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1 INTRODUCTION

By an orthogonal polynomial system (OPS), we always mean a sequence
of polynomials {P,(x)}>°,, where deg(P,) = n, n > 0, and there is an
increasing function p(x) on an interval / such that

/Pm(x)Pn(x)dﬂ'(x) = Kpéun, m and n >0,
1

where K, are positive constants. In this case, we say that {P,(x)}>2, is

an OPS relative to a positive measure du(x) (or a positive weight w(x) if
du(x) = w(x)dx)on 1.

* Author for correspondence.
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It is well known ([2, 8, 10]) that there are essentially (i.e., up to
a linear change of variable) only three distinct OPS’s (called classical
OPS’s) that arise as eigenfunctions of second order differential equation of
hypergeometric type:

A(x)y"(x) + B(x)y' (x) + Any(x) =0, (1.1

where A(x) = ax?>+bx+c # 0, B(x) = dx+e,and A, = —nla(n—1)+d],
n=0,1,2,---. They are Jacobi polynomials { """ (x)}%2 (@, B > —1),
Laguerre polynomials {Lf,“) *)}2y (@ > —1), and Hermite polynomials
{H, (x)}32, satisfying

(1= x2)y"(x) + [(B — o) — (@ + B+ 2)x]y' (x)

tnn+a+B+Dly(x)=0 for {PP (x)2, (1.2)
@)+ 1 +o—x)y(x)+ny(x) =0 for {L,(f)(x)};,";o .
¥ (x) = 2xy'(x) + 2ny(x) = 0 for {H,(x)}22,

and are orthogonal relative to

(-1 +x)f on [-1,1]  for {P™P ()2,

wx) = { x%* on [0,00) for (LX), - (1.3)
e on (—00,00) for {Hn(x)}22,

For these three classical weights in (1.3), Guessab and Milovanovi¢ [5] and
Guessab [4] obtained weighted L2-Markov or Bernstein type inequalities
for polynomials. In 1987, Varma [13] obtained weighted L2-Landau type
inequalities for w(x) = e~ and later, Agarwal and Milovanovi¢ [1]
extended Varma’s result to all three classical weights in (1.3).

Although these inequalities must remain valid under any linear change of
variable, it is not clear then what kinds of weights w(x) are allowed to ensure
such inequalities. In section two, we give weighted L2-Markov or Bernstein
type inequalities for classical weights in such a way that does not depend
on specific form of w(x) as in (1.3). In section three, we extend L?-Landau
type inequalities of Agarwal and Milovanovi¢ for classical weights to any
semiclassical and positive-semidefinite weights. Finally we illustrate this
extension by two examples, one for a classical weight e~ and another
for a nonclassical weight |x|2“e”’“2 (w > —%). For similar Markov-type
inequalities for discrete classical weights we refer to [6, 7].
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All polynomials are assumed to be real polynomials unless stated
otherwise. We use the notation deg(P) to denote the degree of a polynomial
P (x) with the convention that deg(0) = —1.

2 MARKOV-BERNSTEIN TYPE INEQUALITIES

The results in this section are not really new but some modifications of results
obtained by Guessab and Milovanovi¢ [5] and Guessab [4], which is based
on the following result (see [8, Theorem 2.9]) and [11, Theorem 2]).

TueoreM 2.1  The differential equation (1.1) has an OPS {P,(x)}32 as
solutions if and only if

sp:=an+d#0 and Sn—1 A(—(bn+e)

> >0, n=>0.
$2n—152n+1 S$2n

2.1)
Moreover, { P, (x)}32, is orthogonal relative to a weight w(x) on I, where
w(x) is any nonnegative solution of Pearson differential equation

AXwE)) —BE)w(x) =0 on Int(l) 2.1
and
[m, M] if A(x) has 2 real zeros m and M
I= {[m,oo) if deg(A)=1and A(m) =0
(—00, 00) if deg(A) =0.

The first condition in (2.1) is the necessary and sufficient condition for the
differential equation (1.1) to have a unique monic polynomial solution P, (x)
of degree n for each n > 0 and the second condition in (2.1) is the necessary
and sufficient condition for { P, (x)}32, to be an OPS. Theorem 2.1 is used
in [8] to classify all classical OPS’s, up to a real linear change of variable,
including OPS’s orthogonal relative to signed measures.

In Theorem 2.1, we may take

B(x)

€
wx) = A0 expf A(x)dx on Int(I), 2.3)

where € = %1 depending on A(x) > 0 or A(x) < 0 on I respectively.
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We also note that when the equation (1.1) has an OPS as solutions, {1, };2
must be strictly monotone. More precisely, {A,};2, is strictly increasing or
strictly decreasing depending on A(x) > 0 or A(x) < 0 on I respectively.
It can be easily seen because {A,},2 remain unchanged under any linear
change of variable and {,}32, is strictly increasing in all three cases in
1.2).

We set

||P|]? := f P2(x)w(x) dx.
I

THEOREM 2.2 [5] Let w(x) be any nonnegative solution of the equation
(2.2), where A(x) and B(x) satisfy the condition (2.1). Then for any integers
mandnwithl <m <n

m—1
A2 P < (H \/lxn,u) Pl 24)
k=0

for any complex polynomial P(x) of degree < n, where
Mg i=—m—-—klr+k—-1Da+d], n=k=0.

Moreover, the equality holds in (2.4) if and only if P(x) = C P,(x) for some
constant C, where {Py(x)}°2 , is an OPS relative to w(x) on I.

Now, Theorem 2.2 can be proved essentially in the same way as the one in
[5, Theorem 2.1] or [4, Lemma 3.1] even though they proved it only for three
classical weights in (1.3) and for real polynomials P (x) since the condition
(2.1) guarantees the existence of an OPS { P, (x)}° , satisfying the equation
(1.1) by Theorem 2.1.

Using the inequality (2.4), Guessab [4] obtained another weighted Markov-
Bernstein type inequality for three classical weights in (1.3) and for real
polynomials. In much the same way as before, we can reformulate his
inequality [4, Theorem 2.1] as

THeEOREM 2.3 [4] Let w(x) be the same as in Theorem 2.2 and w,, (x) =
|[AX) " w(x), m > 0 an integer. Then

NW1A1 W) (Wi PDY | <

m—1
1Bum [ ] Ankl IPllo (inm1 =0)
k=0

2.5)



WEIGHTED L? INEQUALITIES 175

for any complex polynomial P(x) of degree n (> m), where

1P = /I |P(x) Wi (x)dx

and

Brnm = Anm — [2(m — 1)a + d].

Moreover, the equality holds in (2.5) if and only if P(x) = C Py (x) for some
constant C.

Theorem 2.2 and Theorem 2.3 give conditions (2.1) on A(x) and B(x)
under which any nonnegative solution w(x) of the equation (2.2) give rise to
a corresponding weighted Markov-Bernstein type inequality for polynomials
in L2(I : w(x)dx).

3 SEMICLASSICAL WEIGHTS

All polynomials in section three are assumed to be real polynomials. Agarwal
and Milovanovi¢ [1] proved a Landau type inequality [9] for three classical
weights in (1.3): Let w(x) be one of the classical weights in (1.3). Then for
any integer n > 0,

QAn 4+ B'(0) [IWAP'|? < 22| P|? + ||AP"|? 3.1

for any real polynomial P (x) of degree < n. Moreover, equality holds in (3.1)
if and only if P(x) = C P,(x) for some real constant C. When w(x) = e,
the inequality (3.1) was found first by Varma [13]. As in section two, we can
reformulate and extend (3.1) as:

TueoreM 3.1 Let w(x).be the same as in Theorem 2.2. Then

QA+ B'(x) [IVIAIP'|12 < 22| P|? + ||AP"|? (3.2)

for any polynomial P(x) and any real constant A. Moreover, equality holds
if and only if A = A, and P(x) = C P,(x) for some real constant C, where
n := deg(P).
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Note that we claim the inequality (3.2) holds for any A and any polynomial
P (x) regardless of deg(P). We can further extend Theorem 3.1 into a more
general situation like: Let o be any moment functional on the space of
polynomials ([3]). We call o to be the positive-semidefinite if (o, P% >0
for any polynomial P(x). We call o to be semiclassical if there is a pair of
polynomials (A(x), B(x)) # (0, 0) such that

(A(x)o) = B(x)o, (3.3)

where (0', ¢) := —{(o, ¢') and (Yo, p) = (0, ¥¢) for any polynomials
¢(x) and ¥ (x). Note that here, we do not assume o to be regular contrary
to the usual definition of semiclassical moment functionals (see [12]). Any
classical weight w(x) satisfying the condition (2.1) and (2.2) defines a
positive-definite semiclassical moment functional o by

(o, P) := / P(x)w(x)dx. 3.4)
I

THEOREM 3.2 Let o be a positive-semidefinite and semiclassical moment
functional satisfying

(A(x)o) = (B(x) + D(x))0c and (D(x)o) = E(x)o 3.5)

for some polynomial A, B, D, E with A%(x) + B%(x) % 0. Then for any
polynomial C(x) (which may depend on some parameters), we have

(0, (AB' +2AC + BD)(P')?)

< (0, (AC" + BC' + C2 +2C'D + CE)P?) + (0, (AP")?)
(3.6)

for any polynomial P(x). Moreover, if o is positive-definite, then equality
holds in (3.6) if and only if

LIP](x) := A(x)P"(x) + B(x)P'(x) + C(x)P(x) = 0. (3.7)
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Proof We have

(0, LIP1?) = (0, (AP")* + (BP')? 4 (CP)?)
+2(0, ABP'P") +2(c, ACPP") +2(0, BCPP').
(3.8)

We also have by (3.5)

2(0, ABP'P") = (BAo, [(P)?*]) = —((BAa ), (P))?)
= — (0, (AB’ + B? + BD)(P)?) 3.9

and

2(c, ACPP")+2(c, BCPP') = —2((CPAc)', P') + 2(c, BCPP')
= —2((AC' + CD)Po, Py — 2(c, AC(P')?)
= —((AC’" + CD)s, (P?)') — 2(0, AC(P")?)
= (((AC' + CD)o)', P?) —2(a, AC(P)?)
= (0, (AC" + BC' +2C'D + CE)P?%) — 2(0, AC(P")?).
(3.10)

Substituting (3.9) and (3.10) into (3.8), we obtain

(0, LIPT) = {0, (AP")* + (BP")? + (CP)?
— (0, (AB' + B%* + BD)(P")?)
+ (0, (AC” + BC' +2C'D + CE)P?) — 2(0, AC(P")?)

from which (3.6) follows since (o, L[P]?) > 0. When o is positive-definite,
(o, L[P1?) = 0 if and only if L[P] = 0 so that equality holds in (3.6) if and
only if L[P] = 0.

When ¢ = w(x)dx is a classical moment functional given by (3.4),
C(x) = A is a constant, and D(x) = E(x) = 0, Theorem 3.2 reduces to
Theorem 3.1.

Remark 3.1 Conversely, if o satisfies the inequality (3.6) with C(x) = A,
an arbitrary constant, then o must be positive-semidefinite since if we divide
(3.6) by A2 and let A tend to oo, then we obtain (o, P2) > 0.
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CoroLLARY 3.3 Let o be the same as in Theorem 3.2. Then for any
polynomial P(x)

(0, (AB' + BD)(p')*) < (0, (AP")%). (3.11)
Furthermore, if (o, P2) =0, then

(o, EP%) —2(0, A(P)?) = 0. (3.12)
If (o, P?) > 0, then

(o, EP2=2A(P")?)? < 4{(o, P?){0, (AP")2—(AB'+ BD)(P')?). (3.13)

Proof Take C(x) = A, an arbitrary constant, in (3.6). Then we obtain

(o, P)A? + (0, EP? —2A(P"Y*)A+ (0, (AP")* — (AB' + BD)(P')*) > 0.
(3.14)
When A = 0in (3.14), we obtain (3.11). If (o, P2) = 0, then (3.14) becomes

(0, EP* —2A(P))A + (0, (AP")> — (AB’ + BD)(P')*) > 0

so that (3.12) follows since A is arbitrary. If (o, P?) > 0, then (3.14) implies
(3.13). O

When o = w(x)dx on I is a classical moment functional, we can have
the following interesting Landau-type inequality:

CoRrOLLARY 3.4 Let w(x) be any classical weight as in Theorem 2.2. Then

2UIVTAT PP < 11 1IPIP + IPI/d2IPI + 41AP"I2 (3.15)
for any polynomial P (x).
Proof Any classical weight w(x) satisfies the condition (3.5) with D(x) =
E(x) =0and A(x)B’(x) < 0 (see (1.2)). Hence, (3.13) becomes

(o, A(PY)? < (0, P {(0, (AP")?) + (0, —AB'(P)})},
that is,

IVIAIP'I1* < IPIPAIAP"|? + 1d| 1IVI1ALP'|),
from which (3.15) follows immediately. o
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Remark 3.2 When o is a moment functional as in Theorem 3.2 satisfying
(3.5) with D(x) = E(x) = 0 and deg(B) = 1, we can obtain a similar
inequality as (3.15) for (o, A(P")?).

Finally, we give two examples illustrating Theorem 3.2.
ExampLE 3.1 Varma [13] proved the inequality (3.1) for w(x) = e
PP < i R4 2P, deg) <n (316)
—22n-1) 2n —1 ’ - )

Equality holds in (3.16) if and only if P(x) = CH,(x). Applying
Theorem 3.2 to o = e~* dx with A(x) =1, B(x) = —2x, D(x) = E(x) =
0, and C(x) = A, we obtain

@1 =2)|IP'IF < |IP"]1* + A%|| P (3.17)

for any A and any polynomial P(x), where equality holds if and only if
P(x) = CHy(x), n := deg(P).
When A = 2n, (3.17) becomes (3.16). We also have from (3.15)

ILP'I> < IIPIP + /I P11 + || P"| 2. (3.18)

Replacing P(x) by P’(x) in (3.17) and then applying (3.17), we obtain

Qu —2)2r = DIIP"II? < Cu —DUPP2 + 22(1P"112 + u2I| PP,

that is,
@G — D = 1) = AP < 2(u = DIIPD|2 +22u2||P|? (3.19)

for any constants A, u and any polynomial P(x), where equality holds if and
only if P(x) = CH,(x), u = 2n,and A = 2(n — 1), n := deg(P).
When 4 =2n and A =2(n — 1) (n > 1), (3.19) becomes

1P < G DIPOIE | 4n = D2)PIP
~ 2(3n?2 —6n+2) 3n2—6n+2 ’

which was first obtained by Varma [13, Inequality (1.15)] for polynomials of
degree < n. Equality in (3.20) holds if and only if P(x) = C H,(x).

(3.20)
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ExampLE 3.2 Leto = w(x)dx, w(x) = |x|2"‘e”"2 (u > —%). Then o is a
positive-definite semiclassical moment functional satisfying

(x0) = Qu+1-2x%0
and
(x%0) =2[( + Dx — x°]o.

The corresponding OPS is the generalized Hermite polynomials {H,f“ ) (E] Nads
satisfying

x2y"(x) + 2(ux — x%)y'(x) + @nx* = 6,)y(x) =0,
where 0y, = 0 and 6,,+1 = 2u, m > 0 (see [3]).
If we take A(x) = x2, B(x) = 2[(1 + 1)x — x3], C(x) = 2nx? — 6,, and
D(x) = E(x) = 01in (3.6), then we have
2/ [@n —3)x% pw+1—6,](xP'(x))w(x)dx
< f " @ P ) u)dx
+ f [4nx?((n — 2)x% + 2u + 3 — 6,) + 1P (x)w(x)dx,

where equality holds if and only if P(x) = CH**P (x).

If we take A(x) = x2, B(x) = 2(ux—x3), C(x) = 2nx>—6,, D(x) = 2x,
and E(x) = 4 + 2 — 4x? in (3.6), then we have

/oo A(x, n)(xP’(x))zw(x)dx < /oo B(x, n) P2(x)w(x)dx

—00 —0Q

+ /00 % P" (x))?w(x)dx,
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where

A(x, n) := (4n — 10)x% + 6p — 26,;
B(x,n) := (4n* — 16n)x* + [24n + (4 — 4n)6, + 16un]x>
+ 6,6, — 4 —2)

and equality holds if and only if P(x) = CH™ (x).
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