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Let ¢ € [0,1), p > 0. It is shown that if f is an entire function of exponential type

cmm and Z:‘;_w ZZ;; [fW )P < o0, where {A,}nez is a sequence of real numbers
[oe]

satisfying (A, — n| < A < 00, [Antu = Anl = 8 > O foru # 0, then [ |f(x)IPdx <

B Z::_oo Z:::; | f® (A,)|?, where B depends only on ¢, p, A and 8. A sampling theorem for

irregularly spaced sample points is obtained as a corollary. Our proof of the main result contains

ideas which help us to obtain an extension of a theorem of R.J. Duffin and A.C. Schaeffer

concerning entire functions of exponential type bounded at the points of the above sequence
{)\‘Yl }neZ .
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1 INTRODUCTION AND STATEMENT OF RESULTS

According to afamous theorem of Carlson [12, Theorem 5.81]if f is an entire
function of exponential type < 7 which vanishesatn = 0, £1, £2, ..., then
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150 G.R. GROZEV and Q.I. RAHMAN

it must be identically zero. An extension of this result due to Plancherel and
Pdlya [10, Section 33] reads as follows.

THEOREM A Let p > 0 and ¢ € [0,1). If f is an entire function of
exponential type such that

lim sup y~'log{|f(iy)| + |f(=iy)|} = c7 , (1.1)
y—>00

then there exists a constant B depending only on p and c¢ such that

| irwira < 8 Y g (12)

- n=—00

It was shown by Boas [1] that the sampling points in (1.2) do not have
to be integers. The following theorem is covered by his generalization of
Theorem A.

THEOREM B Let A := {A,} be a sequence of real numbers such that

[Ap —n| <A <00, Appu —An| 28>0, u#0). (1.3)

If p, c and f are as in Theorem A, then there exists a constant B depending
on p, c, A and § such that

| irwras < B Y 1rawr. (1.4)

- n=-—00

With A := {A,} as above let

G@) = @—%) [] (1—-;—) (1— = ) : (15)

n=—00

The proof of Theorem B makes essential use of the fact that for certain
positive constants ¢;, ¢z depending only on A, § we have [8]

IG@)| < ci(lz] + D*  exp(x|Imz|])  forall zeC, (1.6)
IG' )l > ca(l 4+ |An]) =441 (1.7)
and for each ¢ > 0 holds [9, pp. 92-93]

exp(r |Im z|)

Gl = O@wElz) if lz=Alz82. (1Y)
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These inequalities extend certain very important properties of the function
sin 7tz to which G (z) reduces when A, = n for all n € Z. From (1.6) it can
be concluded that for some constant c3 depending only on A and é we have
[11, see (3.3")]

1G(2)]
|z — Anl
where the function on the left is assumed to have its singularity at z = A,

removed. Hereafter we will use y to denote Jm z.

Here is another extension of Theorem A which was obtained only a few
years ago.

< c3(lz]l + D* exp(r|Imz|) forall z e C, 1.9)

THEOREM C [4, Theorem 3] Letm € N, p > 0,c € [0, 1). If f is an entire
function of exponential type such that

lim sup y~!log{| f(iy)| + | f(=iy)|} = cmm , (1.10)

y—>00

then there exists a constant B depending only on m, p and c such that

00 oo m—1
[ @i <8 Y Y1 mre. (L11)

- n=—00 =0

One might wonder why we restricted ourselves to the sequence {n},cz;
but consideration of an arbitrary sequence {A,} satisfying (1.3) would have
required an additional property of the function G (z) which was not available
to us at that time. According to it, for each k > 2, there exists a constant c4 x
depending only on A and § such that [5, see Theorem 1 and Remark 6]

IG® ()|
|G"(An)|

The details of the proof of this crucial inequality were given in [5] in the
case A < 1/4. In Remark 6 of that paper it was stated that the inequality
remains true for arbitrary A but the details were left out because, there the
case A > 1/4 was of little importance. Here it is important to lét A be any
positive number and so we give below some hints which the reader might
find helpful in verifying the inequality in the case A > 1/4.

From (1.6) it follows that |G(z)| < c1exp(m)(|A,| 4+ 2)** in the disk
|z — An] < 1 and so by the Cauchy’s integral formula for the kth derivative,
we have

< Cak forall neZ. (1.12)

IGR )| < klerexp(m)(Jan] + 202 .
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This is in conjunction with (1.7) implies that

1G® (\)]

GO < k!c1/c2) exp(r) (] + 2)*2 (IAn] + 1*AF

from which the desired estimate for |G® (A,,)|/|G’(A,)| follows trivially if
n is bounded. So we may suppose |n| > 4A.

The proof of (1.12) in the case A < 1/4 was based on the fact that for
eachn € Z,

N 1

< 10

v=—N A'\1 - A-n

v¢{—n,0,n}
if N > N,, where N, is an integer depending on n, and the estimates
Y 1 2 Y 1 2 | Ak+1
e < T — < g2l fork =3,4, ...
V=Z—N ()"V - )‘n)z v;N IA‘V - )"nlk
v#n v#n

hold for all N € N. We note that, for A > 1/4, this remains true in the sense
that the quantities

N N
1 1
N), re——— ———— where k=3,4,...,
o) v_ZN TR WD D e L
=— v=—N
v#n v#£n

are bounded by constants depending only on A and §. To see this assume
n > 4A and for sufficiently large N write

¢n(N) =|B(n) — A(n) + Em)| < |B(n) — A(n)| + |E(n)|

where
Al = [”‘i]“ 2428, — 8, — 5,
’ =1 n+v+ @G —6-))n—v+ (6, —8))) ’
N
2+ 28, — 8, — 8_
By = ) B =3t G =3
v=[n+6A]+3 n+v+(@Gn—3-y)V—n+ (@ —8n))
E) e (n+84]+2 2+ 28, — 8y — 8,

vt Y+ Gn =8V —n+ By —8n)
v#n
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The quantities A(n), B(n) can be estimated from below and above as in the
case A < 1/4. Besides, we easily see that

24(1+24)
3 .

The desired property of ¢,(N) can then be proved in essentially the same
way as before.

[E(m)| <

The quantities
V=—N A — )"n)z ’ v=—N l)‘v - )"nlk ,
v#n v#£n

where k = 3,4, ... present no new problems.
We are now able to prove our main result.

THeoreM 1 Letm € N, p > 0,c € [0, 1) and A := {A,} be a sequence
of real numbers satisfying (1.3). If f is as in Theorem C, then there exists a
constant B depending only on m, p, ¢, A and § such that

[e3] oo m-—1
[ iwraxc <3 3 Y irvor.

- n=—0oo I[,:O

Remark 1 Theorem 1 implies, in particular, that if f is an entire function
of exponential type satisfying (1.10) for some ¢ € [0, 1) and vanishes along
with its derivatives of order 1, ..., m — 1 at points A, for which (1.3) holds,
then it must be identically zero. This is an extension of the theorem of Carlson
mentioned above.

Let A := {A,} be an arbitrary sequence satisfying (1.3), G asin (1.5), m a
positive integer and

G m
\I’m,n(Z) = "Pm,n()‘J 7) = (E/_(X—)i(zz_)——-ﬁ) nelZ).

For 0 < u < m — 1 we consider the function
Dpypu(2) = <Dm,n,,u()~§ )

m—1—u
= (/)@ = M) U@ D (/iDamn, i@ = An)
o
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where am,n,0 := 1, amn,1 := —\I’r/n,n()\.n) and for j > 2,
D) QW) oo (B
! (G L ZAM V¥ R 1 1)\1;(1 Drn)
i = (17 0 1 .. (, 2 I3 Om)
° 0 e (})\pr/n,n(}"n)
It is not hard to verify that

{@5,’:)W(xn) = 8., (L.14)

® 4w) =0, fork=0,...,m—1landv #n.

According to a formula for the j-th derivative of the reciprocal of a j times
differentiable function [5, Lemma 3]

owrs = 57 (o)
m,n,j = dzj ‘I’m,n(Z) 7=\

Givenm € N and a sequence A := {A,} satisfying (1.3), we associate with
any function f : R — C belonging to C"~!(R) the formal series

(1.15)

(2]

m—1
Lup(f52) == D Y Y0 ®Pmnuiz).  (L16)

n=-—00 I,L=O

Although L, ) (f; z) may not be defined for z ¢ {A,} it follows from (1.14)
that L%, (f; ) = f®O,) foralln € Zandpu = 0,...,m — 1.
Considerably more can be said if f in (1.16) is an entire function of
exponential type belonging to L? (R) for some p > 0.

THEOREM D [5,7] Let m € N,0 < p < oo and A := {A,} a sequence
satisfying (1.3) with

1 .

—, if0<p=<?2

A < { e P (1.17)
2p_m , if 2 <p <o

If f is an entire function of exponential type ms belonging to LP (R), then
f@) =Lma(f;2) forallz € C.

Now from Theorem 1 we readily obtain
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CoroLLARY 1 Letm € N,0 < p < 00, A := {A,} a sequence satisfying
(1.3) with A restricted as in (1.17). If f is an entire function of exponential
type less then mm satisfying Y 0w _ Zm;é [f W AP < o0, then f(z) =
L (f;2)forallz € C.

2 AUXILIARY RESULTS

Using the generalized Leibnitz’s formula [3, p. 219] it can be shown that {5,
Lemma 2]

! m s+
O = Y u 1/ *n)
' st = 1+ D (sm+ D! j=1 G'(An)
0<581,.0,Sm<$
From (1.12) it then follows that if c4; = 1 and M := maxXi<k<s+1 C4.k»
then for all n € Z we have [5, Remark 4]

(Ms)ms!ms+m
S A)] < 2.1
I m,n( n)l —_— (S+m)' ( )
Since an n,;j is a polynomial in \P;n,n(kn),...,\b,(,f,),,(xn) there exists a
constant c5 depending only on A, § and m such that
|@m,n,j| < c¢s, where O0<j<m-1,neZ. 2.2)

Hence using (1.7) and (1.9) we conclude that for all z € C we have

1@ n,u(@)] < oIzl +1*" 2 (expGrmly) (1zl+ 1412 )™ (141, ) HA+D™,

where cg < (m+1)cs(c3/c1)™. Since (|z|+1+ A, )" ™! < (Jz|+ D)™ 11+

A )1, we get

| u@| < oz + DUV exp@amy)(A + 1, H @ADL

2.3)

Using this estimate we can easily show thatif f : R — C is a function

belonging to C™=1(R) such that for some M > 0 and some & > (4A +2)m,

M
Wo) < ————, meZ, u=0,....,m—1), 2.4
)| < R ( w ) (2.4)

then on each given compact set E C C the series Y o ZZ’;& F® )
Dy, 0,1 (2) converges absolutely and uniformly, i.e. Ly, 5, (f; -) is an entire

function. Further,
ILna(£ 21 = 0 (U2l + DO D" expGamlyp)) . @25)
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Hence, we have

Lemma 1 If (2.4) holds for some o > (4A + 1)m, then L, »(f; ) is an
entire function of exponential type mm.

It is interesting and useful for us to know that more can be said when f is
an entire function of exponential type satisfying (1.10).

LemMA 2 Let f be an entire function of exponential type satisfying (1.10).
If (2.4) holds for some oo > (4A + 2)m, then f(2) = Ly 1 (f; 2).

Proof  Since Lfr’:)x(f; )= fW Q) foralln € Zandpu =0,...,m—1,
the entire function g(z) := f(z) — L2 (f; 2) has zeros of multiplicity at
least m at each of the points A, of the sequence A. Hence H(z) := %
is entire. Since g is of exponential type, say 7, we may use (1.8) to conclude
that for z lying outside the union of disks D, := {z : |z — A,| < 6/2} we
have

|H(z)| < Kexp((z + Dlzl), (2.6)

where K is a constant. If z € D,, then by the maximum modulus principle

(t + DA +5)IZI)
2 hn| — 8 ’

[H(2)| < Kexp((r+ DAl +6/2)) < KCXP(

whence

lH@N<:KﬁpCr+n@A+&k0

2A -6
if |A,] > A. In view of (2.6) the preceding estimate holds for all z with
lz] > A.If K1 := max; <5 |H(z)|, then clearly

Q2.7)

(t+1)2A +)lz|
2A -8

|H(z)] < max{K, Kl}exp< ) forall z € C,

i.e. H is of exponential type.
We next estimate H (re'?) more precisely for large r and 6 near /2.
Our hypothesis about f implies that for all 6,

|f(rexp@f))| = O (exp(c/mnl sinf| + d| cos(-)l)r) ,
where ¢’ < 1 and d is finite. So by (1.8)

f (r exp(i))
(G (r exp(i6)))™

= O (exp(—(1 — ¢'Ymm|sin6| + d| cos 0| + me)r) ,
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where ¢ is arbitrarily small; thus ((A;Z%(Zi)))—g is bounded on argz = 6 if 6 is so
near £ /2 that —(1 — ¢')mm|sin 8| + d| cos 8| + me < 0. Next, we note

that

m—1—p

(pm,n,u(z) < Z |amnj||z_)\nlu+1—m
G | ~ '|G/(x )m
m—1—up )
< (e es(U+ R DEAFD™ Y 7 g =y
j=0
by (1.7) and (2.2)
1 Ap|)A+Dm
< mest + ) i == 1.

C§"|z — Al

Hence, for |y| > 1,

Lmai(f;z >, =l Dz
Inil5i0) o 3™ ) | D@
(G(2) nEmbo £5% (G(2)
mesM (14 A, [)#A+Dm
< by (2.4)
Tyl ,,:Z_:OO 1+ [ y
1
= O(M) sincea > (4A+2)m .
In particular,

L (f; rexp(i6))
(G(rexp(i6)))"
is bounded on argz = 6 if 0 < 6 < . Thus,

H(z)
(G@)™

f@

3 L (f32)
= Gy

(G@)™

is bounded on argz = 6 if 0 is sufficiently close to +7/2. Hence H is
bounded on four rays any two consecutive ones of which make an angle of
less than 7. Since H is an entire function of exponential type it must be
bounded everywhere by a Phragmén-Lindel6f theorem [2, Theorem 1.4.2]
and so is a constant. Finally, this constant must be zero since H(iy) — 0
as y — 00. Consequently, g(z) = 0,i.e. f(z2) = Lua(f; 2). n]
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For the proof of Theorem 1 we shall also need the following.

Lemma 2 For any n in (O,m — cm) let aj(n) < aa(n) < --- be the
positive zeros of sinnz arranged in increasing order. Given any sequence
{An} satisfying (1.3) and a positive integer k, we can find in each subinterval
I:=[n,n"1of 0,7 — cw) with a1 (") — ay (") = 8, a point ni such that
lej () — Al = 8/2kforalln €Zandj=1,...,k.

Proof Choose 7 in I such that |a1(n) — A,| = 8/2 for all n € Z and call
it n;. We can change this value of 7 to a new value 7, contained in I such
that |a2(n2) — An| > 8/22 for all n € Z. Since «;(n) = jm /7 this can be
achieved without changing a1 (1) by more than 8/23. This new value 7, of
n can be changed (if necessary) to another value 73 contained in I such that
loe3(n3) — An| = 8/23 for all n € Z. This can be done without causing a1 (1)
to move by more than (1/3)(8/23) < 8/2%; the value of () changes by
less than §/23. We can continue this process of moving 7 and obtain at the
k-th stage a point 7y in I such that |o; (nz) — Ax| = 8/2* for alln € Z and
j=1,...,k O

3 PROOF OF THEOREM 1

We assume the right-hand side of (1.13) to be finite, since otherwise there is

nothing to prove. In particular, £, ..., f™~1 are bounded at the points A,.
Let

My = sup max |fP0).
neZ 0<u<m-1
Let N be an integer and put )»,(1 ) = AntN — AN, so that A(()N) = 0,
Y —nl < Pan — (0 + N+ Ay = N| < 24, DY, -2V =
IAn+N+u — Antn| = 8 if u # 0. Hence

Z
GW;2) _ZH( (N)) (1_W>

satisfies (1.6), (1.7) and (1.9) with A replaced by 2A. It also satisfies (1.8)
and (1.12); the constants ¢y, ¢2, ¢3 and ¢4, are all independent of N.
Let

o := min{w —cm, 1/2A)}, 0 = no/Qn +80), " := o/2 (3.1)
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and k be an integer larger than (8 A 4+2)m or (8A +2)m — 1+ 1/ p according
asp > 1or0 < p < 1, respectively. Refer to Lemma 2 and find an 7y in
[, n”"] such that |j (qi) — A" )| > 8/2k foralln € Zand j =1, ...,k We
recall that 1 (7) < ap(n) < - - - are the positive zeros of sin(nz) arranged in
increasing order. Consider the function

F(Vi2) = f(z+ Ay )M @ =am). (G2
1(2—“/)
‘We claim that
F(N;2) = Lpam(F(N; )2, O = 0™y 33)

In order to prove it we use Lemma 1. Let us estimate |F® (N; AL")| for
0 < u <m— 1. Writing

=fi- 2o fmtl fmv2 e fmtktt s

where fi(z) := fG+ N), 2(z) = -+ = fu+1(z) = sin(nkz) and
Smtj+1(@) == 1/(z — ;) for j = 1,...,k and applying the generalized
Leibnitz’s formula for the uth derivative of the product of several functions,
we obtain

!
FWN; ANy = > ~——,———’f—————,[f(“')(x +An)
e kg1 =1 M1t Umk+1"
O<p1semes ki1 S

m+1
dMv dHm+j+t 1
X 1—[ (Sm(nkx)) 1_[ dxHmtje ( )]x:)»(m

X — o

Z f (1) ()»n+1v)

N
;;lw ) 15
w!

1o, |
Mot t Uk =p—1 K2 Hom+k+1
02, eees ki1 Sp—1

m-1 dH
x E[z [ o (sin(nkx))]

X

ﬁ (=DMt !

(N) i
X=A.E,N) j=1 (A'n — aj)u'm+]+l
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So

max{n" !, 1) (2K\*
|[F®W(N; A < _kTW__I l_[ Mm+j+11)
1 -G j=1

= - !
x IZOj (’l‘ )|f‘“(xn+N)| > =Dt

... !
Pt k1 =p—1 Kzt ettt
0<flayees mpkt1 < —1

Note that the last sum is equal to (m + k)*~! . Setting M := max{n]'~ -1 , 1}
2%/8)" (m + k)™ ]_[] 1 Mm+j+1!, which depends only on A, § and m, we
obtain

M; (e
|[F (N5 M) < m ; (l)|f(l)()~n+N)| . (34
j=1An il 1=

Since |F® (N Af,N))l ﬁz‘%fv‘;’z— the function F(N; -) satisfies the
=1

condition (2.4) at the points AS") withe = k > (8A + 2)m. So (3.3) holds
by Lemma 2.

We may suppose A > 1/2. Let I' be the boundary of the square of side
4 A with centre at the origin and sides parallel to the coordinate axes. Then
by the maximum modulus principle

— < .
wy = max (f] = max (fGeA] S max|fG Ay

Using (3.2), (3.3) and (1.16) we get
k
fe+in = {]e- aj)) (1/ sin(ez))"
j=1

o m—1
x Yo 2 FON A @ u N 2)

n=—00 p=0

Since min{(1 —c)x/2+8(1 —¢)), m/En A +8)} < nx < 1/(4A) and
2A < |z| < 24/2A for z € T it follows that |1/(sin(nxz))| is bounded above
on I" by a constant M3 depending only on ¢, A and §. Besides, from (2.3) it
follows that for z € T,

(@ AN )| < Myl 4 W] @A+Dm—1
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where M, dependsonlyon A, § andm. Itis clear that max,er n;f:l lz—aj| <
M5 where Ms depends only on ¢, A, § and m. Hence, using (3.4) we obtain

(1 + l}"r(lN) |)(8A+2)m—1

o0
Ms(M3)"MyMy )

Uy =
nho oy MY — oy
m—1 u w
x Z(l)v(”(xnmn
=0 I=0
00 m—1
<y 2 dV Y 1P 0l

n=-—00 /,4,:0

where y = M5(M3)"’M4M2m([mﬂ;1]) and

dM = (1+|A’(1N)|)(8A+2)m-—l - (1 + |n| + 2A)BA+2)m—1
Lt

o el T T Y — )
Clearly
k lIn +2A]+ay ¥, if n < —2A
[ —ojl = Ln k) i={ n—28 -0, if n > o +4A
= (%) if —2A <n<ag+4A.

Note that ¢ > 27 /o , o < k(2w + §0)/o where o is as in (3.1). Hence
d,(,N ) < d,, where

i = (1 + |n| + 2A)BA+Dm—1
" L(n, k)

(3.5)

which means, in particular, that Jn does not depend on N. Now we distinguish
two cases.
Case(i). 1 < p < o0

By the choice of k the series Y, ., d converges. Denote its sum by S.
Having assumed A to be > 1/2 we clearly have

0 00 A
f If@Pdx < Y /Alf(x+N)|de

- N=—00

o0
p
<24 N;W-Q%A If &+ NI
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Since [x + N| = |x + Ay + (N — Ay)| and [N — Ay| < A it follows that
|f(x+N)| If(X+>»N)I

—A 2A
and so

[ ireorar <28 Y ow

N=—o00

IA

00 oo 3 m—1 p
2487 ) yP(Z %ZV(")(XHNN)

N=—-00 =—00 n=0

o0

288Py” Y Z d” ¥ (me("*)(x )|>

=—00 h=—00 n=0

o0 m—1 o0
2"ASPTyP YT I W0IP Y dy
n=—00 p=0 N=—00

by the properties of convex functions [6, p. 72]. Hence

f |f()IPdx < 2" ASPy? Z Zlf(“)()» )7

—00 n=—00 pu=0

which proves Theorem 1 in the case p > 1.

IA

Case(ii)). 0 < p < 1.

By the choice of k the series ) ., (dn)P converges to a finite sum say, Sp.
As above

/ T f@rax < 2ay” Z (Z d Zlf“”(xnw)l)
—00 N=—00 \n=—00

Set ,(a) = (02 _oo(@n)*)"” where ay := dy Y723 | f® (nyn)IP and
apply inequality (2.10.3) from [6] with s = 1,7 = 1 to obtain

00 00 m—1
2097 Y D" @an)? Y IF P I

/ ()P dx

=
N=—00n=—00 u=0

= 2Ay” Z Zlf‘*”(xn)lp Z (dn)?
n=—00 pu=0

=285 30 5 19w

n=—00 pu=0

and so Theorem 1 holds also in the case 0 < p < 1. O
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Remark 2 Let {A,}ncz be asequence of real numbers for which (1.3) holds.
From above it follows that if f is an entire function of exponential type
satisfying (1.10) for some ¢ € [0, 1) and

IF@0) < My for w=0,...,m—1 andall neZ,
then forall N € Z,

maxAIf(x+N)I < maxmlf(x+x,v)|

—A<x< —2A<x<

00 m—1
< ¥ Y G Y10l
n=—0o0 M:O
w ~
< ymMy ) 4,
n=-—00

= ymSM; ,

i.e. |f(x)| is bounded on the real line by a constant depending only on
My, c, A, 8 and m. This extends a result of R.J. Duffin and A.C. Schaeffer
for which we refer the reader to [2, Theorem 10.5.1].
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