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As is well known, invariant operators with a shift can be bounded from L? into L? only if
1 < p < g < co. We show that the case ¢ < p might also hold for weighted spaces. We derive
the sufficient conditions for the validity of strong (weak) (p, q) type inequalities for the Hilbert
transformwhenl <g < p<o0(@=1,1< p < 00).

The examples of couple of weights which guarantee the fulfillness of two-weighted strong
(weak) type inequalities for singular integrals are presented. The method of proof of the main
results allows us to generalize the results of this paper to the singular integrals which are defined
on homogeneous groups. ‘

The Fourier multiplier theorem is also proved.

Keywords: Hilbert transform; two-weight inequality; weak and strong type estimates; Fourier
transform; multiplier.

1991 Mathematics Subject Classification: Primary 42B25; Secondary 46E30.

1 INTRODUCTION

The paper deals with two-weighted estimates of strong type (p,¢),1 < g <
p < oo, for Hilbert transforms and multiplicators of Fourier transforms. As
is well known, invariant operators with a shift can be bounded from L? into
L7 only if 1 < p < g < oo. Here we show that the case ¢ < p might also
hold for Lebesgue weighted spaces.

* Author for correspondence.
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For 1 < p < oo two-weighed inequalities of strong type (p, p) were
established for a Hilbert transform in the case of monotone weights in [1].
A similar problem for singular integrals defined on the Euclidean spaces
was considered in [2]. Optimal conditions for a pair of weights, ensuring the
validity of two-weighted inequalities of strong type (p, p), 1 < p < oo,
were found in [3] for Calderon—Zygmund singular integrals in the case of
more general weights. In [4] two-weighted estimates of strong type (p, ),
1 < p < g < oo, were established for multiplicators of Fourier transforms.

2 SOME DEFINITIONS AND THE FAMILIAR RESULTS

An almost everywhere positive, locally integrable function w : R! — R!
will be called a weight.

In what follows L%, (]R1 ), 1 < p < 0o, will denote the set of all measurable
functions for which

+00 1/p
ey = (/ | f () |Pw(x) dx) < 0.

For functions f € L?(R'), 1 < p < oo, we obtain a Hilbert transform by
the formula
+00

(Hf)(x) =p.v. [

—00

(fO)/x=y))dy < lim (FO)/(x=y)) dy.

|x—t|>¢e

We have the following theorems on one-weighted inequalities for Hilbert
transforms.

THeOREM 1.1 [S] Let 1 < p < o0. For the inequality
+00 +0o
/ I((Hf)®)Pw(x) dx < 6‘/ |f )P w(x) dx,

—0 —00

where the positive constant ¢ does not depend on f € L% (RY), it is necessary
and sufficient that w € A, i.e.,

p—1
sup (1/|I|fw(x)dx> (1/|I|/wl—p/(x)dx) < 00
I I I

(p' = p/(p—1) and the least upper bound is taken over all intervals I C R1).
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THeEOREM 1.2 [S] The inequality
+00

wx)dx < c,x-I/ |f (x)|w(x) dx,

—00

~/{‘x:|(Hf)(X)I>?»}

where the positive constant ¢ does not depend on f € L}U(Rl), holds iff
w e Ay ie,

1/1) / w(x)dx < bessinf w(x)
1 xel
with the positive constant b not depending on I C R'.
The main theorems will be proved by using the following theorems.

TueoreM 1.3 [6] Let1 < g < p < oo, v and w be weight functions on
(—00, +00). For the inequality

+00 1/q +00 l/p
( / If(x)lqv(x)dx) sc< ] If(x)l”w(x)dx) ,

where the positive constant ¢ does not depend on f, it is necessary and
sufficient that

400
f vP/(P—q)(x)w“q/(P—q)(x) dx < 0.
—0o0

TheOREM 1.4 [7] Letl <gq < p < oo, p' = p/(p — 1), a(t) and B(t) be
positive functions on (0, 00).

(1) The inequality
q 1/q o 1/p
ot(t)dt) 501(/ IF(t)Ipﬂ(t)dt) ,
0

(/000 /(;tF(t)dt

where the constant ¢ > 0 does not depend on F, holds iff

0 00 t , q—11p/(p—q) ,
f [([ a(r)dr)(/ pl-r (r)dt) ] B P () dr < oo.
0 t 0

(2) For the inequality

00 00 q 1/q ) 1/p
(/ f F()dt| o) dt) < cz(/ [F ()| B(t) dt) ,
0 t 0

where the constant ¢, > 0 does not depend on F, it is necessary and
sufficient that
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0 t o0 ) 9-19p/(p—9) ,
/ [(/ a(t)dt)(/ pl=r (t)dt) ] BIP (r)dr < oo.
0 0 t

LemmMa 1.1 Let p > 1, a(t) and B(t) be positive functions on (0, 00)
satisfying the condition

/

o) 00 p
/ (/ ot(t)dt) P (t)dt < oo.
0 T

Then there exists a positive constant ¢ > Q such that the inequality

00 t 0o 1/p
[ alt) / F(r)dr|dt < c([ |F(t)|pﬁ(t)dt)
0 0 0
is fulfilled for any F.

Proof Changing the integration order and using the Holder inequality we

obtain
fooot(t) ft F(r)drt|dt < fwa(t)(ft |F(t)|d1’)dt
0 0 0 0
_ 00 00 ﬂl/p(‘l-')
—A IF(?)I(L a(t)dt)mdl'
00 1/p 00 00 p , 1/p
< ( f IF(r)I”ﬁ(t)dr) : ( f ( / «(t) dt) ,B_p/p('c)dt>
0 0 T

) 1/p
< C(/ IF(T)I"ﬂ(T)d’C) .
0

a

The next lemma is proved similarly.

Lemma 1.2 Let p > 1, a(t) and B(t) be positive functions on (0, 00)
satisfying the condition

00 T P
f (/ ao(t) dt) ,Bl"pl(t) dt < 0.
0 0

Then the inequality
00 00 1/p
/ F(r)dz|dt < c(/ |[F(@®)|?B() dt)
t 0

/ooa(t)
0

holds, where the constant ¢ > 0 does not depend on F.
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DernimioN  Letl <g < p <oo,p’ = p/(p —1).
(1) A pair (hy, h) of positive measurable functions will be said to belong
to the class ap if

00 00 t/2 ) q—1qp/(p—q)
/ [(/ hl(t)t_th)(f P (1) dr) ]
0 t 0

x B\ (t/2)dt < 00

forl < g < p < 00, and

] (<] )4 ,
/ (f h(t)t"ldt) hy P (t/2)dt < oo
0 t

forl=q < p < 0.
(2) Denote by by, a class of all pairs (hy, k) of positive measurable
functions which satisfy the condition

o0 12 0o , , q=17p/(p—9)
/ [(/ hl(t)dt></ rP (t)e P dt) ]
0 0 t

x h1=P' (1)t P dt < oo

forl <g < p <00, and

) t/2 P , ,
f ([ hl(t)dt) WP ()P dt <
0 0

forl=¢q < p < o0.
It is easy to prove the following lemmas:

Lemma 1.3 Letl < g < p < 00, v(t) and w(t) be positive monotone
Sfunctions on (0, 00).

(1) If v(t) and w(t) are increasing functions and (v, w) € apy, then we
have

o]
/ vP/P=D (1)~ P=D (2 /2) dt < oo.
0

(2) Ifv(t) and w(t) are decreasing functions and (v, w) € by, then

oo
f vp/(p—q)(t/z)w—q/(l’—q)(t) dt < oo.
0
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Lemma 1.4 Let p > 1, v(t) and w(t) be positive functions on (0, 00).
(1) If v(t) is an increasing function and (v, w) € ap1, then
o0 / U
f VP (OHw! TP (t/2) dt < oo.
0

(2) If v(t) is a decreasing function and (v, w) € bp1, then

/ - VP (/2w P () dt < oo
0

3 TWO-WEIGHTED ESTIMATES FOR HILBERT TRANSFORMS
Now we shall state the main results of this paper.

ToeEOREM 2.1 Letl < g < p < o0, v(t) and w(t) be positive increasing
Sfunctions on (0, 00) and (v, w) € apq. Then there exists a postive constant ¢
such that the inequality

+oo 1/q +00 1/p
([ I(Hf)(X)qu(le)dx) < C(f | f)Pw(lx]) dx) 1
holds for any f € Li(lxl)(Rl).

Proof Without loss of generality it can be assumed that the function v(#)
can be written as
t

v(t) = v(0) + fo o) du,

where v(0) = lin%) v(t) and @(u) is a positive function on (0, 00). The
t—

left-hand side of inequality (1) can be estimated as follows:

+00 l/q
( / I(Hf)(x)lqv(lxl)dx)

+oo x| 1/q
=( f I(Hf)(x)l"<v(0)+ fo (p(t)dt)dx)

400 1/q
< ( f (CELF) () [70(0) dx)

—0o0

+o0 x| 1/q
+ (/ |(Hf)(x)|q(/0 so(t)dt) dx) =L+ L.
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For v(0) = 0 we have I; = 0, but for v(0) # 0 we have, by virtue of
M. Riesz’ theorem, Theorem 1.3 and Lemma 1.3 (the first part),

+00 1/q
I =v'4(0) - ( / I(Hf)(x)lqu>

—00

+00 1/q 400 1/q
scw”‘-’(O)( f If(x)l"dx) =c1( f If(x)lqv(O)dx)

+00 1/q +00 1/p
§C1(f !f(x)lqv(lxl)dx> 502(/ If(x)l”w(lxl)dx) .

—00

Let us estimate the integral I5:

00 1/q
12=( fo ¢(r)( fl | I(Hf)(x)lqu)dt)
X|>t
5c3( / «p(t)( f f LFO)/(x — »1dy
0 |x|>t |yl>t/2
+C3(/ <P(f)([
0 |x|>t

= I + I.

q 1/q
dx)dt)

q 1/q
dx)dt)

Again using M. Riesz’ theorem, Theorem 1.3 and Lemma 1.3 (the first part),

we obtain
q 1/q
dx)dt)

[ele] —+00
< t
121_03(‘/(; <P()(/;Oo
00 1/q
< c4( / <ﬂ(t)( f If(x)l"dx)dt)
0 |x|>t/2
+0o0 2|x| 1/q
- c4( f If(x)lq( fo o (1) dt)dx)

+00 1/p
Scs< / |f(x)|”w(lx|)dx> .

—00

/ LF )/ = »1dy
lyl<t/2

+00
/ LFO) * Xm0 = )11y

—00

Now we shall estimate I;. It is easy to verify that if |x| > ¢ and |y| < /2,
then |x — y| > |x|/2. We have
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00 1/q
In < ( [ <p(t)( [ ( [ asomm —yl)dydx)dt)
0 x| >¢ lyl=<t/2
00 q 1/q
< 66( [ <p(t)( [ |x|-qu)( [ |f<y>|dy) dt)
0 Jx|># lyl=<t/2
00 00 K} q 1/q
- c7( [ ¢(2s>( / y“qdy) ( [ ason+ If(—y)l)dy> ds)
Taking into account
/‘oo (,0(25)(/0o t_qdr) ds = (1/2) /oo t"q(/t o(s) ds)dt
t 2s 2t 2t
<@1/2 v(r)r™dr,
2t

we find by virtue of Theorem 1.4 that

( | " ¢(2S)( [ y-qdy) ( [ tron+ |f<—y)|)dy)qu)l/q
0 2s 0

00 1/p
< Cs(/(; w@) (| f O]+ |f(—t)|)pdf)

1/p

< c9( [0 wOLF O)IPdt + [0 w(t)lf(—t)l”dt>

1/p

00 0
C9( fo W F©\Pdt + / w(—t)lf(t)l"dt)

+00 1/p
=c9( f If(x)lpw(lxl)dx> .

- ]
If we write the function v(¢) as
o0
v(t) = v(+00) +f Y (u)du,
t
where v(+00) = t_l)igloo v(t) and (1) is a positive function on (0, o),

then using M. Riesz’ theorem, Theorem 1.3, Theorem 1.4, Lemma 1.3 (the
second part) and repeating the arguments used in proving Theorem 2.1, we
shall obtain
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THEOREM 2.2 Let1 < g < p < oo, v(t) and w(t) be positive decreasing
Sunctions on (0, 00) and (v, w) € by,. Then inequality (1) is valid.

ExampLE 1 Let

® { tP~1log? (1/1) for t < 1/c,

w =
(c*P*tllog” c)t* for t > 1/c,

19 1ogf(1/t)  for t < 1/c,
(*1*t1ogh o)t for 1> 1/c,
where ¢ = exp(p/(p—q)), p—1 <y <p,B<qv/p—q+4q/p+1,
O0<A<aq/p+q/p—1,p/q—1<a < p—1. Then w(t) and v(¢) are
increasing functions and the pair (v, w) € apq.

v(t) = {

THEOREM 2.3 Let p > 1, v(t) and w(t) be positive functions on (0, 00),
v(t) be an increasing function and the pair (v, w) € ap1. Then there exists a
positive constant ¢ such that the inequality

—+00 1/p
/ v(jx))dx < cA“l(f If(x)lpw(lxl)dx) @)
(x:(Hf)(x)|>A} —00

holds for any f € Li(lxl)(RI) and A > 0.

Proof Without loss of generality it can be assumed that the function v has
the form

t

v(t) = v(0) +/ o(u)du,
0
where v(0) = liII(l) v(t), ¢(u) is a positive function on (0, co). We have
t—

f v(lx])dx = / v(0) dx
(x| (HY(x)|>A) {x:|(Hf)(0)|>2}

[x]
+f (f (D(t)dt) dx =11 + I.
{x:1(HX)|>A} \JO

For v(0) = 0 we have I; = 0, but for v(0) # 0 we obtain by virtue of
Kolmogorov’s theorem, Theorem 1.3 and Lemma 1.4 (the first part)

+00
I = vO)|{x : (HA@)| > A}| < ck_lv(O)/ |fGOldx

+00 400 1/p
=< 01)»‘1[ [f@)lv(x]) dx < 02)»"1(/ |f(x)|”w(|x|)dx>

-0 —0o0
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Let us estimate I as follows:

12=f0 w(r)(fll x{x:|(Hf)(x>|>x}dx)dt
X|>t

- : —-yld 1 A 2}d )d
< fo ¢(t>( /m)tx[x f|y|>z/zf(y)(" »dy| > aj2) dx) ar
+[0 ¢(t)(/|x|>t X{x :

= Ip1 + I.

/ Fx - y)—ldy‘ > )»/2} dx) dt
lyl<t/2

To estimate I; we again use Kolmogorov’s theorem, Theorem 1.3 and
Lemma 1.4 (the first part) and obtain

Iy < c3h”! f ” qo(t)( / )] dx) dr
0 |x|>t/2
—+00 2)x|
—en”! / If(x)l( f (1) dt) dx
—00 0

+o00
<! f Lf()lvlx]) dx

—00

400 1/p
sm—‘( f If(x)l"w(lxl)dx> .

—00

It is easy to verify that if |x| > ¢ and |y| < ¢/2, then [x — y| > |x|/2. For

I, we have
o0
Ip <227 f w(t)(/ f fO& =y dy dx) dt
|x|>t yI<t/2

<2 rl (r)( |xr1dx)( / If(y)ldy) dt
lx|>t |yl<t/2
=c5r‘ <o(2s>( —w)( /| | If(y)ldy) ds
yl=s

=65F ¢(2S) f “ld)/)(fo (IfF DI+ 1F (=) dY> ds

In that case

/oo (p(2s)(/oo ‘L'_ld‘L') ds < (1/2) /oo v(t)r—ldt
t 2s 2t
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and by Lemma 1.1 we obtain

] /0 (p@s)( /2 y‘ldy)( fo (If(y)l+lf(—y)l)dy)ds

00 1/p
< csk“(/o w(IfFI+ I F =) dy)

00 0 1/p
< cﬂ»“(/o w(y)lf(y)lpdy+/0 w(y)lf(—y)V’dy)

+00 1/p
=c7x“1(/ If(y)lpw(y)dy) :

-0

If we write the function v(¢) as
o0
v(t) = v(+00) + / ¥ () de,
t

where v(+o00) = , ligloov(t) and ¥ (¢) > 0 on (0, o0), use Kolmogorov’s
—_

theorem, Theorem 1.3, Lemma 1.2, Lemma 1.4 (the second part) and repeat

the arguments used in proving Theorem 2.3, then we shall have

THEOREM 2.4 Let p > 1, v(t) and w(t) be positive functions on (0, 00),
v(t) be a decreasing function and the pair (v, w) € bp. Then inequality (2)
is valid.

ExampLE 2.2 Let

t~!log? (1/1) for ¢t <c,
(c™* 1log” (1/c)t*  for t > c,

w(t) = {

t~logh 1/t for t <c,
v(r) = —a-1 s
(¢ ogf (1/c)t*  for t > c,
where 8 < =1,y > pB+2)+1, -1 <A <0, > A+1Dp—1,
¢ = exp(28). Then w(t) and v(t) are decreasing functions on (0, co) and
(v, w) € bp.
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4 TWO-WEIGHTED ESTIMATES OF STRONG TYPE
(P, 9), 1< q <p <00, FOR MULTIPLICATORS OF
FOURIER TRANSFORMS

In what follows S will denote a space of basic L. Schwartz functions. S
consists of infinitely differentiable functions ¢ vanishing at infinity more

rapidly than any power |x|. For ¢ € S we denote by ¢ the Fourier transform
of ¢:

F0) = @n)~ 12 f o (x) exp(—ix) dx.
]Rl

Conversely,

o(x) = @m)~ 12 [ G0 exp(idx) di.
]Rl

Since weight functions w are locally summable, it can easily be shown that
for any w the space S will be dense everywhere in L5, (R1).
We have

THeEOREM 3.1 Let a measurable function ® (L) be defined by the formula
A
o) = / du (),
—00

where w(t) is the finite measure in R'.
Moverover, let 1 < g < p < 00, v and w be positive increasing functions

on (0, 00) and (v, w) € apy. Then the transform K given in terms of Fourier
images by the formula

Ko) = 2)30), ¢ €S,
. . 1N 1
will define the bounded mapping of L}, ,,(R") into L} | (R").
Proof We consider the Heaviside function

1 for A>0,

~0) =
x®) {0 for A <O.

The transform T, : ¢ — y given on S by the relation
g = X (A — 20)g (1) 3

generates the bounded transform from L% (R!) into L (R!).
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Assume first that A9 = 0. Equality (3) corresponds to the convolution in
the initial space

E§=X*0,
where the generalized function x has the form

x(x) = Qo) (8(x)/2 + 1/@2mix)).

Now by Theorem 2.1 we obtain the boundedness of the operator Tp from
LY (RY) into LI(RY) for A9 = 0. Next, the function ¥ has a shift of the
argument by Ao, which corresponds to multiplication of x by exp(iiox) and
which does not alter the estimate. Obviously, the norm of the operator T},
coincides with the norm Tp. By virtue of the definition of the operator K and
the function ¢ we have

Ko(x) = @m)~'/? [ PWF(A) exp(irx) di = (2m) "'/ / Tip(t) du(t)
R! R!

forany ¢ € S.

Now we shall estimate the integral of the vector-valued function by using
the boundedness of the opertor T, from L% (R!) into LZ(R!) with the norm
not depending on ¢. We obtain

IKoluge < @07 [ WTigliseldu)
< e [ aul - Wolug,

Finally, using the density of the space S in L% (R!), we find that K has a
bounded continuation in L (R1). ]

THeOREM 3.2 Let 1| < g < p < oo, v and w be positive decreasing

functions on (0, 00) and (v, w) € byy. Then the statement of Theorem 3.1 is
true.

The proof is similar to the preceding one, we only have to use Theorem
2.2.
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