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Let D be an open subset of IR" (n > 2) with finite Lebesgue n-measure, let d(x) be the distance
from x € IR" to the boundary 0D of D, and let 1 < p < o0o. We give a simple direct proof
that if IR\ D satisfies the plumpness condition of Martio and Viisald [10], then the inequality
of Hardy type,

f (u(@)|/d*®))" dx < C / (IVue)l/ad? ()" dx, u e D),
D D

holds whenever 8 > max{0, @ — 1}. We also show that the plumpness condition may be replaced
by ones which enable domains with lower-dimensional portions of their boundaries to be handled.
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1 INTRODUCTION

Let D be an open subset of R”,let 1 < p < oo, and given x € D let d(x)
be the distance from x to the boundary dD of D. It is well known (cf. [6],
p- 223) that if u belongs to the Sobolev space WI} (D) and u/d € L,(D),

0
then in fact u lies in W}(D), the closure of C§°(D) in W, (D). This holds
with no restrictions on 4 D. The result in the opposite direction, namely that

0
ifu e W},(D) then u/d € L,(D), would follow immediately if one knew
that the Hardy inequality
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f (lu (@) /d (x))P dx < C/ IVu (x)1Pdx, u € V(%’},(D) (1.1)
D D

was true for the particular D and the particular p. The validity of (1.1) has
been extensively investigated: for example, Davies [4] has shown that if
p = 2 and D is bounded and satisfies a certain type of cone condition, then
(1.1) holds; it is clear that his argument can be adapted to permit other values
of p. Other work on the Hardy inequality (1.1), and weighted analogues
of it, may be found in the paper by Ancona [2] and the book by Opic and
Kufner [11]. Moreover, Lewis [9] has shown thatif 1l < p <nand R"\ D
is (1, p) uniformly fat, then (1.1) holds; if n < p < oo he shows that (1.1)
holds for all D s R". The uniform fatness condition which he imposes when

1 < p < nis that there is a positive constant A such that for all x € R* \ D
and allr > O,

Rip (r™ (BN (R"\ D)) 2 4,

where B (x, r) is the open ball in R” with centre x and radius 7, and Ry, , isa
certain Riesz capacity. Sufficient conditions for (1.1) to hold have also been
given by Wannebo [14]; these are expressed in terms of a capacity introduced
by Maz’ja and enable him to reproduce Lewis’s results for p > n and to show
that (1.1) holds if p > n— 1 and D (# R") is simply connected. In [15] other
sufficient conditions for (1.1) to hold are given.

In the present paper we show that if D has finite volume and R" \ D
satisfies the plumpness condition of Martio and Viisélad [10], then not only
does (1.1) hold but also more general inequalities of the form

/D(|u @) /d* (x))Pdx < C fD (IVu ()| /dP (x))” dx,u € C$° (D)
(1.2)

where 1 < p < oo and B > max{0,« — 1}. This is established in
Section 2 by comparatively straightforward procedures. When D has a
Lipschitz boundary, our result agrees with Theorem 10.4 of Gurka and
Opic [7], obtained by entirely different methods and under the additional
assumption that 8 > p/(p—1).If« = 1 and B = 0, (1.2) coincides with
(1.1) but does not then give anything new, as it can be shown that if R” \ D
is plump and unbounded, it is (1, p) uniformly fat for every p > 1 so that
Lewis’s result applies. The plumpness condition, which will be explained
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in detail in Section 2, is a rather natural geometric condition on D which
is easy to check and has nothing to do with p. Like Lewis, our arguments
depend on a well-known lemma due to Carleson [3]; but we hope that our
direct use of the plumpness condition may have some appeal for those who
are less familiar with notions of capacity, and may stimulate further work.
In Section 3, the plumpness condition is replaced by ones which enable us
to handle domains with lower-dimensional portions of their boundaries, and
here the range of possible p’s for which, say, (1.1) holds is dependent upon
the properties of D. While these results can in fact be obtained from capacity
results, we hope that the direct method of proof will be of interest.

2 A WEIGHTED HARDY INEQUALITY

First we fix the notation and provide some basic definitions. Throughout the
paper we shall assume (unless otherwise stated) that D is an open subset of
R” (n > 2) with finite Lebesgue n-measure. Given any sets A, B C R", the
distance between A and B will denoted by d(A, B) and the distance from
x € R" to A by d(x, A), writing d(x) = d(x, dD) for shortness; if A has
finite Lebesgue n-measure |A|,, the average of a function u over A is defined
to be

up = |A|,;1fAu(x)dx.

The open ball in R" with centre x and radius ¢ > 0 will be denoted by
B(x, t); whenm € N U {oc}, Ci’ (D) will stand for the space of all m times
continuously differentiable real-valued functions with compact support in D;
we write lull, p = ([ lu (¥)I7 dx)"/? for all p € (1, 00) ; k-dimensional
Hausdorff measure on R" will be denoted by H* when k < n ; WI} (D)
will stand for the Sobolev space of all functions which, together with their
first-order distributional derivatives, are in L, (D) . Given two non-negative
expressions (that is, functions or functionals) Ry, Ry we shall write R; < R»
as a shorthand for the statement that R; < C R; for some constant C € (0, oo)
independent of the variables in the expressions Rp, Ry; if Ry < R and
Ry < Ry we write Ry & R;.

DEerNITION 2.1 Given any b € (0, 11, we say that R" \ D is b-plump if
there exists o > 0 such that for all y € 9D and all t € (0, o], there is an
x € R"\ D)N B(y, t) withd(x) = bt.
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This definition is due to Martio and Viiséla [10]; Jerison and Kenig [8] call
the hypothesis of the definition a corkscrew condition. Moreover, there is a
connection with the exterior regular domains of Triebel and Winkelvoss [13]:
if D coincides with the interior of its closure, then D is exterior regular if,
and only if, it is b-plump for some b.

Our first result is the following:

THEOREM 2.2. Suppose that R" \ D is b-plump for some b € (0, 1], let
1 < p <ooandleta, B € R be such that

B > max {0, — 1}. 2.1

Then there is a constant C > O such that for all u € Cgo (D),
f (lu @) /d* x))’dx < C / (IVu ()| /dP (x))" dx. 2.2)
D D

Proof Letu € Ci° (D) ; we may and shall suppose that u is defined on all
of R” and is zero on R" \ D . Let W be a Whitney decomposition of D (see
[12], p. 16); that is, W is a family of closed dyadic cubes Q, with pairwise
disjoint interiors, such that D = UQ ew @

1<d(Q,dD)/diam (Q) <4 forall Q e W
(diam (Q) being the diameter of Q) and

1/4 < diam (Q1) / diam (Q7) < 4forall Q, @2 € W with 01NQ, # 0.

For each 0 € W we fix an xg € 9D such thatd (3D, Q) = d(xg, Q) and

choose a cube 0 D Q with centre xg such that diam (Q) diam (Q).
Then

/(Iu(x)l/d"‘ @) dx < ) f (Iu (x)| / diam * (Q))” dx

Qew

f u @I/ diam® () dx.  23)
QeW

Since R" \ D is b-plump, there exists o > 0 such that for all z € 9D and
allt € (0,0)],thereisa y € (R"\D) N B (z,t) with d (y, dD) > bt.
We may assume that 0 > diam (Q) for all Q € W and so may choose

= diam (Q ) for if there is a maximal Qg € W such that diam (Qo) >0,
we simply take k > O such that 0 > k diam (Qo) and then work with
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k diam (é) instead of diam (é) . It follows that for each Q € W there is
ay e [R"\D)NB(xg, diam (é)) with d (y) > b diam (é), we write

A= 0 (y,b diam (Q) /n),

the open cube with centre y and sides of length b diam (é) /n parallel to
the axes.

AsA CR" \ D, the mean value u 3 = 0. Thus from (2.3) we obtain

f (lu ()l /d* ()P dx < Y /~(|u(x)—u;|/diam°‘(Q))pdx.
D gew @
(2.4)

Use of Holder’s and Minkowski’s inequalities now shows that for all ¢ € R,
/é|u @) —uz|’dx <27 (|Q|,/|A]) /@,m (x) — c|P dx
=27 (n/b)" /~|u (x) —c|P dx.
(o]

The choice ¢ = Uz in this inequality, together with the Poincaré inequality
in a cube (see [6], p. 243), gives

‘[Qvlu (x)—ux|pdx < |é

plq
s (/~|Vu(x)l"dx> L@
)

where p and g are related by 1 < g < p = nq/(n — q); the constant
implicit in the inequality is independent of Q. Since Vu (x) = 0 whenever
x € R"\ D, we see thatif 8 > 0,

/~|Vu(x)|qu= > / _|Vu )| dx
Q 016w, 0in0p " 21"2

~ X[ (diam (@) /d P Vu @l dx
016w, 0ing0 " 2112

< (diam (@))™ /5 (IVu ()| /d? (x))? dx. 2.6)
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Hence from (2.4)—(2.6) we find
[ (meija @y ax< 3|3

Qew

v 5 'y rlq
><</§(I u ()l /d? (%)) x)

< (Lavwwr e wyax)”
=< 5 u ()| /d” (x))" dx o, ",

dew Q2.7)

pe  pB
S
n

the final inequality being a consequence of our assumption that 8 —a+1 > 0.
To conclude the proof we use the following well-known lemma first proved
by Carleson [3] when p = 2 and n = 1 (see [12] for the general case).

Lemma 2.3 Let Qo be a cube in R" and suppose that {Q;} is a sequence of
cubes such that each Q; is containedin Qoand_; |Qil, < const|Qol, ; let
v € Ly (Qo) for some p € (1, 00) . Then there is a constant C, independent
of v, such that

4
ZIQ,-L‘;P(fQ |v<x)|dx) <c fQ pwPds. @8

We apply this to the 0, noting that the basic hypothesis of the lemma is
satisfied since for a fixed cube B,

> 10, = > diam"(Q) < |Bl,.

OCB,Qew OCB,Qew

Since p/q > 1, Carleson’s lemma shows that the right-hand side of (2.7)
can be estimated from above by a multiple of

f (IVu ()l /a? ()" dx,
D
and the theorem follows.

Remark 2.4 (i) When D has a Lipschitz boundary it is plain that R" \D
satisfies the plumpness condition, and so inequality (2.2) holds. This result,
under the additional assumption that 8 > p/(p — 1), was obtained by Gurka
and Opic ([7], Theorem 10.4). Their paper also contains sufficient conditions
for (2.2) to hold when 3D is in the Hélder class C% for some « € (0, 1];
and it gives results concerning the inequality analogous to (2.2) but with the
left-hand side replaced by



REMARKS ON THE HARDY INEQUALITY 131

/ I ()14 /d® (x) dx
D

for suitable g.
(ii) When o = 1 and B = 0, (2.1) reduces to the Hardy inequality

/ (lu (x)| /d (x))? dx < Cf |Vu (x)|P dx, u € Cg° (D), (2.9)
D D

mentioned in the Introduction. As explained there, the special case of
our results, that (2.9) holds when R"” \ D is plump and unbounded and
1 < p < o0, iscontained in those of Lewis [9]. Note, however, that inspection
of our proof shows that the constant C in (2.9) may be taken to be

1 n
wrll+a (6a)ab—-nn 3p(n—3)+3 ,

1 1
“=P(1‘;)“§

and w, = |B (0, 1)|,; if D is convex, then we may choose b = 1. In this
connection we are informed that when D is convex and has C! boundary,
then P. Sobolevski and T. Matskewich have very recently shown that the

best constant C in (2.9) is (1 - %)p : see also ‘On the best constant for
Hardy’s inequality’, M. Marcus, V.J. Mizel, Y. Pinchover (to appear). When
p =n =2 and D is a sector of a circle the best constant C in (2.9) has been
shown by Davies [5] to be 4 if the angle of the sector is less than Sy ~ 4.856.

If we use the classical variational capacity argument, Lemma 2.5 below,
the Hardy inequality (1.1) follows easily.

As normal, for a compact subset E of a nonempty open set D in R” we
write

where

ve CP(D), 0<v <1lonDand
p — cap (E, D) = inf [lIVvIIZ,D : v = 1 in an open neighbourhood }
of E in D.

LemMA 2.5 [6, Corollary 2.4/Chapter VIII] Let Q be a cube in R" and
define any u € C3°(D) to be zero outside the domain D. Let1 < q < p <
%, p <n.Ifg— cap (Q N (R"\ D),2Q) > 0, thenforanyu € C$°(D),
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. n p/q
f GOl dx < c(n, q) diam (Q) p/q (/ Vo)l dx)
0 (g — cap (QN(R™\ D),20Q))

Using Lemma 2.5 and the proof of Theorem 2.2 we obtain the following

theorem.

THEOREM 2.6  Suppose that D is a domain with constants .. > 0, cp > 0
such that

g — cap (QN(R"\ D),2Q) diam (Q)?™" > A (2.10)

for all cubes Q = Q(y) with centre y € dD and 0 < diam (Q) <
co|D|V"  Letl<g<p< n—"_q‘;, p < n. Then there exists a constant ¢ > 0
such that for all u € C3°(D),

lu(x)1?
/Dd_(x,a_m?d" = "‘fD IVu)|? dx.

Proof We use the same notation as in the proof of Theorem 2.2. We need
to verify only the inequality

plq

( /~|u(x)|p dx) diam (Q)"? < diam (é)"(‘”ﬁ) ( /~|Vu(x)|q dx)
¢ ¢ 2.11)

where1 <g <p < ;”f;l—, p < n; otherwise the proof is similar to the proof
of Theorem 2.2. However, Lemma 2.5 and the assumption of Theorem 2.6
immediately yield (2.11):

( [ e dx) diam ()~
)
. e, g) diam Gy ™"
| g— cap (QN(R*"\ D), int (20))
~ p/
« diam (9)"(1=%) ( /~|Vu(x)|q dx) !
)

/ " r/q
< [C(LA"QT " giam (§y"(-%) ( /~|Vu(x)|" dx) :
o
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Remark 2.7 To obtain the general case (1.2) the condition (2.10) should be
replaced by g — cap (@ N (R"\ D),2Q) diam (Q)?@~A~" > ), where
B =0.

3 OTHER CONDITIONS ON THE BOUNDARY OF D
First we establish the following result:

THEOREM 3.1 Let D be a domain in R" (n > 1) and suppose there are
constants s € (0,1) and T > O such that for each y € 0D and all
t € (0, T), there is a k-dimensional cube Qy ; (y) C 0D, withy € Ek,, &2
and H* (Qk,, (y)) > st*; suppose also that p € (1, n) is such that for all
these k,n — p < k < n — 1. Then there is a constant C > O such that
Hardy'’s inequality

/ (Ju (x)] /d (x))P dx < Cj |Vu (x)|P dx, u € C& (D) 3.1
D D
holds.

Our proof of this theorem hinges upon the following two lemmas. In these
all cubes are assumed to have edges parallel to the coordinate axes in R”,
and the intersection of a cube Q in R” with a k-dimensional plane is denoted
by @F (1 < k < n), with the understanding that 0" = Q.

Lemma 3.2 Let Q be a cube in R" and let p € (n, 0), q € [1, 00) . Then
there is a constant ¢ = ¢ (n, p, q) such that for every u € WI} (Q),

|u(x) —ug| <c ("u —ug ||q(p_n)/P IVully o

p/{np+(p—n)q}
9,0 )

3.2)
for almost all x in Q.

Proof The result is simply the special case m = 1 of Lemma 5.18 of [1],
appliedtou — ug.

Lemma 3.3 Let QbeacubeinR" let 1 <k <nandlet0 <n—p <k <
n. Then there is a constant ¢ = ¢ (n, p, q) such that for every u € WI} @,

1/q 1/p
(f@ |u(y)—uQ|q dyk) SC(fQ |Vu (y)lpdy) , (3.3)

where g = kp/ (n — p) and dy* denotes Lebesgue measure on R¥.
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Proof Exactly as in the proof of Lemma 5.19 of [1] we find that

f Iu(y)—uglqdyks (/ |u(x)—uQ|q°dx
o Qg

v/ (pA)
X ([ [Vu (x)|P dx) , (3.4
)

. . k k—1

where v is the largest integer less than p, u = (,=,), A = (,-,_,) and
qo = np/ (n — p) . By Poincaré’s inequality in the cube Q we can estimate
the term [, |u (x) — ug|® dx in (3.4) by means of [, |V (x)|? dx, and the

result follows.

)u(p—v)/(pk)

Proof of Theorem 3.1 It is enough to prove (3.1) for u € C3° (D) . Let W
be a Whitney decomposition of D. Given 1 any 0 e W, fix xg € dD such
thatd (Q,dD) = d LQ xg); fix a cube 0 with x¢ as centre and such that
Q C O and diam (@) = c(n) diam (Q). Then

[ meijaenrax =3 [ (I ()1 /d ()" dx

Qew

/ (lu ()| / diam (Q)*dx.  (3.4)

QeW

For each cube Q there is a set S d(Q) = S c 9D such that H* (Sk aQ) ~
s diam (Q) where k € (n — p,n — 1]. Since u = O on S,

/ | (x)1P dx —-/ |u (x) — uz|? dx. 3.5)
Moreover, Minkowski’s inequality and the Poincaré inequality in a cube yield
/~ |u x) — u§|l’ dx < /~ lu x) — ua"’ dx + /~ ‘u’g‘— ual”dx
Q Q
( __ r/q
<107t ([ o ax)
Q

+/§‘u§‘— ug|” dx, (3.6)
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where g = np/ (p + k) . Use of Holder’s inequality gives

p
p 1 k N
/5|u'§'-—u5l dx:f(,3 m/gudx —ug dx
1 P ok
5/571_"—(755[@ e @ ~ug| axtax, @)

where Qk is the intersection of é and the k-dimensional plane containing
the cube Qg (xQ) for suitable ¢. From Lemma 3.3 we have

(f

where ¢ = np/(p+k),p < nandn — p < k < n. Combination of
(3.4)—(3.8) now shows that

NG /g
u(x)~u5} dx) 5c(k,n,p)(/§|Vu(x)qux> , (3.8)

plq
[ awensa@yras < Y 57t diam @rtr ( Jovucae dx)
D Qo

Qew

~ Y s~ diam (@)% F7P | @],
Qew

rlq
X (]; [Vu(x)|4 dx)
(4]

~1 rlq
=Y. s70]," (fém(x)lwx) :

Qew 3.9

since % —k—p = 0. Asthe é form a sequence of cubes to which Carleson’s
lemma, Lemma 2.3, may be applied, it follows from (3.9) that

f (u ()] /d (x)Pdx < € / V(e [? dx
D D

for some C = C (k, n, p) s~1. The proof is complete.

A variant of Theorem 3.1 along the lines of Theorem 2.2 can easily be
given.
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THEOREM 3.4 Letp € (1,n)anda, B € R; let D be adomaininR" (n > 1)
and suppose that there are constants s € (0, 1) and T > 0 such that for each
y € 0D and allt € (0,T), there is a k-dimensional cube Qi (y) C 0D
with y € Okt (), H* (Qkr () > st¥, and

B>max{0,¢ -1}, n—p<k<n-—1. (3.10)

Then there is a constant C > 0 such that for allu € C§° (D),

f (Iu ()] /d* (x))" dx < c/ (IVu ()1 /dP (0))" dx. (3.11)
D D

Proof This follows the pattern of that of Theorem 3.1; just as before and
with the same notation, it follows that

/ (lu ()] /d* (x))” dx < Z diam (Q)¥—k—ap |§|'11‘P/‘1
D

Qew

r/q
X ([~ |Vu(x)|? dx) , (3.12)
Qo

where ¢ = np/(p +k); see the inequalities leading up to (3.9). Under
conditions (3.11) the right-hand side of (3.12) can be estimated from above
by a constant times

p ~ plq
Y diam (Q)¥TFr |G| 7P ( f~ (IVu ()] /dP (x))* dx)
0

Qew
~11-p/q 8 q rle
= 3101, ( [ (vueora? @yt ax )

Qew

The result now follows as before on application of Carleson’s lemma.
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