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One-dimensional Hardy inequalities with weights and remainder terms are studied. The
corresponding optimal constants are discussed. Then by the process of symmetrization,
Hardy inequalities with remainder terms in high-dimensional Sobolev spaces are ob-
tained. This result gives a positive answer to the Brézis-Vazquez conjecture.

1. Introduction

In 1919, Hardy [7] proved the following inequality:

° Ju|” PN (T,
L - dts(p_l> L 1w (0)|7dt, u e Cl(0,00), (1.1)

where 1 < p < 400, The readers can refer to [8] for the proof of this inequality. The best
constant (p/(p — 1)) in the above inequality was given by Landau [10].
It is pointed out in [9] that, in 1933, Leray [11] proved the following two inequalities:

2
J 7'”'2 dxs4j |Du|2dx, (1.2)
R2\B,(0) |x|2In" x| R2\B, (0)
2 2 2
f ﬂdxs<—)J \Dul?dx, (1.3)
R |x|? n—2 n

where u € H}. Shen [13] obtained (1.2) for a bounded domain Q C Bg(0) with In*|x|
replaced by In?R/|x|. In 1995, Peral and Vézquez [12] showed that (2/(n—2))? is the
best constant in (1.3).

In 1980, Shen [14] proved if v and ¢ satisfy (¢VPy!=VP) = (p — 1)y, then

" ra (P (7 P
L () |u(t)|Pdt < <p_1> L $(1) | (1) | Pdt (1.4)

for u € C}(0,0). Moreover, if ¥ and ¢ also satisfy ¢(0)y?~1(0) = 0, then the above in-
equality is also true for u € C'(0, ), see [16].
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It is proved in [15] that for p > 1,

J{K Il 4 < (L)PJ Dulrdx, e WP (R, (15)

Garcia Azorero and Peral Alonso [5] proved (1.5) by using a different method. Similar
to [12], it is showed that (p/(n — p))? is the best constant.

For Hardy inequalities with remainder terms, Brézis and Vazquez [4] proved recently
that there exists a constant C > 0, depending only on n and (), such that

2

J Duldx > (”—2> J dx+CJ wldy, VueHNQ).  (L6)
Q 2 o lx|?

They asked whether the two terms on the right-hand side of (1.6) are just two terms of a

series. Recently, Gazzola et al. [6] generalized (1.6) to the case of n > p. They proved that

JQ|Dudez(%)PL'|”:Pd +cj wlPdx, Vue W@  (17)

Another generalized form of (1.6) given by Adimurthi et al. [1] is

[ipuras= (52) ] EawecS [ 20 ({0 £Y o s

Our paper is organized as follows. In Section 1, we study one-dimensional Hardy in-
equalities with any weights and the corresponding optimal constants. We prove that the
constant (p/(p —1))P (p > 1) is the best constant in the inequality. Meanwhile, we give
the relation between the weights in the Hardy inequalities, from which we can determine
the other weight if one of the weights is given.

In Section 2, we deal with one-dimensional Hardy inequalities involving any weights
and remainder terms (p > 2). We also study the optimal constant in this inequality.
We point out that the Hardy inequalities can be generalized in two different forms, see
Theorem 3.3 (or Corollary 3.4) and Theorem 3.5 (or Corollary 3.6).

In Section 3, using the results established in Sections 1 and 2, we obtain Hardy in-
equalities with remainder terms in high-dimensional Sobolev spaces by the process of
symmetrization. The remainder terms are allowed to be the combination of (1.6) and
(1.8). This result gives a positive answer to the Brézis-Vazquez conjecture. Moreover, we
obtain the expression of C. We also generalize the results to the case of n = p. Finally, for
n > p or n = p, we obtain the Hardy inequalities with another kind of remainder terms.
This shows that the Brézis-Vazquez conjecture is also true for n > p > 2.

2. Hardy inequality with general weights

If a € (0,+00), we define

={feC'0,a]l f(a)=0}, Xo={fI|feCy0,al}, (2.1)
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where C}[0,a] is the set of functions f(x) € C'[0,a] with £(0) = f(a) =0.1fa = +c0, we
define

X = {f € C'[0,+) | supp f is bounded}, Xo={f1f€eC}0,0)}, (2.2)

where C}(0, ) is the set of functions f € C'(0, o) with supp f being bounded. Let

a 1/p
1 fllipes = (L o) | f(r) |"dr) p>1, (2.3)

where ¢ € C'[0,a] with ¢(0) = 0 and ¢(¢) >0 for £ >0 and a is allowed to be +o0. We

denote the completion of X and X, with respect to the above norms by W;’P and W&’g ,
respectively.

THEOREM 2.1. Assume f is a nonincreasing function. Then the following hold.
(i) Forany f € w,?,

)| F)| P dr < L (/)(r | f/(r)|Pdr (2.4)
0

if §(r) and y(r) satisfy
(¢VPy'VP) = (p-1)y (2.5)

and lim,_o ¢(r)yP~1(r) = 0. On the other hand, if ¢(r) and y(r) satisfy (2.5) but
lim,—o p(r)yP~1(r) # 0, then (2.5) is true for any f € W0,¢.

(ii) Assume that ¢ = r* in some neighborhood of r =0 for « > p — 1. If a = co and
fe W(/l,’p, then the constant (p/(p —1))? in (2.4) is the best constant but is never
achieved.

Proof. (i) For the completeness, we repeat the proof as follows. Let a = +co and f € X
with f(r) =0ifr = R > 0. Integrating by parts and applying (2.5), we have

R R , R
—p [ LAy ey = = | (151 ey Vrdr = (p 1) [ w1 1P

(2.6)
Therefore, by the Holder inequality, we get
R R (p-1)/p 1/p
(p- 1)j0 ylfIPdr < p(L wlflpdr) <J olf IPdr> : (2.7)
This gives the result. Other cases can be proved similarly.
(i1) What we need to prove is
TP —1\?
fEX Iy 1/’|f|PdT p
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We insert in (2.4) the function

- © 1-1/p
(J ¢—1/<P*1’dr) , 0<r<e,

€

o0 1-1/p

-1/(p-1)
felr) =1 (L ¢V di’) , €<r<Kk, (2.9)

a0r+bo, K=<r<K+1,
L0, r>K+1,

where K is a constant, ag and by satisfy

) 1-1/p
aoN +by = (JK §U ) =G N1+ by =0, (2.10)

Thus, ag = —Cxk and by = —Cg (K + 1). Direct calculation shows that

J0w¢|fe' |PdT = (pT?l)p<an: (/rl/(gfl)dr—lnfo ¢,—1/(p*1)dr>

P (2.11)
+J ¢lao|Pdr.
K
Since y(r) = ¢~ V=1 ([? ¢~/ (P~Ddr)~P (see Proposition 2.3), we have
® Iy y(r) /(p-1 Vip-1)q
J ylfel’ = - +1In J ¢-Vem )dr—an ¢V
)
0 ([E¢~V=Ddr) (2.12)
K+1
+J v | agr + by | Pdr.
K
By I'Hospital law,
lim Jo y(r)dr = = lim y(©) _ ! .
=0 ([Z¢V-Ddr)' P €0 (1= p) ([T ¢V Vdr) P10 (e)  1-p
(2.13)
Therefore, we complete our proof since [, ¢~P~Ddr — o as € — 0. O

Remark 2.2. If ¢ = r"~', n > p, the function f(r) = ([,” ¢~V?=Ddr)'=/P does not belong
to W, (0,00). But if f;7 ¢~ 0D(f7 ¢ 0-Ddr)Pdr < oo, then f(r) € W, (0,0) and
f(r) is an extremal function.

Before we close this section, we discuss the relation (2.5).
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PROPOSITION 2.3. Assume that ¢ and y satisfy (2.5). If ¢ is given, then
(i) y(r) = ¢~ V=D([? ¢~ Ve=Vdr)=P if ¢(r) > r* in some neighborhood of r = 0 for
somea>p—1;
(ii) w(r) = ¢~ V@=V([5 o=V =Vdr)=P if ¢(r) < r* in some neighborhood of r = 0 for
some o < p — 1. In this case, (2.4) is true for f € Wb
(iii) w(r) = r~Y(Ina’/r)~? for some a’ > a, a < o if $(r) = r* in some neighborhood of
r=0witha=p—1.
If y is given, then
(i) ¢(r) = (p — D)y P(fy wdr)? if ¢(r) = r* in some neighborhood of r = 0 for some
a>—1;
(ii) ¢(r) = (p — Dy P ([ ywdr)? if $(r) = r* in some neighborhood of r = 0 for some
a < —1. In this case, (2.4) is true for f € W(},’(f;;
(iii) ¢(r) = (p — V)rP~Y(Ina’/r) =P for some a’ > a, a < oo if ¢(r) = r% in some neighbor-
hood of r = 0 with a = —1.

3. Hardy inequality with remainder terms

In this section, we are mainly concerned with the case ¢(r) =r*, a > p— 1 (a = +), and

the case ¢(r) = r%, a = p— 1 (a < +0), in some neighborhood of ¥ = 0, which often occur

in higher-dimensional Hardy inequalities. In these two cases, (2.4) is true for f € W;,’p .
We introduce an identity.

LEmMA 3.1. Assume that u; € C'[0,a], ui(a) =0, 0 < ¢; € C[0,a], 0 < h; € C'(0,a],
= ¢7", and h7'(0) = 0. Let u; = hyu,. Then,

L 61w, | 2dr = L b1 |1, |2u§dr+J0 6112y 2dr. (3.1)

Proof. We have | = hju, +hyu). Thus,

2J:¢1u2u’2h1h’1dr - J:qsluzug(h%)'dr - ”7% 0 ~0. (3.2)
So the result follows.
Define
M(¢) = uEX% ={u e C'0,a] | u(a) =0}. (3.3)
We have the following Poincaré inequality:
@) [ pluar< ["glu o (3.4)
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CoROLLARY 3.2. Assume that u;, h; satisfy u; = hiuj.1, where hi(0) =0, 0 < h; € CY(0,a],
=¢;!, and ¢y = ¢ ]_[}=1 h?fori: 1,....,k. Then,

72

k
a , a h
Joorlaiar= 3| o

Proof. Applying the method of iterations in Lemma 3.1, and terminating the iteration
process by (3.4), we can finish our proof. O

2dr 2 (o) JO 61w | dr. (3.5)

THEOREM 3.3. Assume f € Wdi’P is nonincreasing. If ¢ and y satisfy (2.5), then for p = 2,

D (ol (07 [ are (B2) [wisars [[oisvan G

where ¢y = ¢ph*(—h')P~2, h satisfies

_’;’:Ppl(‘g)l/p, h>0, (3.7)
and fi = f/h.
Proof. Let f € X and f = fih. Then ' = f{h+h fi <0since f’ <0. As a result,
fﬁ -1L (3.8)
Therefore, in view of the inequality
(1+x)? 21+ px+(p-1x*, p=2,x>-1, (3.9)

and (3.7), we have

1= [ Joire - (2 pl)Pwifip]
Foenrar(e£2) - (23

> [ o1-w1e 517 o o=

Yoymeflrar a0

)]Hh+h

On the other hand,

11:1’F¢<—h’>f’|ﬁ|"f}'hdr
(3.11)
—pJ S fil7 7 (~H)P hdr = - jfl (ph(=H)P) dr =0

because

(Gh(—H)P~Y) = Cyle=Diopp (p%qb“f’ Fp- 1)1//1/1’) —o. (3.12)
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For I, we have

Li=(p=1) J N IR

a1 (3.13)
P?

J Ph>(—h' )P~

(£77) ' dr.

This completes our proof. O

COROLLARY 3.4. Assume f € qu’p is nonincreasing. If ¢ and y satisfy (2.5), then for p = 2,

a /\ P2 k ra ar 2
8 o [o(R) e S ()
P =170 ’ (3.14)
-1 a )
oo
where h satisfies (3.7), ¢1 dh?(—h')P~2, hy(0) = 0, 0 < h; € CY(0,al, ( =¢;!, and

$iv1 = @1 [15o i} fori=1,....k.
Proof. In fact, denote flp/z = u in (3.6), then by (3.5), we can complete our proof. O

THEOREM 3.5. Assume f € W(;’p is nonincreasing. If ¢, y satisfy (2.5), then for p = 2,

J:ﬁbhp | £/ |Pdr + (ppl)PJ:Wﬂpdr < La¢|f'|pd,, (3.15)

where fi = f/hand —h'/h = ((p — 1)/p)(y/¢)V?.
Proof. Similar to Theorem 3.3, applying the following inequality instead of (3.9),

(1+y)P =1+py+lyl?, y>-1, (3.16)

we can prove that
J olf'1Pdr— (p—> J waIPdr>J oh? | f{ | dr. (3.17)
’ O

COROLLARY 3.6. Assume f € W(;’P is nonincreasing. Then for p = 2,

s [ ovare (B2 [ (v b mar< s v
] 17j-1
(3.18)

where hy = h, ¢pir1 = (/),-hf, and ¢, y; satisfy —hi/h; = ((p — 1)/p)(wi/¢;) fori=1,...,k.
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Proof. Since f' <0,h>0,and h’ <0, we have f{ = (hf’ +Hh f)/h* < 0. Therefore we can
apply (3.15) again. Set ¢; = ¢h? and f, = fi/h;, then

o
;!

which shows that the corollary is true when k = 1 due to Theorem 3.5. For any k, we can
prove our result by the induction argument. O

Jroutstrar= (222) [Tl il are [} ot 21 ar
> (%) [Folllarene) [ it | 1 ar
(3.19)
(p 1) |f| dr+2:(¢2) I ¢1hp}|1{}|zp r
)

W6 [ g1f1ar,

4. Hardy inequalities in Sobolev spaces

e (k times)

We denote e®) = ¢~ ,In"" = In, and In"’ = InIn"" for j > 2. W&’P(Q) is the com-
pletion space of Cg° () with respect to the norm [[ul| = |ul, + [Dul .

THEOREM 4.1. Let 0 € QO C Br(0) C R", and n > p = 2. Then for any u € W&’P(Q),

(p—1Dn ( lul? lu|? )
—_— - dx+41 ——dx
p? ZJ a [x|P(]] —1ln(])R/|x|)2 #+4Mgnr) o lx[p=2

n-p pjﬂ I p
+< : ) ol |pd.x< |Du|? dx,

where ¢ = r[15_,In"’ R/r with R = ¢ IT.

(4.1)

Proof. For x ¢ Q, define u(x) = 0. Let |u|* be the symmetric decreasing rearrangement
of function |u|. Now observe that for any u € Wol’p(Q), lul* € W&’P(BT(O)) with [u|* >0
and radially nonincreasing, and hence inequality (3.6) holds for |u|*. We know that

T
J |Du|de=J J \DulPrrdrdw, (4.2)
Q w, JO

where w, denotes the area of the unit ball in R". Taking f = |u|* in Theorem 3.3, we

obtain
4(p—1) (°
sz Jo # (

1p/2 ' dr+( ) j waIPdr<J ol f'|Pdr, (4.3)
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where ¢, = ¢h?(—h')P=2. Choose uy = f”* and ¢ = "' in Corollary 3.2. Then y =
((n—p)/p)prm—r-1 by Theorem 2.1,and h = r'="? by (3.7). By the definition in Corollary
3.2, we see that ¢, = ((n— p)/p)P~2r, hy = (InR/r)V2, ¢y = ((n—p)/p)?*rInR/r, hy =
(In®’ R/r)2, and so on. Noting that ¢1 1|2 = ((n — p)/p)E- 2|f|Pr” 1/rP=2, we obtain

(p—1)( P2 IIP”1 “lfleem!
BT (ZJ ki e | o )

(4.4)
+ (%) L |f|Pr”_1/rPdrs L |f/1Pr"~tdr.

Integrating both sides of the above inequality with respect to w,, we know that our
theorem holds for |u|*. It is well known that the symmetrization does not change the
LP-norm, it decreases gradient norm and increases the integrals [, (|ul?/|x|?)dx and
Jo (lul?/|x|P(InR/|x|)?) dx, and so on. Therefore we complete our proof. O

When p = 2 in Theorem 4.1, we have the following theorem.

THEOREM 4.2. Let 0 € O C Br(0) C R". Then for any u € Wol’p(Q),

*ZJ +A(¢k+1)jﬂ|u|2dx

a |x|?P(]1 lln(])R/IxI)

_ 2
+(” 2) ﬂdx<J \Dul?dx,
2 o lx]?

(4.5)

where ¢ = rl_[l;:1 InY’ R/r with R = ek~ VT,

Proof. This theorem can be proved by using Corollary 3.2 and the symmetrization pro-
cess. |

Remark 4.3. Inequality (4.5) gives a positive answer to the Brézis-Vazquez conjecture,
thatis, M(¢x+1) Jo [u]?dxand ((n —2)/2)? [, (1u|?*/|x|?) dx are two terms of a series indeed.
Similarly, Theorems 4.1 and 4.2 show the correctness of the conjecture of Brézis and
Vazquez.

THEOREM 4.4. Let 0 € QO C By(0) C R", n = p = 2. Then for any u € Wg’p(Q),

4(p—1)P! J lul?
—
pP () a |x|P-21n'?"? R/|x|
(e " |ul?
1% J ; ; @ 5 dx (4.6)
Q |x|PIn? R/|x| TTi, (In" R/|x])

P_l) J |ul? J' »
+< p Q|9c|11’1n“’R/|x|CbCS QIDuI dx,

WhereqSk—r]_[] In(j)R/r and R = e*=DT.
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Proof. Taking ¢ = rP~', y = 1/r(InR/r)?, h = (InR/r)P~V'? ¢, = ((p — 1)/p)P*rInR/r,
and by = (In"” R/r)2, we can complete our proof by Theorem 3.3 and Corollary 3.2 and
using the symmetrization process similar to Theorem 4.1. O

Similar to Theorems 4.1 and 4.4, by using Theorem 3.5 instead of Theorem 3.3, we
can obtain the following two theorems.

TaEOREM 4.5. Let 0 € QO C By(0) C R", n > p = 2. Then for any u € Wg’p(Q),

Al(gbkﬂ)jﬂmv’dx

— p P k P (4.7)
+(u) J <ﬂ+z _ul? )dxsj Dul? dx,
p o\ lx|? =1 x| T/, (ln(l)R/|x|)p Q
where ¢ = ((n— p)/p)*r ]_[?;ll(ln(j)R/r) and R = e~V
THEOREM 4.6. Let 0 € QO C Br(0) C R", n = p = 2. Then for any u € Wol’p(Q),
A (@rs1) J IuIde+< ) J z [ul? J |Dul?dx, (4.8)
xlPTT, (In” R/|x|)?

where ¢ = rP 1 TI (In" R/r)P~! and R = k=D,

Remark 4.7. The above theorems show that the Brézis-Vazquez conjecture is true for
n=p=x=2.

Now we consider the following weighted eigenvalue problem with a critical singular
weight

—diV(IDuIP*ZDu)ﬂJM =MulPuf(x), x€Q
Ix|P(InR/|x|)” (4.9)
u=0, xe€9dQ,

wheren=p=2,0<u<(p/p—1)?,and A € R. We look for a weak solution u € Wy (Q)
of this problem and study asymptotic behavior of the first eigenvalues for different singu-
lar weights as y increases to (p/(p — 1))?, after which the operator L, is no more bound
from below. Let

p_ P p
M(f,u) = inf Jo (IDul? — ulul?/|x|?) dx

uewy?(Q) Jo lul? f dx
u#0

(4.10)

and denote A, (f) = A, (f,(p/(p —1))P).

For f(x) € Ly;.(Q\ {0}) with f(x) >0, let LP(Q, f) be the set of all real-valued mea-
surable functions u(x) defined on Q such that f(x)|u(x)|? is integrable over Q. We define
the norm in L?(Q, f) as Iulpf Jo f () [u] ? dx.
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TaeoREM 4.8. The above problem admits a positive weak solution u € Wé’p(Q), corre-

sponding to the first eigenvalue A, (f,u). Moreover, as y increases to (p/(p — 1))P, A1 (f,u) —
A(f) =0 forall f € R, and the limit A,(f) >0, where

R, = {f;Q — R | feLz(@\10}), 1imsm>f(x)|x|1’(ml)p(lnmi)2 < +oo}.

x| =0 x| | x|
(4.11)
First we prove the following lemma.
LEMMA 4.9. If f € R, then the embedding W&’p(Q) = LP(Q, f) is compact.
Proof. 1f f € R,, we have
1\* 1)
lei_l}(l)legg))f(x)lxlp (ln m) (ln(z) m) < 400, (4.12)
and hence for sufficiently small €,
f(x) ¢ in Be = Be(0)- (4.13)

<
|| (In l/lxl)p(ln(z) l/lxl)2

Let u,, C W&’P (Q)) be bounded. Then there exists a subsequence, still denoted by u,,
Uy — U in WS’P(Q), Uy — uin LP. By (4.13), we have

J |”m_”|p
B:0) |x|?(In1/]x])? (In® 1/]x])* (4.14)

+CI |ty — | P dx.
o

J it —u|? f(x)dx < C
Q

By Theorem 4.4, we have

J |ty — u|? d < 1 J |ty — u|?
8.0 |x[?(In1/1x])? (In® 1/1x[)*> ~ ~ (In® 1/€)* Jse(0) |x12 [ In1/]x]| P

(4.15)
<< | Dty — Dul|? — 0
(In? 1/¢)’ P
as € — 0. Hence the proof follows. O
Proof of Theorem 4.8. We look for the critical points of the functional
1 4 [ul?
I u=—J Dulffdx-~| ———— 4.16
u(u) p Q| | pJa|x|?(InR/|x|)? (4.16)

which is Gateaux differentiable and coercive on W& "?(Q)). We minimize this functional I,
over the manifold M = {u € W(}’p(Q) | [ f(x)|ulPdxdx =1} and let A, (f,u) be the infi-
mum. We can choose a special minimizing sequence u,, € M with I,,(u,,) = A, (f, ) and
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component of DI, (u,,) restricted to M tends to 0 strongly in W, e (Q2). By Theorem 4.4
and y < (p/(p — 1)), we know that {u,,} is a bounded sequence, hence we have for a sub-
sequence, still denoted by {uy,}, U, — uin WS’P(Q), Uy — uin LP(Q, |x|"P(InR/|x|)~F),
and u,, — u in LP(Q)). By Lemma 4.9, we have W(} P(Q) is compactly embedded in
LP(Q, ), hence u € M. Further, u,, satisfies in D’ (Q))

|um|P_2um )

x| (InR/|x|)? =’\m<|“m|P72“mf>+fm, (4.17)

—(div(|Dum 1”"*Du,,) +u

where f,, — 0in Wo_l’p’(Q) and A,, — A as m — oo. By Theorem 2.1 in [2], we have Du,, —
Du almost everywhere in Q. By Brézis-Leib Lemma [3], we have

Avu(fop) = |Dum _Du|§ —H | Um — “|§,\x\fp1n*PR/\x\

p p
+|D”|P_P‘|”|p,\xrﬂln*PR/\x\+0(1) (4.18)

= ((%)P _”) |l a-otao 1z 41 (Fot0) +0(1),

hence we have I,(u) = A1(f,u). By Theorem 2.1 in [2], we conclude that u is a weak
solution of (4.9) corresponding to A = A, (f,u). Similar to [1], we have A, (f,u) = A1 (f).
O
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