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1. Introduction
This paper deals with a hyperbolic equation with boundary memory source terms:

px)u —Au' —Au=g(u), xeQ,t>0,
u=0, x€lyt>0,

, 1.1
aa”; JKt— nu(t))dr, xeTly, t>0, (L1)

(O,x) =up(x), (Vpu')(0,x) = (Vpur)(x), x€Q,

where u = u(t,x), Q is a bounded domain of RN (N > 1) with sufficiently smooth bound-
ary 0Q =Ty uUTy, Ty n T} = @, where Ty and T} have positive measures. u’ = du/ot,
u" = 0*u/dt*. Equations of type (1.1) are of interest in many applications such as in the
theory of electromagnetic materials with memory which obey the Ohm’s law. It can also
describe the temperature evolution in a rigid conductor with a memory. We refer to [8, 9]
to see the details. In many works concerned with equations of type (1.1), we cite Aassila
etal. [1], where the following wave equation was considered:

u' —Au+ fo(Vu) =0, xe€Q,t>0,
u=0, xe&lyt>0,
(1.2)
—+g JKt— u(t))dr, xeTy, t>0,

u(0,x) = up(x), u'(0,x) =u;(x), xe€Q.
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2 Global solutions for a nonlinear hyperbolic equation

Under some conditions on nonlinear terms, they acquired the existence and uniform
decay of solutions. Recently, Park and Park [12] generalized problem (1.2) by endowing
with some discontinuous and multivalued terms. For more related works, we refer to
(3, 4, 7, 11, 13] and the references therein. For problem (1.1) without memory source
term, we point out the work [6] of Cavalcanti et al., where they investigated the following
equation with boundary damping:

plx)u” —Au=0, xe€Q,t>0,

u=0, Xero,t>0,

ou , (1.3)
$+f(u )+g(u)=0, xeli, t>0,

u(0,x) = up(x), Jpu'(0,x) = Jpui(x), x€Q.

Through a partition of boundary I and Galerkin procedures, they acquired the existence
and decay behavior of the solution to problem (1.3). In another work of theirs [5], using
similar method, they studied problem (1.3) with p = 1 and the source term g(u) = |u|?Pu
coupled in the first equation. Motivated by the above works, we are devoted to study
problem (1.1). By virtue of the potential well method, and through Galerkin procedures,
we acquire the global existence and decay property of perturbed energy of solutions of
problem (1.1). The organization of this paper is as follows. In Section 2, we make as-
sumptions and introduce a potential well, and then state the main results. In Section 3,
making use of Galerkin procedures, we study the existence of solution of problem (1.1).
And in the last section, we derive the uniform decay by the perturbed energy method.

2. Assumptions and main results

In this section, we first give the notations used throughout this paper:

(w,v) = JQ u(x)v(x)dx, (u,v)r, = Jr u(x)v(x)dr,

Ity = ey 1+ 1= 1+ 2o, @1
I llryp = 1= Mlzecry)s Ity =1 ey,
and 7" denotes the conjugate exponent of r > 1.
Define
V={ueH(Q):u=00nT,}. (2.2)

Since the measure of Iy is positive, Poincare inequality holds and trace embedding theo-
rem holds (see [2]), we know that || Vu/| is equivalent to the norm on V. Let y; and y; be
the optimal constants such that

lull <willVull, llulle, <@llVull YueV. (2.3)

Now we make the following assumptions.
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(A1) f € C(R), f(s)s =0, and there exist positive constants k; and k; such that

kilsli™ < | f(s)| < kalsl®,

where2<g< o if N=1,2,2<qg<2(N—-1)/(N—-2)if N > 3.
(A;) g € C(R), g(s) s = 0, and there exists positive constant k3 such that

1§ | < kslsl?,

where 1 < p< o if N=1,2;1<p<N/(N-2)if N = 3.
(A3) K: Ry — R, is a continuously differentiable function verifying

K'(t) = —kK(H) Vi=0,  K(0)>0, 1—,5]0 K(s)ds2 L >0,

where k4 > 0.
(A4) h(t,s) is measurable with 7 and continuous with s, and it satisfies

K(7)
K(0)

|h(T,s) —s| < Is|] VseR,7>0.

(As) p(x) = 0,p#0and p € L*(Q).
(Ag) Assume that the initial data

uo,u1 € VnH?(Q)
and satisfy the compatibility conditions

—A(ug+ur) =g(up), x€Q,
up=0, u =0, xel“o,

duo | o

5 T, +f(u) =0, xeTi.

Remark 2.1. (i) The assumptions (As) and (A4) imply that h(7,s) = (1+K(1))s.

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(ii) Given u; € V.n H¥?(Q), by the assumption (A;) and the theory of elliptic prob-

lems, we see that problem (2.9) admits a weak solution ug € V. n HY?(Q).

Let By > 0 be the optimal constant such that
Ivllps1 <BsIVVIl VveV,

where p is the number given in the assumption (A;).

(2.10)
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If we define
B2 o ((1/(p+1>>||v||§1}>
S N S 2V VTR &
then
Bp+1 1
== Sy SBelTvIr vvev.

Now for some function u, we define

p+l
1 u |p+1)

J) = 211 9ull -

(2.11)

(2.12)

E(t) = %||\/ﬁu'”2+%||Vu|lz—L}G(u)dx— ;(L dT)Hu t)”r, KDu)(t),

where

S t
G(s) = Lg(ﬂ)dq, (KOuw)(t) = L K(t—1)||h(t,u(r)) — u(t)le“ldt

Putting

0o |t~

d% inf {sup](lu)}, H\) £

ueV,u#0 150

We have the following result.
ProrosITION 2.2. Let the assumptions (Az)—(Aas) be fulfilled. It holds that

_ _ _(p—-DL.,
d—rﬁli)xH(A) =H(lo) = 2(p+l)A°°’
where Ao = (L/(p + 1)k3 B )V (P~ 1),
If I Vull < Ao, then
2 - 2(p+1)
Jw)=0,  [[Vull 0 1)LE(t)

Proof. From

H'0) =LA~ (p+ DsBod? = [L= (p+ DlsBol 1A

A2 — k3B APt A >0.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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we see that Ao, = [L/((p + 1)k3Bs )]V P~V is the maximum point of H. Hence,

maxH(A) = H(As) = (p= DL

2
150 2(p+1)l°°'

Note the definition of B, by the direct computation, we have

d= inf {sup](lu)}

ucV,u#0 150

2/(p—1)
LL\YPD ks (L\@Vev] |V u]| P!
==zl -— inf | ——F5
2 \k; p+1\ks ueV,uto \ lull?

ptl

= — AZ
2(p+1) \ (p+1)k3B e

(p-1L L YD L
C2(p+1)

Thus the first conclusion is valid.
If | Vu|| < Ao, then we obtain

L L )

E(t) = J(u(t)) = EHVMHZ — k3B || Vul|P*! > ||Vu\|2<§ — k3BoA% 1)
B (L L _(p-1L 5
= 1Vul (2 p+1>_2(p+1) IVull

Thus the second conclusion is valid.

(2.19)

(2.20)

(2.21)

O

Remark 2.3. The number d defined in Proposition 2.2 is the Mountain Pass level related

to the elliptic problem

—LAu = ks|ul? 'y, xeQ,
u=0, x €T,
u
— =0, eIy,
oy x !

see [5] or [14]. In fact, d is equal to the number

inf sup J(a(t)),

acA te[0,1]

where

A={ae C([0,1;V); a(0) =0, J(a(1)) < 0}.

(2.22)

(2.23)

(2.24)
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Now we are in a position to state the main results of this paper.

THEOREM 2.4. Let the assumptions (A1)—(As) hold. If in addition, the initial data satisfy
[|Vuol| < Ao, E(0) < d, (2.25)

then for any T >0, problem (1.1) admits a solution u € L*(0,T;V) and satisfies ./pu’ €
L*(0,T;L*(Q)), ' € L*(0,T; V), pu’’ € L9 (0, T; L2(Q)).

THEOREM 2.5. Let u be the solution obtained in Theorem 2.4. If q = 2, then the solution u
verifies the following decay estimate:

E(t) < 3dexp ( - %Ct) Vi=0 (2.26)

for some positive constant C.

3. Proof of Theorem 2.4

In this section, we will use Faedo-Galerkin procedure to prove Theorem 2.4.
Step 1. Let {wi};., be a basis in V, which is orthogonal in L?(Q). For fixed n, let

Vo= [wi,...,w0,] (3.1)

be the linear span of {wi}}_,, and let

pe=pte (£>0), uu(t)= quk,, Jwi € V. (3.2)
k=1

Consider the Cauchy problem:

(petteys @) + (Vg (1), V) + (Vten(£), V) + (f () @),

(3.3)
= (g (ten),@ j K(t= 1) (h(7, 4en(7)), @), dr, V@ € Vi,
Uen(0) = Z Qekn(0)wx — 1y strongly in V, (3.4)
k=1
U, (0) = > qln(0)wr — uy  strongly in L*(Q). (3.5)
k=1

By the standard method of ordinary differential equations, system (3.3)-(3.4) has a local
solution u,(t) on interval (0,t,) with gek,(f) € W>1(0,£,). The extension of this solu-
tion to the whole interval [0, oo) will be deduced by a series a priori estimates.
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Using the method exploited in the paper [15], we can construct the energy function
and the energy identity associated to problem (3.3)-(3.4) as follows:

1 , 1
0 = SlINpetin |+ 3Vt = | Glatn) s

(3.6)
— _<J K(1) d1>||ugn(t ||rl KDum)(t)
sn(t Een 5) J’ J Uey 77) )drdl’]
-] ||Vu;n(n>||2dn+§j (KOt ) ()

K(0) (* t
+ 5 [0 ten) — wen Il = 3 | K ten

for 0 < s <t<tg.
Using the assumption (Ay), it is easily known that

¢ t
B Ot ) = ol =5 [ KOl dn <0, 39)

Then using the assumption (As), (3.7) and (3.8) imply that E,,(¢) is a decreasing function.
By the assumption (A;), we see that

|G(u)| < CylulP*, (3.9)

Here and in the sequel C;, i = 1,2,..., will denote various constants independent of ¢ and
n. Exploiting the continuity of the Nemyskii operator and (3.4), it follows that

J G(uog,,)dx—»J G(ug)dx asn— oo, (3.10)
Q Q

Therefore, using (3.4) and (3.5), it entails

E.,(0) — E(0) asn— oo, e — 0. (3.11)
Define
B2 sup ((1/<p+1>>||u||§i}) La ( L )”“"”
" Vul[pt! ’ " +1)k3B, ’
UEV,yu#0 I Vull (p+1ks (3.12)
A (P_ l)L/\2

" 2(p+1)



8 Global solutions for a nonlinear hyperbolic equation

By the assumption (A;), it follows that

0<B,<By1 <+ <Byw, Aw=<-"=<Ap1=<Apd=<---<dyy1<d,, n=1
(3.13)

By (2.25), (3.4), (3.5), (3.11), and (3.13), we know that, for sufficiently large #ny and suf-
ficiently small ¢,

|| Ve, (0)|| <Ans  Een(0) <d,, 1= nyg, & < &. (3.14)

From now on, we may assume that n > ny and € < . By (3.6) and the assumptions (A;)
and (As), we deduce that

Ea(t) = 2| Vatn O~ ksBo | Vucn Ol = Hy ([Van(Ol), (3.15)

where H, (1) = (L/2)A* — k3 B,AP*™! has the similar property of the function H defined in
Proposition 2.2. It is easy to verify that H, is increasing for 0 < A < A,, and decreasing for
A> Ay, Hy(Ay) = dy, and Hy(A) — —o0 as A — 400, Since E.,(0) < d,,, there exist A} < A, <
A% such that H,(AL) = H,(A2) = E¢,(0). From (3.7) and (3.8), we have

Eeu(t) < E,(0)  Vte[0,t). (3.16)

Denote A = || Vi, (0)]], so A < A,.. By (3.15), we have H,(A9) < E,,,(0), thus A% < AL.
We claim that ||Vue, ()l < AL for all t € [0,t,). Suppose, by contradiction, that
Ve, (to)ll > AL for some £y € (0,t,). From the continuity of || Vug,(-)|l, we can sup-
pose that ”vusn(to)” < An- Then bY (3-15)’ Een(tO) = Hn(Hvuen(tO)”) > Hn(/l;) = Esn(o))

which contradicts (3.16). From (3.14) and (3.16), it yields E,,(¢) < d,, for t € [0,%,). Then
using (3.13), one gets

[Vuen(]| <A1, Een(t) <y (3.17)

for t € [0,ts,). By (3.17), the assumption (A;), and the Sobolev embedding theorem, we
deduce that

k
joc(um)dx <l = Ca (3.18)

Therefore, from (3.6), (3.17), and (3.18), it follows that

|[\petity (D] < Cs. (3.19)

Estimates (3.17) and (3.19) imply that ¢, = co.
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For any T >0 and for all ¢ € [0, T], by the assumptions (A;), (As), and (A4), we get
from (3.7), (3.14), and (3.16) that

t
L Vi, (7)||Pdr < Ca,
(3.20)

t
0

J

Then using the assumptions (A;)-(A;), the Sobolev embedding theorem, (3.13), and
(3.20), we derive that, for all t € [0, T],

(DI g7 <K | (i (0)) 11 (2)) 7 < G

t , ,
| I pdr=Co lguallfih) = c- (3.21)

Similarly, by the assumptions (A3)-(A4) and the Sobolev embedding theorem, it leads to

t t
L |7 (7, en (7)) ||, dT < Cs, H JO K(t—1)h(1,ue(1))dr

<Cy Vte]l0,T].
I
(3.22)

Replacing w in (3.3) with v € V, and exploiting the Holder inequality, the Sobolev em-
bedding theorem, (3.17), (3.21), and (3.22), it entails

| (petiensv) | < Cw(llwénll [V uenll + 11 (uen)llr, g + 118 (wen) [ g1y

t
+ J K(t— T)h(Tausn(T))dT
0

) 1ol (3.23)
T

1

lpettinll < Coa (1+ 1 Vatl ||+ 11 ()15, o)

forallt € [0,T].
Integrating the above inequality over [0,f], using (3.20)-(3.21) and the Hoélder in-
equality, we get

t , t , ,
J, loaialdr = Coa | (14 lIVag | +1f (i) I )dr < € (320
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Step 2. The limiting process. From the estimates (3.17), (3.19)—(3.24), using the standard

arguments, it yields that, up to a subsequence, as n — co,
Uen — ue  weakly™ in L®(0,T; V),
Jpettey — Jpeur  weakly® in L (0, T;L*(Q)),
u., — u, weaklyin L*(0,T;V),
fug,) —y weakly™ in L7 ((0,T) xT}),
g(tten) — x  weakly™ in L* (0, T;LP*V(Q)),
h(t,ue,) — & weakly in L*(0, T;L*(Q0)),

pett, — pet)  weakly™ in L9 (0, T; L?(Q2)).

(3.25)

(3.26)
(3.27)
(3.28)
(3.29)
(3.30)

Since V = L2(Q) and V — L?(T;), then by the Aubin-Lions compactness lemma [10, The-

orem 5.1], we get from (3.25) and (3.26) that, as n — oo,

Uen — U strongly in L (0, T;L?(€))) and a.e. on (0, T) x Q,

u,, — u. strongly in L*(0, T; L*(Q

en

)
Uen — U strongly in L (0, T;L?(T;)) and a.e. on (0,T) x T,
)) and a.e. on (0,T) X Q,
)

u., — u, stronglyin L*(0,T;L*(T;)) and a.e. on (0,T) x Iy,
From (3.25), (3.26), and (3.30), we acquire, as n — oo,
(then,w) — (ue,w) weakly in L*[0,T],
(u.,,w) — (u.,w) weaklyin L*[0,T],
(pettyw) — (peul sw)  weakly in L9[0, T].
Note that W2[0,T] = C[0,T] and W"4" — C[0, T], from (3.35), we get that
(1en(0), ) — (e(0), @), (14,,(0), @) — (1(0), ),
and hence
u(0)=uy inV, u.(0) =u; inL*(Q).

Now letting #n — o0 in (3.3) and using (3.25)—(3.37), we acquire
T
J [(pert ,v) + (Vul, Vv) + (Viue, Vv) + (p,v)r, — (x,v)]dt
0

_ LT ﬂK(t — ) (E v drdt

foranyv e V.

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)



F. Sun and M. Wang 11

Step 3. We first prove y = f(u;). By (3.33), the continuity of f(s), we see that f(ug,) —
f(ug) and a.e. on (0,T) x T';. Thus by use of (3.21), and of Lions’ [10, Lemma 1.3], we
have f(u,,) — f(u.) weakly in L7 ((0,T) x T1). Then (3.27) and the uniqueness of weak*
limit give y = f(u}) in L7 ((0, T) x T1). By analogous analysis, one can get £ = h(t,u.(t))
in L2((0,T) x Iy).

Below we show y = g(u,) along the line of the paper [16]. By (3.31) and the continuity
of g(s), we have g(us,) — g(u,) a.e. on Qr = (0,T) x Q. Therefore, exploiting Lusin and
Egoroff’s theorem, for any § > 0, there exists a measurable set Q C Qr such that |Q| < §,
and g(ue,) — g(u,) uniformly on Q7 \ Q as n — . By the Sobolev embedding theorem,
we know from (3.25) that u, € LP™'(Qr). And hence the assumption (A;) implies that
g(u;) € LP*V'(Qr). For any p > p, by the use of (3.28), we get

llg (sen) _g(us)”L(ﬁ*l)'(Q) <lg (tten) _g(us)||L<P*1>'(Q)‘s(ﬁ_m/(ﬁﬂ)(p“)

R R (3.39)
< C145(p—p)/(p+l)(p+l).
So,as n — oo,
llg (ven) — g (use)| |L(13+l)’(QT)
< |lg (vten) _g(”E)”L(ﬁH)’(Q) +||g (ten) —g(us)”mm'(QT\Q) (3.40)
< Cy58 PPV (p+1)(p+1),
By the arbitrariness of §, we get that, as n — o,
g(ten) — g(u) strongly in LV (Qr). (3.41)

Using (3.28), (3.41), and the uniqueness of weak* limit, we acquire that y = g(u,) in

LP(Qp).
Because C{ (Qr) is dense in LP*1(Qr), for any ¢ € LP*!1(Qr), we can choose a sequence
{®n}, ¢ in CF(Qr) (n=1,2,...), such that ¢, — ¢ strongly in L?*!(Qr), and

<lg (ue) _XHL(P“)/(QT)H(Pﬂ - ¢||LP“(QT) —0 (3.42)

T
IR

as n — oo, From (3.42), it follows that

T

T
JO (g(ue) —xo¢)dt = lim | - (g (ue) = Yo ¢n)dt — 0, (3.43)

glue) =x in L7V (Qr).
Note that all the estimates above are independent of ¢, then using the similar arguments as

above and letting € — 0, there exists a limit function u of u, being the solution of problem
(1.1). The proof of Theorem 2.4 is completed.
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4. Proof of Theorem 2.5

In order to derive the decay property of the solution given by Theorem 2.4, we divide the
proof into two cases.
Case 1. Suppose that

t

L (Ipw' (DI + IV (o)) de < E(s) 4.1)

forall # > 0. In this situation, we first prove two lemmas, then based on them, we complete
the proof.
Define

m(t) = (pu' (H),u(t)) -k JO Ve I +IVu@|Pldr,  E(8) = Et) + om(0),

(4.2)
where k = 31K ll11(0,00) + (p + 1) L/2.
LemMa 4.1. There exists Ky > 0 such that for each o > 0,
|E°(t) - E(t)| < oK E(t) Vt=0. (4.3)
Proof. By the definition of B, and B, it is easy to get lim,—« B, = B, and so
lim A, = Aw, lim d, = do. (4.4)

n—oo n—oo

Since [[Vug,(t)ll <A, and Eg,(t) < dy, by letting n — oo and € — 0, we know that
IVu(t)ll < Ao and E(t) < dw. Therefore, by the conclusion of Proposition 2.2, we know
that

Ivulf = ) L ), (45)
1 2
a0 = [ Glun)ds > 7(u(v) = 0 (4.6)

Then by the assumptions (A3)-(A4) and the second inequality of (2.3), it is easy to show

1 , L
B0 = 3 pu 0l + SIVul - | 6ute)d (4.7)
Applying the Holder inequality, the Young inequality, (2.3), and (4.5)—(4.7), we have
[ (pu' (), u(®) | = [[\pll|[vou @[]

2
||f||m||[ @I+ £ vl (4.8)

1
= (INpIE+ Bt e

Take K; = k+ [l /pll% + ((p+1)/(p — 1))L "'y, we conclude the result. O
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LEMMA 4.2. There exist K; > 0 and o1 > 0 such that
(E%) (t) < —0K,E(t) Vt=0, Vo e (0,0]. (4.9)

Proof. Using problem (1.1), we get that
m' (1) = (pu” (H),u(t)) + (pu' (0),u'(£)) — k[ || ypu (8)|* + || Vuu(1)| ]
= — (V' (1), V() — [|Vu®)|]* = (fF'(£),u(®))y, + (g (D), u(t))

+J'OK(t_T)(h(_[’u(.r)),u(t))rld-r+(pu'( ),u' (1)) [H\/ﬁu (1) || +||Vu ||2]
_ _E(t)+§||p||oo||u’<t>||2 V0, V(D) - (% +k)||Vu(t)||2 _ Igc(u(t))dx
=3 ([ K@) 1, + S KO0 - (£ (0),ut0)

T (g (), u(t)) +LK(t—T)(h(r,u(r)),u(t))rldr.
(4.10)

Exploiting assumptions (A3), (A4), the Holder inequality, the Young inequality, and (2.3),
we have

JK t =) (h(r,u(r)),u(t))d
sy%nKnLl(o,mllw(t)llz+i [/ Kt Dl ae (a11)
< IRl Vol + 5 KO0+ 5 ( [ Ko futo],
|~ (T (0,9u(0) | = LIV + 7w 0] (412)

By the assumption (A;) and noting (4.6), we get

[ (), u®)] =kl = LEVE I gueo), (4.13)

Applying the assumption (A;) with g = 2, the Holder inequality, the trace embedding
theorem, and the Young inequality, we have

|~ (@), | = kalld Ol Ol < IV O+ 1VuIP. (214)

Combining (4.5), (4.10)—(4.14), and the assumptions (A;) and (A4), we get

m'(t) < —E(t)( lpllopd + K3p5 + 1)||Vu'(t)||2+(KDu)(t). (4.15)
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Moreover, by the assumptions (A1), (A3), and (A4), we get from (3.7) and (3.8) that

E() < ~|[Vu (0] + 3 (K'Ou) (1)

<—||vu' )| - %(KDu)(t).

Combining (4.15) and (4.16), we get

(E) (£) = E'(t) + om (£) < —0E(t) - (% - 0) (KOw)(1)

~[1=o(Zlpllasd + But 1) |Ivw o

Now we choose ¢ sufficiently small such that

%—0>0, 1—0<%||p||my%+k§y§+l)>0.

Then take K; = ¢ in (4.17) to complete the proof.

(4.16)

(4.17)

(4.18)

O

Completion of the proof of Case 1. Let 0y = min{1/(2K;),0; }. Then for o € (0, 09 ], we know

from Lemma 4.1 that

%E(t) < E°(t) < JE(1).

[\

Set K3 = 0K, = 62, by Lemma 4.2 and (4.19), it yields

(B°) () < —KE(t) < —%I@E"(t).

Hence

d 2
g[E”(t)exp<§K3t)] <0 Vt=0.

Integrating (4.21) and using (4.19), we have
2
E(t) < 3E(0) exp ( - 51<3t> Vi=0.

The proof of Case 1 is completed.
Case 2. Suppose that there exists a fp > 0 such that

to

L (Ilype (O +[|Vau(0)|* ) dr > E(to).

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

Without loss of generality, we suppose that #, > 0 and is the first one such that the above
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inequality holds. This fells out that

to

L (Ivpw @I+ Vu(o)l)dz < B(t) Ve e [0,t). (4.24)

Then along the line of proofs for Case 1, we deduce that (4.22) holds for each t € [0, o).
On the other hand, by (4.5)-(4.6) and the nonincreasing property of E(t), we easily get
that for all ¢ > t,

lvp O +[|Vu(®)|* < CE(t) < CE(to)
< CLO [lIvpw ()| +1|Vu(o)|* | dr (4.25)

t
<c| [Ivpw @I +[Ivu) ]z,

where C is a positive constant. Then by the Gronwall inequality and noting that p # 0,
we infer from (4.25) that u = 0 as ¢ > t,. Therefore, the decay property of u is trivial for
t > ty. Case 2 is proved.

Combining Case 1 and Case 2, we complete the proof Theorem 2.5.
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