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We study the weighted Hardy inequalities on the semiaxis of the form
IFul, < C | F®v], (1

for functions vanishing at the endpoints together with derivatives up to the order k — 1. The case
k = 2 is completely characterized.
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1 INTRODUCTION

In the theory of the weighted Hardy inequalities for higher-order derivatives
the problem, when functions vanish together with derivatives at the endpoints,
is still undecided. The case k = 1 has been solved by P. Gurka [1] and activity
in this area has increased in recent years mostly due to the efforts of A. Kufner,
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224 M. NASYROVA and V. STEPANOV

who contributed to various other cases by himself and with coauthors as well
[2-6].

We study the problem on the semiaxis, which is different in some aspects
from the case of a finite interval [3,9] since the inequality (1), k > 1, becomes
non-trivial with only one condition F(o0) = 0. We give a complete solution
for the case k = 2 and hope that our approach can be extended to the general
situation on the semiaxis.

The inequality (1), k¥ > 1, with the boundary conditions

FD0)=0, F0)=0 forsome 0<i,j<k—1 )

becomes non-trivial, if the right-hand side of (1) for all functions, having
absolutely continuous derivative F*~D (x) and satisfying (2), is a norm in a
corresponding weighted space. We suppose throughout the paper, that u(x) as
wellas v(x) and |v(x)| "' be locally square integrable; the last is necessary and
sufficient for the condition, that any function F satisfying " F®y ||2 < 00,
can be represented by a Riemann-Liouville integral.

Let a=(ap, o1, ..., k—1), 2j=0, 1; j=0,1, ..., k= L;|a|= > «;.
0<j<k-1
Put

F®0) =0« FY@©0)=0 forall j, when o =1,

FP®(00) =0« FP(c0) =0 forall i, when 8; =1

and

ACk@ ) ={F i IFlactwp = | FO0) < oo,
F(0) = F® (00) = 0.
For a finite interval and k£ > 1 the boundary value problem
FPx)=0, F*0) =0, FP(a)=0 3)

has a non-trivial solution, if 1 < |«| + |8] < k — 1. Hence, it might have
only the trivial solution, only if |&| + |8| > k. On the other hand, (3) has
only the trivial solution, if || + |8| > 2(k — 1) while if |«| + | 8| > 2k, then
functions belonging to ACé‘ (e, B) can be approximated by C§° functions in
the norm of AC§ (0, B). Thus, on a finite interval we have

2k)!
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spaces AC;‘(o:, B), k < |a| + |B] < 2k; however, for some of them
IFllack,py 1s Dot a norm. The last number is given by rather more
complicated formulae. The situation on (0, 00) is slightly different and
affected by the following observation. Let (1) holds and B and 8@ be
multiindices such, that min{i : ,Bi(l) = 1} = min{i : /3,.(2) = 1}. Then
ACK(, BV) = ACk(a, BP). 1t implies an heuristic principle, that the
characterization problems of (1) for functions with the boundary couples
(a, ,3(1)) and (c, ,8(2)) are equivalent. Similar effects take place on (—o00, 0)
or (—00, 00).

For simplicity we restrict ourselves to case of L2%-norm, however the
methods of the present paper in conjunction with the results [12-14] provide
the L,—L, case as well.

Throughout the paper uncertainties of the form 0- oo, 0/0, co/00 are taken
equal to zero, the inequality A << B means A < ¢ B with an absolute constant
¢, perhaps, different in different places, however the relationship A ~ B is
interpretedas A < B <« Aor A = cB. x denotes the characteristic function
ofaset E.

2 REMARKS ON GENERAL CASE
If k£ > 1, then the following characterization are known.

1) k=1 la|+ |8l =1[7], la|+ |8l = 2[1].

2) k> 1. |e| =k, |Bl=0o0r|a| =0, |B] =k [10].

3) k> 1. |a|+ Bl =k, max{j: «j =1} + 1 =minfi : g =1} [2].

(4) k > 1. Finite interval, || + |8| = k [9].

(5) k > 1. Finite interval, |e| + |8] = k + 1, ax4+1 = Br+1 = 1 and the
remaining parts of multiindices satisfy the P6lya condition [4-5].

Below (Theorem 1.2) we supplement this list by the following

(6) k > 1.Infinite interval (a, 00), 1 < |a| + |B] <k, |B| =1, aj =1,
j=0,1,...,|ot|, |Ol|+1=m1n{1: ;Bi :1},

Let (a, b) C (—00, >0),a < bandk > 1. We need the following notations.
b
Low=Lanian = £ 10l = [ 1f0P <o},
a

1 pe
WF ) = han f ) = 5 / o = FO) dy, x € (@, b),
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1 b 3
Jg(®) = Je(ap8(x) = —— / (& —xY"'g(y)dy, x € (a, b),
T(k) J,
2 2 b 2(k—1 2 ! 2
Aio=AL0. @by = SUP / (xr — )2 D) dx f lv] 72,
a<t<b Jt a

b t
Af 1 =A% by = SUP f, || f (t — x)?* Dy (x)| 72 dx,
a

a<t<b

t b
Bio=Bio.abyuv = SUP / (t —x)*  Dyu(x) > dx f lv| 72,
a

a<t<b

t b
B}y =Bl (upyuys = SUP f |ue|? / (x — 0)2* Dy (x)| 72 dx,
a

a<t<b
A% = AR (abyuw = WAX(AT o, AT 1),
B/% = Bl%;(a,b),u,v = max(B,f,O, Bl%,l)'
Also we apply throughout the paper the following.

THEOREM 1.1 [10-12] Necessary and sufficient conditions for the inequality
(1) to be valid on interval (a, b) are:
(1) Ax < oo, when F(a) = F'(a) = ...= F®(a) = 0 and then C ~ Ay,
(2) By < 00, when F(b) = F'(b) = ...= F®(b) = 0 and then C ~ By.

Our first result is the following simple observation.

THEOREM 1.2 Let —00 < a < 00. Necessary and sufficient conditions for
the inequality (1) to be valid on (a, 00), when F (00) = 0, is Bk, (a,00),u,u < 00
and then C ~ By (a,00),u,v-

Proof Necessity follows from Theorem 1.1. For sufficiency suppose
|F®v|, < oo, F(co) = 0 and Bi;,copuv < 00. Denote F® = f
and let
Foo = 0uf @ = = [ 0 -0 100y, x > a
= Ji = — — s .
') Jx

Since Bi; (q,00),u,v < 00, We see, that

5 1 S 1/2
|F(x)| < —1,—(,5|va||2 ( / (v — x)**Dy(y)| 2 dy) -0, x > 00

and conclude, that F = F. Applying Theorem 1.1 again, we obtain the
sufficiency.
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Remark 1.1 Theorem 1.2 implies the limiting case of the assertion (6)
above, when |¢| = 0, |8| = 1. The remaining part follows similarly by
application of the result of [2]. The situation on the left semiaxis is similar,
however, for the real line the only limiting cases of (6), that is |o| = O,
B=(1,0,..)or|Bl =0, =(1,0,...), are valid.

3 THECASE k=2
In this section we consider the inequality

IFull, < C |F"v|, 3)

on (0, 0o). The full list of non-trivial cases is the following.

le] + 18] = 1. (1.1) F(c0) = 0.
la| + 8] = 2. (2.1) F(0) = F(c0) =0,
(2.2) F(0) = F'(0) =0,
(2.3) F(00) = F'(00) =0,
(2.4) F(0) = F'(c0) = 0,
(2.5) F'(0) = F(c0) = 0.
le| + 18] = 3. (3.1) F(0) = F'(0) = F(00) =0,
(3.2) F(0) = F'(0) = F'(c0) = 0,
(3.3) F(0) = F(c0) = F'(00) = 0,
(3.4) F'(0) = F(00) = F'(00) = 0.
lo| + 8] = 4. (4.1) F(0) = F'(0) = F(c0) = F'(00) = 0.

The case (1.1) follows from Theorem 1.2, (2.2) and (2.3) — from

Theorem 1.1, (2.4) — from [2]. Applying the heuristic principle we show
that

(1.1) & (2.3),(2.1) & (3.3),(25) & (34),3.1) & (4.1).

Thus, the only four cases of subsection || 4+ |8| = 3 need to be treated.
Moreover, we show that the cases (3.2), (3.3) and (3.4) are similar to each
other and begin with the first of them.

Case (3.2). Itis easy to see, that the characterization problem

IFull < C | F"v],, F©) = F'(0) = F'(c0) = 0



228 M. NASYROVA and V. STEPANOV

is equivalent to the following
o0
12 f) ully < Clfolla, fo f=o. @

Let T € (0, 0o) be defined by
T o0
[z = [ )
0 T

D; = foo |u|2/t (T — x)? |v(x)|"* dx.
T 0

and put

THEOREM 2.1  The least possible constant C in (4) is sandwiched as follows

Cr AZ;(O,t),u,v + D; + Al;(t,oo),u,(x—r)"v(x) + Bl;(t,oo),(x—r)u(x).v' (6)

o0
Proof If / f =0, then for x > t we have
0

o= [ o= [ [ o[ ([ -
[fa-vroa=[ ([ r)a-

fo (t = ) f )y — (x — 1) / o f O -DfOdy. )

For the upper bound we use Theorem 1.1 and Cauchy’s inequality and find

N2 f)ully < | x0,e1 T2 f) ul|, + || Xieoo |,

/0 (t - y)f(y)dy\ +

Xlz,001(x) (x — r)u(x)/ f

+
2

iz, 001 (X)u(x) [ - fQdy

<
2

(A2:0,0),u,0 + Dt + AL (2,000, (x—1)-10(x) + Bli(z,00), c—nu@),w) 1 Fll7 -
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For the lower bound it is sufficient to arrange a one-to-one isometrical map
w; between the cones

Li={feLlyy: f=0, supp f [0, r]}

and

Lry={f€Llyy: f =<0, supp f C [z, o0]}
such that

/0 (F+wocf)=0, f el @®)

We construct w, below, using an idea from ([8], Section 1.8). Now, suppose
(4) is true and the right-hand side of (5) is finite. Since for any function of
the form f + w. f, f € Lyorw; ' f + f, f € L the right-hand side of (7)
is nonnegative, we obtain the following inequalities

[ X001 2P ul, < I(f + @ ) ully < CISf + wr vl <

2C | xo.afv],. £ el
and
| Xte.0ot (B2 f) ]}, < 2C [ xoer f0l, 5 f € Lo

Then the required lower bound follows from Theorem 1.1. For a possible
infinite right hand side of (5) we proceed as before, replacing the weight
v(x) by (1 + ex)v(x) and then using limiting arguments with ¢ — 0.

To construct the map w, we define for f € £,

@) e (e )
lv(x)[2

where p : [0, 7] — [t, o0] is given by

S o
/ o2 =f W2, 5 € [0, 7.
0 o(s)

Then (8) is valid and

(@ fHx) =

xX=T

’ - %

"X[I,OO]f”"z = “X[I,OO](wrf)UHZ . f el

Theorem 2.1 is proved.
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Remark 2.1 Theorem 2.1 has a complete analog for a finite interval,
(=00, 0) or (—00, 00) and for an L,—L, setting. For a finite interval the

L,—L version of Theorem 2.1 follows from the characterization (6) above,
which has independently been proved by a different method in [5].

Cask (3.4). In this case the characterization of

IFully < C[F"v],, F'(0) = F(co) = F'(c0) =0

is equivalent to the problem
o0
I28)ull < C ol [ g =0, ©
which is dual to (4). Put

T o0
D, =[0 |u|2/ (x — )% lo(x)| 2 dx.
T

THEOREM 2.2  The least possible constant C in (9) is estimated by

C~ B2;(t,oo),u,v + Dl,t + Al;(O,r),(r—x)u(x),v + Bl;(O,r),u,(t—x)"v(x)- (10)

Proof This time we use a decomposition for 0 < x < t of the form

Jg(x) = f -veg»dy — (v — x)/0 g / (Tt —yedy

and proceed as in the proof of Theorem 2.1.

Cask (3.3). Now we have

IFull, < C|F"v],, F(©0) = F(00) = F'(c0) =0,

which equivalent to the problem
o0
ICag)uly < C ol [y 80)dy =0, an
Making the substitution y g(y) — g(y), we make (11) equivalent to

o
|(728) u|, < Cliguill,, fo g=0,
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where v (x) = %v(x) and

_ 00 X
= 1—— dy.
T (x) f ( y) () dy

By a known criterion [14]

1A

L3 v, (z,00) = L2u,(z,00)

J

L2y, (r,00) = L2,u,(z,00)
Thus, using the decomposition

_ 00 d
Jrg(x) = i— f - r)g(y)—);y-

T—X

* x [T d
f g——/(t—y)g()’)—y,0<x<t
T 0 T Jx y

and arguing as in the proof of Theorems 2.1 and 2.2 we obtain

THEOREM 2.3  The least constant C in (11) is estimated by

C~ B2;(t,oo),u,v + T_l (DZ,r + Al;(O,r),(t—x)u(x),x‘lv(x)
+B1;0,0), 5u(x), (r—0)10(0)) » (12)

where

T o
D}, = / x*ux)* dx/ (x — o) % dx.
0 T
Cask (3.1). Now we have equivalence of

|Fully <C | F"v|,, F(0) = F'(0) = F(c0) =0

0 y
Il(sz)ullzSCvaHz,'/0 (./o f) dy =0, 13)

where the integral is interpreted in the Riemann sense.
We need the following simple note.
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LemMa A locally integrable function f satisfies

Lo o

if and only if there exist X € (0, 00) such, that

[reom [[([)o-[([5)o o

Proof  Suppose (14) be valid, then the first assertion in (15) is trivial. Then
we have

o= ()= [ (o) e [T ) o
(Lo ()

Conversing the last line, we prove the “if” part.
Suppose A € (0, 0o) and put

Ty 5 A s
T ! / v|™ =/ lv]~=.
0 T

THEOREM 2.4  The least possible constant C in (13) is given by

C =~ A2;0,00),u,v + S“l(’) (AL 0, =)o) + BLimoa), —s)u) v) -
A>
(16)

Proof We begin with the upper bound. Let f € L;, and (14) be valid.
Hence, (15) is true for some A € (0, 0o0). Then for x > A we have

A x
Lfx) = fo A =nfdy +L (x =»f»dy.
Using this and applying Theorems 1.1 and 2.1, we obtain

N2 ) ully < || X000 T2 f) ), + | xiroo) B2 f)u, <
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A T
sup (Az;m,m,u,v + f Jul? / (T — x)* )| dx+
A>0 T 0

AL 0,0, (=) o(x) T Blim,0), e—n)ux), vt

0 A
[P [0 0201 dx + o) 10l
A

< (A2;<o,oo>,u,v + Sulg (AL 5, 1) 1o + Bl;m,m,(x—mu(x),v))
A>
Il fvll2.

For the lower bound we suppose A € (0, 00) and define the function
p1 ¢ [0, ] = [, Al by

s A
/ lv|~2 =f [v]72, s € [0, nal.
0 o1(5)

Given f € Ly, supp f € [0, 10], f(x) > O we define fi(x) to be zero
outside [7), A] and

fi =2 (o' @) o (e )

lv(x)?

, X € (Ta, A).

Then, by the argument from the proof of Theorem 2.1 we have

” X[Qn]f””z = " X[n,A]flUHZ,
Ty A
/ f+f fi=0. a7n

0 Ty

Now, given A € (0, oo) we find u = u()) € (0, 0o) from equation
A n

[ e 2ar = [* = vreor2ax
A
and define the function p; : [0, A] = [A, u] by

f ' o) 2 dx = [ ' (1 — ) )| % dx. (18)
0

p2(5)



234 M. NASYROVA and V. STEPANOV

Put
fo=f+h

and define f>(x) =0, x ¢ [\, u] and

(m—x)fo (p{ 1(x)> \v (p{ 1(x)) \2

f ) = — , x € (A, p).
7 (x) [v(x)[?
Then
I 22003 = Il fovll3 = Il Foll + Il frvll3.
Now, put
f=fo+ fo.
Then (17) implies

f(ﬁf:o.
Fa)e= ()

Indeed, applying (18) and (19) we find

Let us show that

19)

0o y w A
/A ( L f) dy = A = f0)dy = /0 (4 = p2()) f2(02(5)) dpas)

=/0xsf0(s)ds=/0)\ (/:f) dy.

The lemma implies that f satisfies (14) and, consequently, admissible for
(13). Since functions fp form a cone used for the lower bound in the proof

of Theorem 2.1, we obtain

C > sup (AZ;(O,‘CA),M,U + Dn + Al;(n,)»),u,(x—n)"‘v(x) + Bl;(n,)»),(x—r,\)u(x),v)

A>0

> SUPO (Al;(1A,)»),u,(x—tl)“v(x) + Bl;(t)‘,)u),(x-—r;‘)u(x),v) .
A>
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For the remaining part of lower bound we suppose, that 0 < A < o < 00
and choose u € (), o) such that

f "o = 2P 2 dx = f " = 2Pl dx.
A

“w

Obviously, u — oo, whereas 0 — oo. Let f € Ly, supp f C [A, ul,
f(x) = 0. Define the function p : [A, u] = [u, o] such that

/S(a — ) x)| 2 dx = ’ (0 —x)* o) dx
A p(s)

and define fi(x) =0, x ¢ [, o] and

_@=0f (e @) o (o~ )

fix) = (o — p~1(0)) v

, X € (u,0).

Put
f=r+n.

Then it is routine to verify that

I full3 =20 full3

[([7)oms

Applying Theorem 1.1 we find
C>» Axowuv 0<A<pu<oo.
Letting 0 — oo and then A — 0, we obtain the remaining part of the lower

bound.
Theorem 2.4 is proved.

Cast (2.5). We have

IFully < C |F"v],, F'(0) = F(c0) =0. (0)
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THEOREM 2.5 The estimate for the least constant C in (20) is established
by (10).

Proof Since
{F: F'(0) = F(o0) =0} D {F : F'(0) = F(o0) = F'(c0) = 0},
we find by Theorem 2.2, that

C > B (r,00),u,0 + D17 + A1;0,7), c—x)u(x),v + B1;0,0),u,(c—x) 1w (x)-

Now, suppose
B2 (z,00),u,v + D1,v + A1;0,0), c—x)u(x),v + B1;0,7),u,(t—x)1v(x) < OO

and, consequently,
o0
/ x - s)zlv(x)l_2 dx <00, § > T.
s
Hence, the function

F(s) = /Oo(x —$)F"(x)dx

is defined for all s > 0, F(00) = 0 and F” = F”. It implies that F = F and
by Theorem 2.2 we obtain the upper bound.

Cast (2.1). Now we have

|Fuly, < C|F"v|,, F0)= F(c0) =0. (1)
Analogously to the case (2.5) we prove the following.

THEOREM 2.6 The estimate for the least constant C in (21) is established
by (12).

Cast (4.1). Now the problem is to characterize

|Ful, < C|F"v|,, FO)=F'(0) = F(c0) = F'(20) =0.  (22)
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TueEOREM 2.7 The estimate for the least constant C in (22) is established
by (16).

Proof The upper bound immediately follows from Theorem 2.4. For
the lower bound suppose (22) is valid. Then it is valid for the weight
ve(x) = (1 + ex)|v(x)| instead of v(x). It is easy to see that

{F 1 |IF"vell2 < 00, F(0) = F'(0) = F(00) = F'(00) = 0}

={F: |F"ve|l2 < 00, F(0) = F'(0) = F(c0) = 0}.

Consequently, by Theorem 2.4 we have

C > Aza,00)u,0, t SUI(D) (AL (0, =)0, () F B0, = )u),v, ) -
A>

The Fatou theorem brings the required lower bound.

Remark 2.2 The characterization of cases (2.1), (2.5) and (4.1) on a finite
interval is different (for (2.1) and (2.5) see [6]) and (4.1) is so far unknown.
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