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The classical Bernstein pointwise estimate of the (first) derivative of a univariate alge-
braic polynomial on an interval has natural extensions to the multivariate setting. How-
ever, in several variables the domain of boundedness, even if convex, has a considerable
geometric variety. In 1990, Y. Sarantopoulos satisfactorily settled the case of a centrally
symmetric convex body by a method we may call “the method of inscribed ellipses.” On
the other hand, for the general case of nonsymmetric convex bodies we are only within
a constant factor of an exact inequality. The best known results suggest relevance of the
generalized Minkowski functional, and a natural conjecture for the exact Bernstein fac-
tor was formulated with this geometric quantity. This work deals with the most natural
and simple nonsymmetric case, that of a standard simplex in R¢, and computes the exact
yield of the method of inscribed ellipses. Although the known general estimates of the
Bernstein factor are improved for the simplex here, we find that not even the exact yield
of the inscribed ellipse method reaches the conjecture. However, we also show that for an
arbitrary convex body the subset of ridge polynomials satisfies the conjecture.

1. Introduction

If a univariate algebraic polynomial p is given with degree at most #, then by the classical
Bernstein-Szeg6 inequality (see [1, 10, 11]), we have

| < PN Can — P2
P =" —0a-a

This inequality is sharp for every n and every point x € (a,b), as

(a<x<D). (1.1)

sup LA sdegp <n, |p(x)| <lplciap = S —
1Pl — P7(x) VO -x)(x—a)

(1.2)

We may say that the upper estimate (1.1) is exact, and the right-hand side is just the
“true Bernstein factor” of the problem.
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In the multivariate setting a number of extensions were proved for this classical result.
However, due to the geometric variety of possible convex sets replacing intervals of R,
our present knowledge is still not final. The exact Bernstein inequality is known only
for symmetric convex bodies, and we are within a bound of some constant factor in the
general, nonsymmetric case.

For more precise notation we may define formally for any topological vector space X,
asubset K C X, and a point x € K the nth “Bernstein factor” as

B,(K,x) := * sup IDpx)|

sdegp <n, |p(x)| <llpllcw > (1.3)
" 1Pl — P?(%)

where Dp(x) is the derivative of p at x, and even for an arbitrary unit vectory € X

(Dp(x),y)
Ipl1Z g — p*(x)

1
B, (K,x,y) :=  Sup sdegp <n, |p(x)| <lipllcw) - (1.4)

In the present paper, first we study the standard simplex of the d-dimensional Eu-
clidean space R?. We find the exact yield of the possibly nicest available method—the
method of inscribed ellipses, introduced into the subject by Sarantopoulos [9]—for ar-
bitrary interior points of this nonsymmetric convex body. It will be seen that for this
particular case this calculation improves upon the previously known general estimate.
On the other hand, the perhaps most intriguing conjecture in the topic, which relates
the “true Bernstein factor” to the “generalized Minkowski functional,” remains still open
even for the standard simplex.

On the other hand, all known lower estimates use ridge polynomials some way. So it
is of interest to test, whether ridge polynomials can be used to disprove the conjecture. It
turns out that ridge polynomials always satisfy the above-mentioned conjecture, even for
general convex bodies in arbitrary normed spaces.

2. A review of Sarantopoulos’ method of inscribed ellipses

Recall that a convex body in a topological vector space X (e.g., in R) is a bounded, closed
convex set that has a nonempty interior. Polynomials and continuous polynomials are
defined over topological vector spaces, see, for example, [2]. The set of continuous poly-
nomials over X will be denoted by ? = P(X) and polynomials in % with degree not
exceeding n by P, = P,(X). In this section, we review the inscribed ellipse method. Al-
though for the reader’s convenience we include short proofs, we emphasize that, unless
otherwise stated, results in this section are due to Sarantopoulos [9].

LemMa 2.1 (inscribed ellipse lemma). Let K be any subset in a vector space X. Suppose that
x € K and the ellipse

r(t) = costa+bsinty+x—a (t€[-m,m)) (2.1)
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lies inside K. Then for any polynomial p, of degree at most n the Bernstein-type inequality

[(Dpay) | = ZylIPallege = PR) (2.2)

holds true.

Proof. Consider the trigonometric polynomial T'(¢) := p,(x(t)) of degree at most n. Since
r(t) € K we clearly have ||T|| < ||pallcx). According to the Bernstein-Szeg6 inequality
[10] (see also [11]) for trigonometric polynomials,

7] =nITI = T2 = mllpalle - pulr®)’ (Ve€R).  (23)

In particular, for t = 0, we get

1 T(0)| = Il pallee) — P2X). (2.4)

By the chain rule
T'(0) = (Dpa(r(0)),r'(0)) = (Dpa(x),by), (2.5)
which completes the proof. 0

The Minkowski functional [5] of a convex body K is defined by
o(x):= o(K,x) :=inf{A >0:x € AK}. (2.6)

Clearly, [|Ix]|x := ¢(x) is a norm on X if and only if K is centrally symmetric with respect
to the origin. If K is not centrally symmetric, the same functional can be used; however,
there is another extension, the “generalized Minkowski functional” a(K,x), which also
goes back to Minkowski [5] and Radon [6], see also [3, 7]. For our present purposes we
define a(K,x) for x € intK as follows. First, let

lIx —allllx—Dbll

: a,b e 0K, such thatx € [a,b]}. (2.7)
lla—bll

y(K,x):= inf{z

Then we set

a(K,x) 1= 4/1 = y?(K,x). (2.8)

For many other equivalent formulations, geometric properties, and applications in ap-
proximation theory, see [7] and the references therein.

LemMA 2.2, Let K be a centrally symmetric convex body in a vector space X and let x € K.
The ellipse x(t) = costx + bsinty (t € [—m,m)) lies in K whenever

lylx =1,  b=+/1-xll%. (2.9)



148  Bernstein’s inequality on the simplex

Proof. The assertion is equivalent to [|x(¢)|[x < 1 for every t. By the triangle and Cauchy
inequalities,

[[r(£)]|x < |cost|lIx|lkx + bl sint|llyllx < Veos?t+sin® 4/ lIx]|Z + B2yl = 1. (2.10)

Lemma 2.2 is proved. U

The maximal chord of K in direction v # 0 is
7(K,v) :=sup{)A >0: 3y, z € K such thatz = y+ Av}, (2.11)

see, for example, [12]. Note that in normed spaces the width of K is w(K) := inf{7(K,v):
lvll = 1}, see, for example, [7]. Mutatis mutandis to the previous lemma we can deduce
also the following variant.

LEmMMA 2.3. Let K be a centrally symmetric body in X, where (X, || - ||) is a normed space.
Let gk = || - Ik be the Minkowski functional (norm) generated by K. Then for every nonzero
vectory € X the ellipse r(t) = costx + bsinty (t € [—m, 7)) lies in K with

\J1—¢%(K,
b:= q)i(x) (2.12)

¢(K,y)

THEOREM 2.4. Let p, be any polynomial of degree at most n over the normed space X. Then
for any unit vectory € X the following Bernstein-type inequality holds:

|| pnlleu — P2)
[ {(Dp,(x),y)| < . (2.13)
1-lxl%

Proof. The proof follows from combining Lemmas 2.1 and 2.2. O

THEOREM 2.5. Let K be a symmetric convex body and 'y a unit vector in the normed space
X. Let py, be any polynomial of degree at most n. Then,

2| pull, — PA)
Dpn(x),y) | < ) (2.14)
| {Dpu(x),y) | Koy — o)

In particular,

2n ||Pn||2c(1<) - pi(x)

IDpa(x)I| < ; (2.15)
w(K)1 - ¢*(K,x)
where w(K) stands for the width of K.
Proof. Here we need to combine Lemmas 2.1 and 2.3 to obtain Theorem 2.5. O

It can be rather difficult to determine, or even to estimate the b-parameter of the “best
ellipse,” what can be inscribed into a convex body K through x € K and tangential to
direction of y.
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Definition 2.6. For arbitrary K C X and x € K, y € X the corresponding “best ellipse
constants” are the extremal quantities

E(K,x,y):=sup{b:r C K with r as given in (2.1)}, (2.16)

E(K,x) :=inf{E(K,x,y):y € X, |lyll = 1}. (2.17)

Clearly, the inscribed ellipse method yields Bernstein-type estimates whenever we can
derive some estimate of the ellipse constants. In case of symmetric convex bodies, Saran-

topoulos’s Theorems 2.4 and 2.5 are sharp; for the nonsymmetric case we know only the
following result.

THEOREM 2.7 (Kro6-Révész [4]). Let K be an arbitrary convex body, x € intK and |yl =
1, where X can be an arbitrary normed space. Then,

2| [ pall ) — P2(X)

| {(Dpu(x),y) | < TN S (2.18)
for any polynomial p, of degree at most n. Moreover,
ool 730 203 — P2
IDpa()]] < pullca) — p - pallca) — p ' (2.19)

wEK)JV1—-a(K,x) ~  w(K)J1-a2(K,x)

Note that in [4] the best ellipse is not found; the construction there gives only a good
estimate, but not an exact value of (2.16) or (2.17). In fact, here we quoted [4] in a
strengthened form: the original paper contains a somewhat weaker formulation only.

As mentioned above, one of the most intriguing questions of the topic is the following
conjecture, formulated first in [7].

CoNJECTURE 2.8 (Révész and Sarantopoulos). Let X be a topological vector space, and let
K be a convex body in X. For every point x € intK and every (bounded) polynomial p of
degree at most n over X, we have

2n, ||p||2C(K) - Pz(x)

w(K)J1—a2(K,x)

IDp(x)|| < (2.20)

where w(K) stands for the width of K.

3. The inscribed ellipse method for the standard simplex

We denote by P4 the space of polynomials of d variables and total degree < n. Let S4! :=
{x € R?: |x|, = 1} be the unit sphere in R?, where |x| := (3%, x*)"/2 is the Euclidean
norm of X = (x1,...,x4) € R4, The derivative of pn € P4 in direction y € $%! will be
denoted by Dy p,.

Let

d
Ai=Ay:= {(xl,...,xd) ;2 0,i=1,...,d, > x; < 1} (3.1)
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be the standard simplex in R¥. For fixed x = (x1,...,x4) € intA, and Yy =155 4d)
lyl. = 1, we consider the set of ellipses (2.1), where

a=(a,...,a;) €RY beR. (3.2)
Clearly the best ellipse constant of A is the extremal quantity
E(A,x,y) = max{b: (ay,...,as,b) € Q}, (3.3)
where
Q:= {(ay,...,aq,b) :x(t) € Aforevery t € [—m,7)} € R, (3.4)

LemMa 3.1. The explicit formula

> 2 ( I )2 -1/2
By = {2 2 )| (.5)
X1 Xg l—x1—-"+—x4

holds true.

Proof. In coordinate form

Q:= {(al,...,ad,b) ta;jcost+by;sint+x;—a; >0 (i=1,...,d),

d d d d (3.6)
costZaﬁbsintZyﬁin - zai <1Vte [—n,n)}.
i=1 i=1 i=1 i=1
We need the following simple lemma.
LEMMA 3.2. The sets
M = {(a,b,c):acost+bsint <c Vt &€ [-m,m)}, (37)
3.7

N ={(a,b,c):c=0, a® +b* <c?}

coincide.
Proof. 1f (a,b,c) € J, then ¢ has to be nonnegative. The case a = b = 0 is trivial, so we

can assume that at least one of a and b is nonzero. Let & be defined to satisfy

a b
T O Jmee

siné = (3.8)

Since for all t ¢ = acost + bsint = sin (£ + t)+/a2 + b2, we obtain that a + b* < ¢2.
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Conversely, let (a,b,c) € N. The Cauchy-Schwartz inequality gives (acost + bsint)? <
a’+b? < ¢, that s, (a,b,c) € M, which concludes the proof. O
Using Lemma 3.2 and setting Z := b?, we arrive at the problem

max{Z :z:= (a1,...,a4, Z) € O}, (3.9)

where

Q:= {Z:ZZO, Zy? <xi—2xa; (i=1,...,d), xi—a; 20 (i=1,...,d),

%)

Note that ® C R4*! is bounded, hence compact. Indeed, x € A and the inequalities
ai <xj,i=1,...,d, Zfl:lai > Zfl:lxi — limply that |a;| < 1,i=1,...,d. At least one of y;,
i=1,...,d is different from zero. If y; #+ 0, then

> (3.10)

d 2 d d d d
s(l—zx,) +2(1—2xi)2ai,I—Zx,--l—zaizO}.
i=1 i=1 i=1 i=1 i=1

2

x5 —2xia;

il A (3.11)
Vi Vi

Z <

It follows that the optimal value of the problem (3.9) is finite.
Next, we quote the Kuhn-Tucker Theorem, as given in [8, Corollary 28.3.1].

LemMa 3.3 (Kuhn-Tucker theorem). Let the functions f;: R" — R, i =0,...,m, be differ-
entiable, where f; is convex for i = 0,...,r and f; is affine for i = r + 1,...,m. Consider the
extremal problem

(P)
min fy(z) (3.12)

subject to constrains fi(z) <0,..., fr(z) <0, frr1(z) = 0,..., fin(z) = 0. Suppose that the
optimal value in (P) is not —oo and (P) has at least one feasible solution, which satisfies
all the inequality constrains for i = 1,...,r with strict inequality. Then z is a solution of (P) if
and only if there exists numbers A := (Ay,...,A,) which together with z satisfy the following:

() Ai =0, fi(z) <0andAifi(z) =0,i=1,...,1,

(b) fi(z) =0 fori=r+1,...,m,

(c) grad fo(z) + >, Aigrad fi(z) = 0.

Clearly, if the system (a), (b), and (c) has a unique solution (z,A), then z is the unique
solution of the problem (P).
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Now we turn to the problem (3.9). In the notations of Lemma 3.3 we have n = d +1,
m =r = 2d+3 (and thus, in particular, (b) becomes void), z = (a,2),
fo(a,2) = -2,
hH@2z)=-2,
fir1(a,Z) = 2xiai+ yiZ —x}  (i=1,...,d),

d d d 2 d 2
fara(a,Z) = —2(1 - le-> zai+Z<Zy,-) - (1 - Zx,-) , (3.13)
i=1 i=1 i=1

i=1
fd+2+j(a)Z):aj_xj (]:1))d))
d d

fa@2) =D xi—1-> a
i-1

i=1
Differentiation with respect to z gives

grad fy = gradf; = (0,...,0,—1),
grad fo = (2x1,0,...,0,y?),

gradfd+1 = (0, .. ,0,2xd,y§),

d d d 2
gradfd+2= <_2<1_in>""’_2(1_in>’(zyi) ), (3-14)
i=1 i=1 i=1

gradfd+3 = (1)03”-)030))

gradf2d+2 = (0)-“)0)170))
grad o443 = (=1,—1,...,—1,0).

Thus in problem (3.9) the system (a), (b), and (¢) in (z,A) = (a1,...,a4,Z,A15..., A2d43)
becomes

Ai=0, i=1,..,2d+3, (3.15)
Z >0, (3.16)
2xia;+yiZ —x} <0, i=1,....d, (3.17)
d d d 2 d 2
—2(1—2)@) aﬁZ(Zy,-) —(I—le) <0, (3.18)
i=1 i=1 i=1 i=1
a;i—x <0, i=1,..d, (3.19)
d d
>xi—>ai—1<0, (3.20)
i=1 i=1

MZ =0, (3.21)



L. B. Milev and Sz. Gy. Révész 153

Aint 2xiai+ y2Z —x2) =0, i=1,...,d, (3.22)
d 2 d 2
/\d+2[—2(1—2x1)2a, z Zy,) - (1—zx,»> }=0, (3.23)
i=1 i=1
Ad+2+i(ai—xi) = 0, i= 1,...,d, (3.24)

d
A2d+3 <ZX,’ - Zai - 1) = 0, (3.25)

d
2Miixi = 2Map (1 - ZM) +Adiari— Az =0, i=1,...,d, (3.26)
i=1
d d 2
“1-) +z)t,»+1yi2+/\d+z<2y,~> =0. (3.27)
i=1 i=1

If x; = aj for some j € {1,...,d}, then from (3.17) we getx +y]Z <0, hencex; =0,a
contradiction in view of x € intA.

Similarly, if Z?:l a; = Z?=1 x; — 1 it follows from (3.18) that 1 — zl 1% =0.

Therefore, from (3.24) and (3.25), Ags2+i =0 fori=1,...,d + 1.

Now from these we will show that A, >0,...,A4:2 > 0. Indeed, if 14, were 0, then from
(3.26) (dueto x; >0,i=1,...,d) it follows that A;;; = 0,i=1,...,d and then from (3.27)
A1 = —1, which contradicts (3.15). So, A4.» > 0. Hence (3.26) leads to

1- Z{'i—lxi
Ais1 = TI_AGHZ >0, fori=1,...,d, (3.28)
i
as stated. Then from (3.22)
22
S —y:Z
ai= 202 forio1,.d (3.29)
in

We substitute these expressions in (3.23) and derive

7 ! , (3.30)

Zz 1 (}’z /xi) + (Z?:l)’i)z/(l - Z?:Ixi)

Note that Z > 0 since x € intA and |y| = 1. Hence, from (3.21), A; = 0. Substituting (3.28)
in (3.27) yields

1
Aiv2 = — . (3.31)

(Zizlyi) +(1- Zz 1 Xi) Z?:l (yiz/xi)

This immediately implies the corresponding explicit formulas for A1y, i = 1,...,d.
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So, if the system (3.15)—(3.27) has a solution, it is unique. We have to check whether
the so determined ay,...,a4, Z, A1,..., 2443 really solve (3.15)—(3.27).

From the considerations until now it is clear that (3.15)—(3.18) and (3.21)—(3.27) are
satisfied. It remains to consider (3.19) and (3.20).

By (3.29), inequalities (3.19) are equivalent to

xi+yiZ

Xi—a; = >0, i=1,...,d, (3.32)

2x,'
which hold true, because Z > 0.

To prove that (3.20) holds, we substitute the values (3.29) for a;, i = 1,...,d, which
gives

d
y— <2 Z (3.33)

AM&

i 1

Substituting formula (3.30) for Z, the left-hand side is seen to remain below 1, while
the right-hand side exceeds 1, provided x € intA. Thus also (3.20) holds true.

So, the optimal solution of the problem (3.9) is Z as given in (3.30). Clearly, E(A,x,y) =
\/Z, and Lemma 3.1 follows. O

TueOREM 3.4. Let p, € P4. Then for everyx € intA andy € $%71,

n HPn”Zc(A) - pr(x)
E(A,x,y) ?

|Dyp(x)| < (3.34)

where E(A,X,y) is as given in (3.5).

Proof. According to Lemma 3.1, the ellipse (2.1) with the parameter b = E(A,x,y) from
(3.5) belongs to A. Hence the method of inscribed ellipses (cf. Lemma 2.1) gives (3.34).
Theorem 3.4 is proved. 0

4. Comparisons and improvements for the standard triangle

In this section, we restrict ourselves to the case d = 2. First, we see that estimate (3.34) is
better than (2.18) when K = A.

We denote the vertices of A by O = (0,0), A = (1,0), B = (0,1), and the centroid (i.e.,
mass point) of A by M = (1/3,1/3).

A calculation shows that 1 — a(A,x) = 2r(x), with

X1, X e AOMB,
r:=r(x) = min{x;,%,1 —x1 —x%} = { x2, x € AOMA, (4.1)
1—x1—x, x€ AAMB,
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and ify = (cos¢,sing) (0 < ¢ < ), then

! e o]
y1+}/2 ¢ 5 2 >
1 m 3m
T(A,Y) = E) (P S (E) I:|) (42)
L e
yl’ ¢ 4 5

THEOREM 4.1. The inequality

1 2
E(Ax,y) = (A y)V1 — a(A,x)

holds true for every x € intA andy € S'. The equality occurs if and only if
() x € (OM), y = (=+/2/2,7/2/2);
(b) x € (AM),y =(0,1);
(c) xe (BM),y = (1, 0)

(d) x = Mye{(01 (—=v2/2,7/2/2)}.

Proof. Combining (3.5) and (4.1), inequality (4.3) can be written in the equivalent form:

(4.3)

3
2
; P04 < 53 (4.4)
where
1 1 1
(P1(X),P2(X),P3(X)) = T’(X)(x s m), (4.5)
(Q1(Y)>Q2(Y),QS(Y)) = ()’p)’z» ()/1 +}/2) )
Note that p;(x) < 1 for all x € intA and i = 1,2,3. Hence,
3 3
> pi®)gily) = > qily). (4.6)
i=1 i=1
Now the validity of (4.4) will follow from
S = . (4.7)
b 72(A,y)

Depending on ¢, (4.7) is equivalent to y;y, = 0 if ¢ € [0,7/2] or y1(y1 +y2) <0if ¢ €
(1/2,371/4] or y2(y1+ y2) < 0if ¢ € (37/4,7]. It is easily seen that these inequalities hold
true. Moreover, (4.7) is an equality if and only if y € {(0,1),(1,0),(—+/2/2,/2/2)}.

It remains only to characterize the cases when (4.4) is an equality. This means that
both (4.6) and (4.7) are equalities.
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If x is an interior point for some of the triangles OMA, OMB, and AMB, then p;(x) < 1
for all 4, hence (4.6) is a strict inequality.

If x € (OM), then p;(x) = p2(x) = 1 and p3(x) < 1. So, (4.6) can be equality only if
q5(y) =0, that is, y = (—+/2/2,+/2/2). In the latter case also (4.7) is an equality. Similarly,
one can prove statements (b) and (c). Finally, if x = M, then p; = p, = p3 = 1 and (4.4)
is an equality if and only if y € {(0,1),(1,0),(—+/2/2,+/2/2)}. Theorem 4.1 is proved. [

In the next theorem we give a new estimation for Dp,(x).

THEOREM 4.2. Let p, € P2. Then for every x € intA,

| Dpu(x) [, = nEG)\[|pallca) — P2, (4.8)
where
xi(1=x1) +x(1 = x2) + D(x)
B0 = \J 2x1%2(1 — x1 — x3) (4.9)
with
D(X) = \/[x1(1 —xl) +x2(1 —Xz)]2 —4X1X2(1 — X1 —Xz). (4.10)

Remark 4.3. The inequality
[x1 (1 —x1) +x2(1 —Xz)]2 —4x1(1 = x1 —x2) > [x1(1 = x1) —x2(1 —Xz)]2 (4.11)

holds true for x € intA, hence D(x) > 0.

Proof of Theorem 4.2. Clearly, the inscribed ellipse method from Section 2 implies

| Dpu(x) |, = nEGO\llpalles) — PR, (4.12)

where
1
E(x):= ) (4.13)
It remains to prove the explicit representation (4.9) for E(x). From (3.5),
2 2 2 T
1 :&+&+ (}’1"’)’2) _ y Py , (4.14)
E2(Axy) x1 x l-x1—-x% xx(l-x—x)
where
x(1-2x) X1%2
p= . 4.15
|: X1X2 xl(lxl)] ( )

Since P is a positive definite symmetric matrix, it follows that
max {y'Py: |yl =1} =, (4.16)

where A, is the largest eigenvalue of P.
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Now, a computation gives

1
Al=5[3(1(1—X1)+X2(1—XZ)+D(X)], (417)
which implies (4.9). Theorem 4.2 is proved. O

In the next theorem we improve Theorem 2.7 for K = A.

THEOREM 4.4. Let p, € P2 and || pullca) = 1. Then for every x € intA,

V3| pullega) — PE(X)

D < 4.18
D200 =0 T o) 1)
Proof. According to Theorem 4.2, it suffices to prove
V3 .
EXx) £ ———m—m————, tA. 4.19
(x) < WAV — (A X € In ( )
Since w(A) = +/2/2, this is equivalent to
E*(x)(1 - a(A,x)) <6, forx€intA. (4.20)
We set besides (4.1) also
1 — —
u=x(1-x), v=x(1-x), W=M. (4.21)

r

Then (4.20) can be rewritten as

u+ v+ (u+v)2—4rw < 6w. (4.22)

Since 6w — (u+v) > 0, we arrive at the inequality
w[Ow =3(u+v)+r] =0. (4.23)
To prove (4.23), we define the numbers p and g by
{p,gwti={x1(1 —x1 —x2),x2(1 —x1 — x2),x1%2}. (4.24)

Note thatw = pand w = q. Itisseenthatu+v < 2w+ p+qgand rw = pq/r = 3pq. Hence,
w[9w —=3(u+v)+r] =3(w—p)(w—¢q) = 0. Theorem 4.4 is proved. O

Remark 4.5. The constant 6 in inequality (4.20) cannot be replaced by smaller one, since
E2(M)(1—a(A,M)) =6.

In the next theorem we present the estimation corresponding to 1 — a?(A, x).
THEOREM 4.6. Let p, € P2 and || pullca) = 1. Then for every x € intA,

V3+/5n ||Pn||2C(A) _p%(x). (4.25)

w(A)/1 — a?(A,x)

|Dpn(x)|2 =
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Remark 4.7. This improves the constant in Theorem 2.7 but falls short of Conjecture 2.8,

since 2+/2 = 2.8284- - - >~/3+./5=2.2882--- >2.

Proof. Arguing as in Theorem 4.4, it suffices to prove that

EX(x)(1 - a?(A,x)) <2(3++/5), forx € intA. (4.26)
Note first that
4X1(1*X1), x € ANOMB,
1-a?(Ax) =14x% (1 —x2), x € AOMA, (4.27)

4(x1+x) (1 —x1 —x), x€ AAMB.

Let u, v, w, and r be as in Theorem 4.4. Set ¢ := 3 + /5. Then (4.26) is equivalent to

<u+v+\/(u+v)2 —4rw> (1-r)<cwe f(x) =c*w—2c(u+v)(1-r)+4r(1-r)*=0.
(4.28)

For 8 € [0,1/3] we consider the line segments

[0p:Bg] = {(B.1): <t <1-2P},
[Op,Ap] = {(t,8): <t <1-2p}, (4.29)
[Ag,Bg] = {(t,1 -f—t):f<t<1-2B}.

We will prove that for every 8 € [0,1/3], f(x) = 0 on these segments.
(1) Letx = (B,t) € [Og, Bg]. We have

=B(1-p), v=t(1-1), r=p w=t(1-p—1). (4.30)
Hence
fx)=g(t):=[2c(1-B) = A2 +c(c—2)(1 - P)t+p(1 - B)*(4 - 2¢). (4.31)

The leading coefficient of g is negative, so it is sufficient to show that g(f) = 0 and g(1 —
2f3) = 0. We have g(f) = Blc —2(1 = B)][(1 = B)(c —2) — ¢f3]. Since

ety 03]
E > - for every € 0,3 , (4.32)

it follows that g(f8) = 0. Next we compute

g(1-2B) = (4—10c)B* —2(c* — 8c+4)p*+ (> —6c+4)p. (4.33)

Using ¢? = 6¢ — 4 we get

g(1-2B) =2pB*[(2—5¢)B+2c] =0 foreveryf e [O, %] (4.34)
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(2) Letx = (t,) € [Op,Ag]. Then
=t(1-1t), v=p01-p), r=p, w=t(l-t—p) (4.35)

and f(x) = g(t) is the same as in case (1).
3)Letx=(t,1-p-1t) e [Aﬁ,Bﬁ]. Then

u=t(1—t), v=>+p(1—-t-p), r=p, w=t1-B-1),

4.36
f(x) =h(t):=[4c(1 = B) =] +c(1 - B)[c—4(1 = B)[t+2B(1 = B)*(2 —¢). (4.36)
Since the leading coefficient is negative and, by continuity from cases (1) and (2), h(f) =
f(Bg) =0and h(1 - 2p) = f(Ag) = 0, we conclude that f(x) =0 on [Ag, Bg]. Theorem 4.6
is proved. O

Remarks 4.8. (1) The constant in (4.26) cannot be replaced by a smaller one. To prove
this, we consider

(BM):{(t,l—Zt):0<t<§}. (4.37)

If x € (BM), then

3 — 5t++/25t2 — 22t +5
2t(1 - 2t) ’ (4.38)
—a?(Ax) =4t(1—1).

E*(x) =

Hence

2(1—1t)(3—5t++/2512 - 22t+)

1-2t (4.39)

lim E*(x)(1-a*(A,x)) =2(3+/5).
x—B,xe(BM)

E*(x)(1 - a*(A,x)) =

(2) limy— 5 E*(x)(1 — a?(A,x)) does not exist. This can be seen calculating limits on the
intervals (B, Ex), where E; = (1/k,0) € (OA) (k > 1). We skip the details.

(3) Observe that Theorems 4.2, 4.4, and 4.6 show that not even the exact yield of the
inscribed ellipse method can reach Conjecture 2.8.

5. Lower estimations by ridge functions

We consider the following question. All known lower estimates for the Bernstein factors
used some kind of ridge polynomials, that is, polynomials composed from a linear form
and some (in fact, a Chebyshev) polynomial. Can one sharpen these lower estimates to
the extent that Conjecture 2.8 will be disproved?

Recall that in a normed space X the support function of K € X is h(K,v*) := sup, v*
(v¥ € X*), and the width of K in direction v* € §* := {v* € X* : [[v¥|| = 1} is
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w(K,v*) := h(K,v*) + h(K,—v*). Ridge polynomials R are defined as

(oY)

Ru:={peP:px)=P(L(x)), LeX*, PePL}, R:= )R (5.1)

n=1
We denote for any v* € §* the linear expression

2(v*,x) — h(K,v*) + h(K,—v*)
w(K,v*)

t(x) := t(K,v*,x) := (5.2)

In the following we assume, as we may, that ridge polynomials are expressed by using
some L(x) = t(K,v*,x).

Definition 5.1. For any n € N the corresponding “ridge Bernstein constant” is

| (DR(x),Y) |

ClKoxy) = . (5.3)
" ReRu, IROOI<IIRllci A IIRIIE i) — R (%)
THEOREM 5.2. For every convex body K and x € intK, y € §*, it holds that
Cu(K,xy) < —— ! (5.4)
PR Koy T (Kx) |
Proof. By the chain rule we have for any R € R,,, R = P(t(x)), the formula
[(DROLY) | = [P u0) - 2o vid [ < 2P )] 69)
w(K,v*) 7(K,y)
Applying the Bernstein-Szeg6 inequality for s € (—1,1), we get
P/
E4O1 <2 (5.6)

JIPIE = P2(s) VI8

Note that for T}, the classical Chebyshev polynomial of degree #, (and only for that) this
last inequality is sharp. Putting s := #(x) and combining the previous two inequalities, we
are led to

[(DRx),y)| 2 1 .
”RHZC(K) - R(x) a T(K)Y) 1-— tz(K,V*,X)

1
- (5.7)
n

Taking supremum with respect to v* € §* on the right-hand side, we obtain a bound in-
dependent of v*. In fact, according to [7, Proposition 4.1], the supremum is a maximum

and is equal to (2/7(K,y))(1/4/1 — a2(K,x)). Thus taking supremum also on the left-hand
side, Theorem 5.2 follows. O

It follows from the definitions and Lemma 2.1 that
1

Cu(K,x,y) < By(K,x,y) < EK,xy) (5.8)

For the case of the standard simplex we will prove a converse inequality.
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THEOREM 5.3. For every x € intA andy € S9!, the following inequality holds:

E(A—x,y) <+dc, (A,x,Y). (5.9)

Proof. Let
v :=(0,...,0,1,0,...,0), i=1,...,d, (5.10)

be the ith unit vector in R and

Vi = %(1,1,...,1). (5.11)

We denote
T, (K,v*,x) := T, (t(x)) (5.12)

and define

4 D, T, (K,v5,
CO(A,x,y) 2 LT RVEO] g (5.13)
1-T2(K,v},x)

A computation gives

CO(Ax,y) = % i=1,...d,
x,-(l —X,‘)
(5.14)
d
Cd+1 (AX,Y) ; |Zi=1)’i|d )
\/zi=1xi(1 = 2i1%i)
Hence, from (3.5),
E A i 1—x; [Cn (A, x,y)] +le[ d+1)(A,x,y)]2
EAxy) \5 =1 (5.15)
<d mal)i( 1C,(f)(A,x,y) < \/aCn(A,x,y).
=1,..,d+
Theorem 5.3 is proved. O
COROLLARY 5.4. Foreveryx € intA andy € S, it holds that
< Blaxy) g JBA0 g (5.16)

Cu(A,x,Y) Cu(Ax) —

Note that in [4] it is proved that for every x, € intK there is a direction y, and a ridge
polynomial T, (K,v§,x) such that

1 Dy, T, (K,vg,x) 2
1- To(K,vi,x)" T(K,yo)y1 —a?(K,xo)

(5.17)
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Consequently,

Cn(K)x0>YO) > 2 . (518)

7 (K, o)1 — o2 (K %)

Hence, for every xy € intK there is a y; such that

B, (K,Xo,Yo) \/z

< 5.19

Cn (Kax())YO) ( )
Comparing this with Corollary 5.4, we see that (for the case of the simplex) the latter
ratio remains uniformly bounded for all x and y.
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