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Weighted inequalities for fractional derivatives (= fractional order Hardy—type inequalities) have
recently been proved in [4] and [1]. In this paper, new inequalities of this type are proved and
applied. In particular, the general mixed norm case and a general twodimensional weight are
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1 INTRODUCTION

Using the notation || f||s,,, for the norm in the weighted Lebesgue space
L*(0, oo; w) = L*(w),

o] 1/s
N llsw = ([o If(t)lsw(t)dt)

with 1 < s < oo and w = w(¢) a weight function on (0, co), the Hardy
inequality can be expressed in the form

ullg,wo < ClIw'llp,uw, 1D
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with a constant C > 0 independent of u, i.e., under certain conditions, the
weighted L?-norm of the function u can be estimated by a suitable weighted
LP-norm of its (first order) derivative u’.

The natural question arises whether it is possible to extend inequality
(1.1) to “fractional order derivatives” u» with 0 < A < 1, i.e., under what
conditions we can derive inequalities of the type

Hullg,wo < CluP|p,w, (1.2)
and/or
NP lg ws < CNE Ny - (1.3)

The first problem which arises is how to understand the expression
[lu®]|g,w. Let us mention that for the “non-weighted” case (i.e., for

w(t) = 1) the following definition of |[u®||;; = [|[u™]|; is commonly
used:
o0 _ K} 1/s
D)), = (/ / l”‘lix) Fiyle dx dy) 1<s<00,0<i<l.
(1.4)

For this special case, the following inequality holds:
00 — p
/ lu(x)|Px~*dx < CP / / '”lix) t"lfry;' dxdy (15
o —

which is inequality (1.2) for the special case

p=gq, wa(x) =1, wo(x) =x""7.

Inequality (1.5) was derived by Grisvard [2] provided

1
1<p<oo,k#;,ueC8°(0,oo).

In fact, he rediscovered an earlier result of Jakovlev [3] who has shown that

/oo lu(x) — u(0)Px~*Pdx < CP /w /Oo @) —uWP v (16
0 0

|x _y|1+Ap

Notice that the additional term u (0) at the left hand side of (1.6) is essential
since the integral on the left hand side of (1.5) diverges if u is continuous at
zero, u(0) # 0 and A > %
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The inequality (1.5) was extended in the seventies by Kufner and
Triebel [5]: Roughly speaking, they derived — instead of (1.2) — the inequality

etllpwo < CCUUP1p,w, + lull, 3

where now

00 _ p 1/p
P, = ([ [T E2 O i waxay) T )

W is a certain additional weight and
wo(x) = wa(x) - x . (1.8)

The double integral in (1.7) offers one possibility of characterizing the still
undetermined expression for |[u*||,, ., . But in spite of the symmetry of the
“non-weighted” expression for [lu™||, in (1.4), we would prefer a certain
symmetry in x and y also in the weighted case, i.e., we are looking for a
general inequality of the form

00 0o poo _ p
/(; lu(x)|Pwo(x)dx < CP/O ./o %W(}:, y)dxdy,
(1.9)

possibly (but not necessarily) with W (x, y) = W(y, x). In Section 4 of this
paper we will prove some new inequalities of the type (1.9).

Our investigations were motivated by results of Kufner and Persson [4]
and Burenkov and Evans [1]. In [4] e.g. the case when W(x, y) = w(x)
or W(x,y) = w(y) is handled, and in [1], the case when W(x,y) =
w(lx — y])|x — y|'*t?? is treated. For the reader’s convenience and for
later purposes, some of these results are briefly discussed and compared
in Section 2.

Up to now, we dealt with the case

pP=q

and all inequalities mentioned above can be derived more or less directly.
Another approach using the theory of interpolation of Banach spaces was
used in [4] and led to an inequality of the type
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00 1/q
(f |u(X)|qwo(x)dx>
0
1/q9
% (% |u(x) — u(y)|? a/p
SC([o ([0 b — [T "’(x)dx) dy) ’

i.e., to an expression with a mixed norm on the right hand side for p # gq.
Moreover, it was supposed that 1 < p < g < oo [while the case ¢ < p
is still open] and the authors have not been able to remove the mixed norm
for p # ¢q. In Section 3, we will prove a new inequality of the type (1.10),
moreover, with a measure v(y)dy instead of dy, but again only for p < q.

Some of the results obtained in this paper can be extended in various
directions. Here we only present and prove an Orlicz norm version of the
inequality (1.5) [and of its extension to the power weight case - see, e.g.,
(2.6) with 8 = 1+ Ap ] and give an example of a multidimensional fractional
order Hardy inequality; see Sections 5 and 6, respectively.

We close this introductory $ection by noting that in all cases we have
considered here we have found that the “fractional” weights wo in the left
integral are always of the type (1.8) for some suitable weight w; . Maybe this
is supported by the following inequality which is an easy consequence of
(1.5) and of the fact that u belongs to the weighted space L? (w) if and only
if uw!/? belongs to the (non-weighted) space L?:

(1.10)

/ " P wexdx

0
<c f ) / ® uE@w!/? @) —uGw P )P
~Jo Jo

|x_y|1+)»P

dxdy.
(1.11)

Also the right hand side in (1.11) could serve as a definition of the expression

D11, 0-

2 SOME PRELIMINARY RESULTS AND DISCUSSIONS

For the special case when the weight function W (x, y) in the right hand side
of (1.9) depends on |x — y|, Burenkov and Evans [1] recently proved the
following interesting result:
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THEOREM 2.1 Let 0 < p < oo, let w be a weight function on (0, 00) and
define

v(x): =foo w(t)dt.

Suppose that v satisfies the Ap-condition, i.e., there exists a constant ¢ > 0
such that

v(2t) < cv(®) forallt > 0.
Then for all u € L?(0, 0co; v)

[0 ¢] [e.¢] [o.¢]
| wewrswax < [ [T e - umirwds - yhdsdy.
0 o Jo
For later purposes we also state the following slight improvement of the

recent result by Kufner and Persson mentioned in the introduction:

THEOREM 2.2 Let1 < p < oo and . > —1/p. Furthermore, assume that
the function u satisfies
1 X
lim — u(t)dt = 0.

x—>00 x Jo

Let wo and w; be weight functions on (0, 0o) satisfying

x 00 , p-1
B: =sup ( / wo(t)dt) ( / w; P (t)dt) <00  (2.1)
x>0 0 x

with p’ = ;iLl. Then, for every B > 0,
o) 0 x — )4
/ lu(x)|Pwo(x)dx < Cpf f !u—(x-)——LL;)I—W(x)dydx 2.2)
0 o Jo |x =yl

where

W) = xPwo(x) + xP~17Pwy (x)
and CP = 2P~ max(1, C,) with C, < B - pP(p — 1)1-P.

The proof of Theorem 2.1 is similar to that of Proposition 1 in [4] but for
the reader’s convenience we present here the details.
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Proof First we use an idea by Grisvard [2] (cf. also p. 261 in Triebel [9])
and define

1 r* 1 r*
8 = u(x) — fo u)dy =~ fo W) —uO)ldy.  (2.3)

Obviously, g(co) = u(oco) and

W) =u'()— 22 4 / u@ydz+ 52 = (g(y)—/ ——g(")dx)
y }’ 0 Yy y X
and we conclude that

u(y)=g(y)—f g—?dx
Yy

Therefore by using the inequality |a + b|? < 2P~!(|a|? + |b|?), the
assumption (2.1) and Hardy’s inequality (see, e.g., [7]) we obtain that

f a0 wo (e dx
0

<2 ([Trecoruocoax + [Tue]| [T ay| ax)
0 0 x

< 2p-! ( [ " lgPwoldx + C, f ) w1<x>\§u\ "")
0 0 §

=2p71 /O ” lg(x)|P Wo (x)dx

where Wo(x) = wo(x) + Cpx~Pw1(x). Therefore, by denoting W1(x) =
wo(x) + x“Pw;(x) and using (2.3) we find that

]oo | Go)|Pwo(x)dx < Cfoo lg()IP Wi (x)dx <
0 0

0 /1 ¥ »
< C/O (;[0 Iu(x)—u()’)ldy) Wi(x)dx. (2.4)

Furthermore, by Holder’s inequality and the assumption 8 > 0, we find that
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1 X p x
(— f |u<x>—u(y)|dy) < xPxp-! / () — u )| dy
X Jo 0
— xf-1 /" |u(x) —u(y)lpdy
0

xP
< xP-1 /" |ua (x) —u(y)ll’dy. 25)
0 Ix —yl#

The estimate (2.2) follows by combining (2.4) and (2.5).

CoroLLARY 23 Letl < p <00, >0,A > ~1/panda > Ap — L. If
limy o0 2 f5 u(t)dt =0, then

/ lu(x) P x* —APdx < C"/ fx lu(x) —uy)|? ’3_1—)‘1’+adydx.
0 T
(2.6)

Proof  Apply Theorem 2.2 with wo(x) = x*~*” and wy (x) = x*~*P*P,

Let us note that applying Theorem 2.1 with w(¢) = t*~*~! we find that
for @ < Ap we have

/0 lu(x)|Px* M dx < C”/ /oo lu(x)_"(y)lpl —y|%dxdy. 2.7)

|x — Il+)~p

Moreover, Theorem 2.1 cannot be used for any @ > Ap (since then
v(x) = o00). But using Corollary 2.3 we see that (2.7) holds also if
Ap < a < Ap + 1 : This fact follows from (2.6) putting there 8 =
and noting that x~1=*P+® < |x — y|~1=*P** for all y,0 < y < x and
—1—Ap+a<O.

More generally, using Theorem 2.2 with 8 = 0 and with W(x) strictly
decreasing we obtain an inequality of the type

[e¢] oo o0
[ meorueods <o [ [ e —uirwix - yhsay,
2.8)
and this inequality cannot be obtained in general using Theorem 2.1 e.g. in the
case that the integral [ x°° w(t)dt is divergent. Another inequality of the type

(2.8) can be obtained by using our Theorem 4.1 with w(x, y) = w(|x — y|)
(see Remark 4.5).
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3 THE GENERAL (MIXED NORM) CASE p # ¢

Let w and v denote weight functions on (0, 00). Moreover, define

V(y): =/(;y v(x)dx,
1 -4
1 (7 /P = 71y q
p.g () = (; /0 (';((;‘))) dx) (-}; /O v(x)dx) b0y,

(Aw)y(x,y): = M
Ix — ¥l

The main result of this section reads as follows:

TueoreM 3.1 Let1 < p < g < 00,A > —1/p, wi(x) = wp 4 (x)x™*

and
o] 1/q
Cpg: =sup ([ w,\(x)V"q(x)dx) .
r

r>0

r RN YA
. ( / [wa(x)v™9(x)]' 1 dx) < 00. (3.1)
0

Then for u € L1(0, 00; w;)

( /0 " G ()dx) 7 3.2

o o q/p la
1-K \Jo 0 lx — yl

provided

Cr.q4
= a7 <1 (3.3)

Remark 3.2 Note that for the case v(y) = 1 we obtain the mixed norm
inequality (1.10) with

, x ; —q/p
wo(x) = wy (x) = xTAH/PNM ( f w!=P (t)dt) .
0
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Proof Holder’s inequality yields

y q
(fo |u(x>|—u(y>|v(x>dx)
y a/p Y /0P (x) A q/p'
s(/o |u<x)—u<y)|1’w<x>dx) (fo (w(x)) dx) .

Therefore

00 00 q/p
/ ( f @Mw(x)dx) v(3)dy
0 0 |x — yl

© (1Y Ju(x) — u(y)|? a/p
Z/(; (/(; —}',I-I—Tw(x)dx) v(y)dy

0o L -q/p'
> / y~4/P=2q /y (vp(x)> " dx .
“Jo o \wx)

y q
(/0 Iu(x)—u(y)lv(x)dx) v(y)dy

0o L —aq/
> / y~a/P=ra /y (Up(x)) T
“Jo o \wx)

B f T wCv(dxlPu(y)dy
0

pl y
() /0 v(x)dx

o0 1 y
= —_— q .
fo mOMO) = 5 [ ueuedsindy

Using this estimate together with the Minkowski and Hardy inequalities [the
latter one can be used due to (3.1)] we find that

00 1/q
( /O :u(yn‘fwk(y)dy)

00 1 y 1/q
< ( f W (y) — —— u(x)v(x)dxlqv(wdy)
0 Vy) Jo

00 y q 1/q
—-q
+(/O W)V (y)(fo |u<x>|v(x)dx) dy)
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00 o3 q/p 1/q
o \Jo lx =l

00 l/q
+K(/0 wx(y)lu(y)lqdy) .

Inequality (3.2) follows by subtracting and using (3.3).
Considering the case p = ¢ in Theorem 3.1 we obtain

CoROLLARY 3.3 If1 < p < 00, A > —1/p, wa(x) = wp p(x)x~*? and

0o 1/p
Cp: =sup ([ wk(x)V_p(x)dx) .

r>0

r , 1/p'
. (/ (WA (X)v P (X)) P dx) < 00,
0

then

( f ” |u<x>|PwA(x)dx)””
0

® |u(x) — u(y)|? )””
< ——————w(x)v(y)dxdy
1 - (/ / |1+Ap (3_4)

provided
_Gp
(p— DV

Consequently, (3.4) may be regarded as a fractional order Hardy inequality
of the type (1.9) with the weight

W(x, y) = wx)v(y)
on the right hand side.

Remark 3.4 Applying Corollary 3.3 with w(x) = 1, v(y) = 1 and with
u(x) replaced by u(x) — u(0) we find thatif 1 < p < 00, A > 1/p, then

( / " @) — w @ x P dx)"?
0

cAptp-1 ® lux) —u)? e
(S ee) 69
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cf. formula (1.6). Moreover, it is not difficult to see that (3.5) holds with
0 < A < 1 and with the constant %A/(l —A)forp=1.

Remark 3.5 Theorem 3.1 requires a certain integrability of v and
(v? w‘l)?']—_1 on (0, y) for y > 0. This requirement can be replaced by an
integrability condition on (y, 00), if one modifies the proof of Theorem 3.1
as follows: Let

o
V(y): =/ v(x)x~ VP28 gy
y

with some real parameter &, and

_ © 1 yP(x) 4 o —-q/P -
BrO): = v0) /y (w(x)) Pdx) V).

Now, we use the estimate

[ (o] q/p
/' (/' [(Au), (x, )P w(x)> v(y)dy
0 0 lx =yl

% (% u(x) — u(y)|? 4/p
Z[O (/y W—-w(x)dx) v(y)dy

and denote the last double integral by J. Since Holder’s inequality yields
o0
[u(x) —u(y)l ?
( fy pnas vdx

1 /p
% |u(x) — u(y)|? alp (oo rpp N\ \!
< (/}: — TP w(x)dx) (/}: ( e ) x~°%P dx)

we obtain that

00 © (P)\FT s
szo v(y)(/y (w(x)) x de)

o0 o0 q
"u(y)[ v()x~ P —/ u(x)v(x)x"l/P"A"adx‘ dy
y Yy

q

-q/p

[e.] 1 [o.9]
= [} 20 ~ 55 [ ueweontritaxay.
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Then we proceed as in the proof of Theorem 3.1, using the Minkowski
inequality and the Hardy inequality — the last one assuming that C, ; < 00
where

—~ r —~ 1/q
Cpq: =sup (/ Wy (x)V™? (x)dx) .
0

r>0

w; , /g’
(/ (@ (x)v ™9 (x) x4/ PHAa+8a)1—q dx) ‘
.

Finally, we obtain again inequality (3.2) — with w, (x) replaced by W) (x) —
provided

_ 6p,q‘1 <
T (gD

4 A GENERAL WEIGHT IN TWO VARIABLES FORp =¢

In this section, we will prove the following assertion:

THEOREM 4.1 Letw(x, y) be anon-negative measurable function on (0, 00) x
(0, 00), locally integrable in both variables separately. Let 1 < p < 0o and

A=>-1/p.
(i) Denote
1" i, s
W(x) = (— f 7P (x,t)dt)
x Jo
and Wy (x) = W(x)x ™. If

® W(x) 1/p 1/p
Cp: =sup< i ;1’_(7~+_1)d ) / WP (x)x™ dx < o0

r>0
4.1
and
— ._&L <1
BRI
then for u € LP (0, 0o; Wy)

( /0 W) Iu(x)lpdx)‘/ ’ 2)

o] . )4 1/p
e ([ e )
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_ 1M , 1-p
W(y)=(— f ' (t,y)dt)
y Jo

and W (x) = W(x)x~*. If

—_ l/p 1/ /
= ® W) T lep F

4.3)

(ii) Denote

and

K=G-pr

<1,

then (4.2) holds with W;_and K replaced by W, and K, respectively.
Proof Obviously

[ [ S et naxay

|x— Il+kp
*lu(x) —u(y)|?
[

o0 - P
/' / u(x) ylb;i}g’l 0, y)dydx
x - P
/ / Iu(leilp()’)l w0, y)dydx

00 - p
f [P et ydx = 1+

Holder’s inequality yields

p
) —u(y))dy

< ( / () — u)Pol, y)dy) :
0

x , p-1
. (/ o' 7P (x, t)dt) ,
0
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and consequently

® Wx)x'=P %
nz [ ER [ e —uonayy

© W(x)x1-P

X
— RS A —_ 14
- [ e fo u(y)dy|

o0 1 X
= [T 220w -1 [ uare.
0 X X Jo

Hence, by the Minkowski and Hardy inequalities, we have

( / "W x ) Pdx)”
0
w X 1/p
< ([ 2w - 1 [ uoayeax)

W(x) l/p
([ S [ woarieas)

1 N 1/p
<IL'"+K ( f W(x)x~ P|u(x)|1’dx) :
0

and since K < 1, (4.2) follows at once.

Part (ii) can be proved completely analogously, estimating now from below
the integral >, which can be rewritten by Fubini’s theorem as

L= / /y @) ;_Zp(y)lp w(x, y)dxdy.

But it follows also directly from part (i) using the following symmetry
argument: Since for h(x,y) = |u(x) — u()|Plx — y|~'"* we have
h(x,y) = h(y, x), the right hand side in (4.2) satisfies

/oo /oo h(x, y)w(x, y)dxdy =[oo fooh(x,y)w(y,x)dxdy~
0 0 0 0

If we denote for wi(x,y) = w(y,x) by Wi(x) the function, which
corresponds to w; as W corresponds to w, we have that W;(x) = W(x),
and now we proceed as in the proof of part (i) with W instead of W.
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Remark 4.2 The proof of Theorem 4.1 shows that in fact we can derive a
better inequality provided (4.1) and (4.3) hold simultaneously:

o0 1/p
1-K) ( / Wx(x)lu(x)l"dx)

1/p
+1-B) ( / Wx(x)lu(x)V’dx)

00 _ P 1/p
([ )

CoroLLARY 4.3 Letl < p <oo,A> —1/panda < Ap — 1. Then

[e) 1/p
([ weo - uorsxereax) 4.4
0

xp+p a—1 © Ju(x) — u)|? 1p
= ([ [ s seaa)

Tap—a—1

Proof Apply Theorem 4.1 (i) with u(x) replaced by u(x) — u(0) and
with w(x,y) = w() = x% Then W(x) = x“ and (4.1) holds with
C, =(@—-DY"/Op+p—a—1)provideda — pA — p < —1 and
—ap’/p+Ap'+1 > 0,ie.,ifa+1 < p(A+ 1). But this is the case if
a+1 < Ap.Moreover, K = p/Op+p—a—1)<lifa+1 < Ap.

Remark 4.4 For the case « = 0, the statement in Corollary 4.3 follows
also at once from our Corollary 3.3 (see Remark 3.4). Moreover, according
to Corollary 1 in [4] (cf. our Theorem 2.2), the following complement also
holds: If 1 < p <00,A > —1/panda > Ap — 1, then

) 1/p 00 poo 1/p
a— lu@x) —uWI? ,
([ womrseran) "< ([ [ SR ey
“.5)

where C =27~ 1(14+p/(a — Ap +1)). For ¢ = 0, the inequalities (4.4) and
(4.5) coincide with the inequalities (1.6) and (1.5) mentioned in Section 1.

Remark 4.5 By applying Theorem 4.1 with

o(x,y) = w(x — y|)lx — y|~!"* we obtain another inequality of the
Burenkov-Evans type (see Theorem 2.1). In particular by using this result
with w(x) = x® we rediscover the inequality (2.7).
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Remark 4.6 InTheorem4.1, wein factused the integrability of o' P (x, y)
either with respect to x or with respect to y on intervals (0, z), z > 0. If this
condition is not fulfilled, we can proceed in a similar way as in Remark 3.5:
We estimate the integral I, from the proof of Theorem 4.1,

0 —_ p
12_/ /‘ Iu(x)Hl;p(y)I w(x, y)dyds,

from below using the following Holder inequality:

— p
[ ot ay

[e’s) - )4 oo , p—1
< ([T EOT 0w ) ([ ot )

with a suitable parameter §. Here, the role of the function W (x) is played by

00 , 1-p
W*(x) = ([ y“s" (x, }’)d)’) >

i.e., we need the integrability of (x, y)y %" with some 8 in the neighbour-
hood of infinity. The remaining steps are similar as in the proof of Theorem
4.1 (i) and are left to the reader (see also Remark 3.5). Let us mention that
condition (4.1) is then replaced by

r 1/p
*
Cy: =sup (/ W*(x)dx) .
r>0 \JO

00 1/p
. (/ W*l—p'(x) . xl/P/—pl-l-)vHsdx) < 00,
0

the function Wy (x) = W (x)x " in (4.2) is replaced by W*(x) - x1~1/p—*~8
and the parameter § has to satisfyd > 1 —1/p — A.

A similar result can be obtained using the integrability of x ~%' w (x, y) (as
a function of x !) in the neighbourhood of infinity if we proceed analogously
with I rewritten (by Fubini’s theorem) as

© Julx) —u(I?
I = / / i w(x, y)dxdy.
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5 A GENERALIZATION TO THE ORLICZ NORM
In this section we will modify inequalities (1.5) and (2.6), i.e., the case with
power weights x*, using the norm in a suitable Orlicz space.

For this purpose, let P be a Young function satisfying the A,-condition.
Then it is well-known that there exists a 8 > O such that for all « > 1,

P(kt) < kP P(r). ;.1
If H is the Hardy (averaging) operator defined by
1 X
(Hu)x): = - / w(o)dt
x Jo

and both P and its complementary function P satisfy the A,-condition, then
Palmieri [8] (cf. also [6, Corollary 4]) proved that

llt" Hullp <

< 7oyl (52)

where the norm in (5.2) is the Orlicz norm. [If v < 0 then the condition that
P € Aj can be omitted.]

It is well known that the Orlicz norm || - || p and the Luxemburg norm || - ||
defined by

llgllp: = inf {k>0: /(;OOP(Ig(kx)I)dx < 1}

satisfy

l1gllp < llgllp < 2ligllp. (5.3)

Let 0 < A < 1 and denote

v(x) u(x) —u(y)
@) = 28, (Auatx,y) = S22
x lx — ¥l
further, let || - || p(u) denote the twodimensional Orlicz norm on (0, 00) X
(0, 00) with respect to the measure du = %yll'

The main result of this section reads as follows.
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Tueorem 5.1 If P and P satisfy (5.1) with the constant B > 0, then for

Tl% <1,
llurllp < ClI(AWAI P 54
where
__2a0+8M)
1+ =1)

Moreover, if A > 0 the condition that P satisfies (5.1) may be omitted.

Proof The convexity of P yields

foo /oo P(l(Au)xl)dM=[oo fooP(I“(l’;)__yuliy)l) Ijﬁiil
f [ (lu(x) u(y)|)
/°° 1 [ (lu(x) —u(}’)ljc

zf ( fo ) x=fooP(qu(x)—(Hu)x(X)l)dx-
0 X Jo X 0

The Minkowski inequality, the estimates (5.3) and the (Hardy) inequality
(5.2) with v = —A yield

luallp = llux — (Hu)s + (Hu)xllp
< llup — (Hwllp + ||(Hu)y |l p
< 2lup — (Hu)p % + 17" Hullp

< 20[(AW I + = Il

B
1+ 82

< 2l{(Auwllpw) + ——llurllp

B
1+ BA
and (5.4) follows immediately.

Of course (5.3) shows that (5.4) holds also with Orlicz norms replaced by
the Luxemburg norms.
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6 AN N-DIMENSIONAL FRACTIONAL ORDER HARDY
INEQUALITY

We are also able to prove some N-dimensional versions of the inequalities
mentioned. First some notation: For x € RY, B(Jx|) will denote the ball
{y € R¥; |y| < |x[} and |B(|x])| its volume. It is | B(Ix])| = |x|N|SV~!|/N
where SV~ is the unit sphere in RY and |SV~!| its area.

THEOREM 6.1 Letl < p <o0o, N > land Ap > 1. Then

lu@)?  \'7
(fnw |x| PN dx)

3 2N(1+,\p)/pN1/p [P(l +A_) —_ l] ([ / 'u(X) - u()’)ll’d dx)l/P
ST ST ap—1 wy S x = yVAHD T g

Proof Obviously

lu(x) —u(y)|?
/RN fR T =y 4
lu(x) — u(y)|?
————dyd
/RN /;(le) |x — y|N+ip) *
> L[ vaen / lu(x) — u(y)|Pdydx
2N(1+Ap)/ B(x))

since for y € B(|x|), itis |[x — y| < 2|x|, and 1 + Ap > 0. But Holder’s
inequality yields

p
f (u(x) —u(y))dy
B(Ix])

< ( f (x) — u(y)l”dy) 1B(xDIP,
B(x|)

and consequently

1 |B(Ix])|!~P ,
J = SN(FAp) /RN < [NO+2) | - )(u(x)-u(y))dyl dx

1 / |B(xD|'~? /
u@IB(DI = | u(dylPdx
= NP Jpu |x|N<1+M’>I 1D P R

1 B(|x])
—_— dy\Pdx.
= N(+p) /]RN |x|N(l+Ap)I u(x) — B Do u(y)dy| x(6.2)
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Therefore, by Minkowski’s inequality

el \?
(/R TRzl x)

1
— d
{ / IxI)“PNI “(x) = |B(IxD| B(le)u(y) Y

1 » 1/p
+ u(y)dy| dx}
|B(|x|)| B(x]) Y
/ 1 » 1/p
< - u(y)dy| dx}
{ PN B! Jogey
B p 1/p
of [EERA [ woaspar] =nn
Ry |x|*P B(lx]) (6.3)
It follows from (6.2) that
2NA+AD)/PNI/P
i S 2 V) J
b s g (6.4)

and the Hardy inequality with power weights yields

p lu@)?  \'?
b= ([R e 4
provided

|B(xDI~? )”” (/ Sonae ;)
C,:=su / ——_dx x| ~APNA=P) gy
P r>g( |x|>r le)”pN |x|<r
00 NP )1/P
_ N—1-ApN—Np
= su t ————dtdo .
r>g (/.;'N“ [ ISN_llp

r , p
. (f / tN—1+A.p thdU)
SN-1.J0

(N—Np—ipN)
= N|S¥-1-1|gV- 1|1/p+l/ps up r p=reN)/p .
r>0 Np(1 + 1) — )l/p
pGp'N+N)/p' (p—DP

"OPN+NVP T pA+a)—1

Hence I < -5 -fx)—l (fgw ll‘;(l’fgkp dx)'/P and inequality (6.1) follows by
combining the last estimate with (6.2)—(6.3) and subtracting.
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Remark 6.1 Inequality (6.1) is an N-dimensional counterpart of inequality
(1.5), i.e., with weight 1 on the right hand side. Of course, also more
general cases can be considered. Let us mention at least the following more
dimensional extension of Theorem 4.1; we omit the proof since the arguments
are quite similar to the onedimensional case.

THEOREM 6.2 Let w(x, ) be a non-negative measurable function on RN x
RY, locally integrable in both variables separately. Let 1 < p < oo and
A > —1/p and denote W (x) = (m(,lx—m Saqxp @77 G, AP If

w 1/ / / 1/p
Cp: =sup{f ) dx} p{/ [x|?P'Nwi-p (x)dx} " <0
[ lxl<r

r>0 x|>r |x|ApN

and K = Cp(p—ll’)wl—% < 1, then

W(x) 1/p
(/I;N PN |u(x)|de)

_ 1 NUeNGHp/p luGx) —uI” w(x, y)dydx l/p
S AT =TT o Jaw X —y lN(1+Ap) »y)ay .
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