there exists an o € (0, 1] and for each
te[0,a]land p > «,

Gpi(A, B, r,s) = A—r/Z{Ar/Z(A—t/ZBpA—t/Z)sAr/2}(—p%A—r/2
is a decreasing function of both r and s for any s > 1 and r > t and
A*"' > Gp (A, B, r,s) holds, that is,

AT > {Ar/2(A—t/ZBpA—t/Z)sAr/z}ﬁj; (3.2)
foranys > 1, p>aandr >1t.

As an immediate consequence of Theorem 3.2, we have the following
corollary.

CoroLLARY 3.3  The following properties are mutually equivalent:

(i) log A > log B.
(ii) For any 8 > O, there exists an ¢« = a5 € (0, 1] and the following
inequality holds for each t € [0, «],

(a—t+r)psé

¢ et AXTIHT > (AT/Z(ATH2RP A2 ATI2Y TS

foranys > 1, p>aandr >1t.



20 T. FURUTA

(iii) For any § > O, there exists an &« = o5 € (0, 1] and the following
inequality holds:
e%%BéAa+r > (Ar/ZBpAr/Z)%%
forany p > aandr > 0.

(iv) For any 8 > O, there exists an « = as € (0, 1] and the following
inequality holds:

T AT > (AT2BP AT
foranyp>a,r>0andq > 1with(w+r)gq>p+r.
W) A¥ > (A’/ZBPA’/Z)':l holds forany p > 1,r > 0and g > 1 with
rq=p-+r.
(vi) A" > (A"/2BPA’/?)%% holds forany p > 1 andr > 0.
(vii) A" > (A"/2BPA"/2)% holds for any p > 0 and r > 0.
(viii) A" > (A"/2B" A"/2)i holds for any r > 0.

‘We need the following nice results in order to give proofs of the results.

TraeoreM D [7]. log A > log B holds if and only if for any § > 0 there
exists an o = a5 € (0, 1] such that (¢ A)® > B®.

TueoreM E [7].  log A > log B holds if and only if there exists an o € (0, 1]
such that A* > B“*.

Proof of Theorem 3.1 log A > log B holds if and only if for any § > 0
there exists an @ = a5 € (0, 1] such that A* > (e~%B)% by Theorem D. Put
A; = A%and B; = (e~*B)*. As A; > Bj holds by the hypothesis, Theorem
A ensures that for each #; € [0, 1]and p; > 1

1-ty+r

Dpl,n (A19 B, , S) = A;rl/z{A?/z(Al_tl/zBflAl_tl/z)sA;l/z}__L_l_("l_’l)“"l Al—r1/2

(3.3)
is a decreasing function of both r; and s for any s > 1 and r; > #1, and the
following inequality holds:

Ai~tl = Dpl,tl (Al’ A19 ry, S) 2 DPly’l (Al’ Bl’ Y S) (3.4)

t
foranys > 1, py > landr; > #,. Putry =£,tl =—-andp1=£.Then

o o
pr=1,4 €[0,1]andr; > #; sincet € [0,a], p > « and r > ¢ by the
hypothesis and
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1—-t+r _a—t+r
(p1—t)s+r (p—ts+r
By (3.3), (3.4) and (3.5),

3.5)

—(a—t+r)psé a—tr

Fpi(A, B, r,s) = e womr ATT/2(AT/2(ATH/2BP AH/2) ATI2) oo ATT12

is a decreasing function of both r and s for any s > 1 and r > ¢ and
A% > F, (A, B,r,s) holds, that is,

@—t+r)psé et
e((p:-:—),)y AO(—H—T > {Ar/2(A_t/zBpA_t/2)Ar/2}(p—:)is+r

holds forany s > 1, p > o andr > ¢.
Whence the proof of Theorem 3.1 is complete.

Proof of Theorem 3.2 By the same way as one in the proof of Theorem
3.1, we can give a proof of Theorem 3.2 by Theorem E and Theorem A as
follows.

log A > log B holds if and only if there exists an & € (0, 1] such that
A% > B“ by Theorem E. Put A} = A% and B} = B“. As A; > Bj holds by
the hypothesis, Theorem A ensures that for each #; € [0, 1] and p; > 1

1=ty +r
Dp;,tl (Al’ Bly 1, S) — Al_rl/2{A;1/2(A1—tl/zBf71Al—tl/z)sA’l'l/z}(‘,—12711‘)_,—_3_71'Ai‘rl/z
3.6)

is a decreasing function of both r; and s for any s > 1 and r; > #;, and the
following inequality holds:

A" = D, (A1, A1, 71, 5) = Dp, 1 (A1, By, 11, 5) (3.7

foranys > 1, p; > landry ztl.Putr1=—r-,t1 =-t-andp1=£.Then
pi>1,t [0 1]andr >t sincet € [0 al, p > o and r > 7 by the
hypothesis and
1=t +n _a—=t+r
(pr—t)s+r (p—Ds+r’
By (3.6), (3.7) and (3.8),

(3.8)

Gp,t(Aa B, r, S) — A—r/2{Ar/2(A~t/2BpA—-t/2)Ar/2}-‘i—(:_—,t),:_, A—r/2
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is a decreasing function of both r and s for any s > 1 and r > ¢ and
A" > Gp (A, B, 1, 5) holds, that is,
AV > {Ar/z(A—t/zBpA~z/2)Ar/2}ﬁ
holds forany s > 1, p > o andr > ¢.
Whence the proof of Theorem 3.2 is complete.
Proof of Corollary 3.3.

(i) = (ii). Obtained in (3.1) of Theorem 3.1.
(il) = (iii). We have only to put ¢ = 0 in (ii) and replace ps by p since
s>1land p > a.
(iii) <= (iv). Obvious by Lowner-Heinz inequality.
(iii) = (vi). Taking

as exponents of both sides of (iii),
o+r

v AT > (AT BP AT

holds for p > 1 and r > 0, then letting § — 0, so that we have (vi).
(vi) < (v). Obvious by Lowner-Heinz inequality.
(vi) = (i). Taking logarithm both sides of (vi) and letting r — 0, then
we have logA > logB since p > 1.
(i) <= (viii) is shown in [1].
(vil) <= (viii) is shown in [5, 13].

Whence the proof of Corollary 3.3 is complete.

At the end of this chapter, we cite the following four parallel results (i),
(ii), (iii) and (iv) in Remark 3.4 related to Theorem A. In fact (i) is shown
by Theorem A, and (ii) is obtained by the same way as one of Theorem 3.2
and also (iii) is shown by Theorem 3.2 and finally (iv) is already obtained by
Corollary 3.3.

Remark 3.4 Let A and B be invertible positive operators. Then the
following four parallel results hold;

(i) A> B <= foreacht €[0,1],and p > 1,
Al—t+r > {A’/Z(A"‘/ZBPA_’/Z)SA’/z}7;%

holds for any s > 1, andr > t.
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(i) A® > B holds for some o € (0, 1] <= for some a € (0, 1], and
foreacht € [0,a) and p > «,

AT > {AV/Z(A—f/zBPA—’/Z)SA’/z}ﬁ

holds for any s > 1, andr > t.

(iii) log A > log B = there exists an a € (0, 1] and for each t € [0, ]
and p > «,

AQ—tT > {Ar/2(A—t/2BPA—f/Z)SA’ﬂ}ﬁ

holds forany s > 1, andr > t.
(iv) log A > log B <= for any § > O, there exists an « = o5 € (0, 1]
and for eacht € [0,¢] and p > «,

e«:—;%?AOl*t+r > {Ar/2(A—t/ZBpA——t/Z)SAr/Z}(—:—_%;

holds for any s > 1, andr > t.

It is interesting to point out that there exists a contrast among (i), (ii), (iii)
and (iv) in Remark 3.4, that is, as logt is operator monotone function, the
corresponding result equivalent to logA > logB is somewhat weaker than
the corresponding one equivalent to A > B.

We remark that (ii) in Remark 3.4 in case ¢+ = 0 is obtained in
[8, Theorem 9].
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