GLOBAL BEHAVIOR OF INTEGRAL TRANSFORMS
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We obtain global estimates for various integral transforms of positive differentiable func-
tions that satisfy inequalities of the type ¢; f (x)/x < — f'(x) < ¢, f (x)/x, for x > 0.
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1. Introduction

In a recent article, Berndt [1] obtained the following global estimate for the Fourier sine
transform of the function f:

44(2) <[ s 2(2), ven

where A and B are positive constants, provided that f is a differentiable function defined
on (0, o) that satisfies

fx)

1
X

f(x)

>
X

c <—fx)<c (1.2)

where ¢; and ¢, are constants with
0<c <6 <2 (1.3)

It should be remarked that asymptotic estimates of the behavior of the sine and of other
integral transforms of regularly varying functions [6] in terms of the function f(1/x)
had been obtained before [7-9], both as x — 0 and as x — co. However, (1.1) is a global
estimate that not only considers the endpoint behavior but also holds for all x > 0.

Our aim in this article is to generalize (1.1) in two directions. On the one hand, we
want to consider other kernels than sine, so we will give conditions on the kernel k(x)
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2 Global behavior of integral transforms

such that an estimate of the form

D) s El) oo

holds if f satisfies (1.2).

On the other hand, we will remove the condition ¢, < 2 for the sine transform. Actu-
ally, this condition was imposed by Berndt to guarantee the integrability of sin(ux) f (x) at
x = 0; if ¢; > 2, this function might not be integrable near x = 0. In such a case, the ordi-
nary sine transform of f will not exist, but one may consider regularizations of f which
are tempered distribution of the space ¥’, and whose Fourier sine transforms satisfy a
global estimate as in (1.1), modulo a polynomial. In this way, we remove the problem
of nonintegrability at x = 0. We are also able to remove the integrability condition (in
general, if ¢; = 1, f may not be integrable at 0) and obtain global estimates modulo a
polynomial for the Laplace transform of f.

Our analysis is based on a characterization of the class of function U, which con-
sists of those differentiable functions that satisfy (1.2). This characterization is given in
Section 3. Using this characterization we are able to give several global estimates for inte-
gral transforms of elements of U, both for general oscillatory kernels, particularly for the
sine transform, and for the Laplace transform in Sections 4 and 5.

2. Preliminaries

In this section, we explain the spaces of test functions and distributions employed in this
article. We also present some of the properties of these spaces that will be needed in our
analysis.

The space & of test functions of rapid decay and its dual space ¥’, space of tempered
distributions, are well known [4, 5, 10, 11].

We will discuss the concept of regularization [4, 5, 11]. If f is a function, denote by
supp f the closure of the set of points for which f does not vanish. Let f be a real-valued
function, which we assume to be locally integrable in R\ {0}; we say that a distribution
f € ¥ is aregularization of f at 0 if for all ¢ € ¥ with supp¢ < (—0,0) U (0, 0), we have

~

(Foo00) = [ Fptode @)

Of course, we assume that the integral in the right of the last equality makes sense. The
function f has a regularization at x = 0 if and only if it has an algebraic growth near
the origin in the Cesaro sense [3](see also [4, pages 297-332] for a complete discussion
of Cesaro behavior of distributions). If a function f has a regularization at 0, then it
has infinitely many regularizations at 0, and all of them are obtained by adding a linear
combination of the Dirac delta function and its derivatives concentrated at 0 [4, 10, 11].
Thus, given f and j?l, two regularizations of f at 0, they satisfy

i) = fx)+> a0 (x), (2.2)

for some real constants ag,...,qy.
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Let T be a linear continuous operator on . We define its transpose as the linear oper-
ator * T defined on &’ given by g —+ Tg, where * Tg is the tempered distribution defined
by

(("Tg)(x),0(x)) = (g(x),(T$)(x)). (2.3)

The Fourier transform of a tempered distribution is defined as the transpose operator of
the Fourier transform on the space of test functions of rapid decay at o [10]. If ¢ € &,
then its Fourier transform is again an element of & [4, 5, 10, 11]. Therefore, if g € &', we
define its Fourier transform G € ¥’ as

(G0,6(0) = (g0, | glweidu). (.4

We will define the sine transform of a tempered distribution in the same way as we defined
the Fourier transform. Note that if ¢ € &, then its sine transform, defined as

J: ¢ (u) sineu)du, (2.5)

is also an element of ¥. We define the sine transform on & as the transpose of the sine
transform on &.

The Laplace transform of a tempered distribution cannot be defined in every case.
However, it can be defined for tempered distributions whose support is bounded on the
left [11, pages 222-224]. In fact, if g € ¥’ with suppg < [0, ), we define L, the Laplace
transform of g, as the function

L(x) = (g(w),A(w)e™"), (2.6)

where A is any infinitely smooth function with support bounded on the left, which equals
one over a neighborhood of the support of g [11]. This definition is independent of the
choice of A.

3. Characterization of the class U

In this section, we will define and characterize the class of functions . The study of
integral transforms of elements in this class will be the central subject of this paper.

Definition 3.1. A positive, differentiable function f defined on (0, 00) is said to be an
element of ¥ if it satisfies

clms—f'(x)sg@, (3.1)

X

where ¢; and ¢, are positive numbers.

We will prove that the functions in U satisfy a variational property. Let us start by
setting

—tf'(®)

€(t) = O

(3.2)
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It follows that € satisfies
C1 SE(t) <¢, Vt>O0. (33)

By integrating —e(¢)/t, we obtain

log f(x) = - JX itt)dt +log f(1), (3.4)
1
and hence
f(x) =f(1)exp{—Lx itt)dt}, (3.5)

which gives us a representation formula for f. Conversely, if (3.3) and (3.5) hold, then f
satisfies (3.1). This fact is stated in the following lemma.

LemMA 3.2. A function f defined on (0, 0) belongs to the class U if and only if it satisfies
(3.5), where € satisfies (3.3).

In fact, the last lemma was obtained by Berndt independently in his dissertation |2,
Lemma 1.4]. We now give another characterization of the elements of .

THEOREM 3.3. A function f defined on (0,) belongs to U if and only if it is a positive
differentiable function and satisfies

1 < A < L, Vx e (0,00), Vue (0,1], (3.6)
u — f(x)  oue
LS 1y e (0,00), Vue [1,00) (3.7)
ue f(x) uc
Proof. We assume that f € 0. By Lemma 3.2,
*e(t
Flx) = f(l)exp{ - L it)dt}, (3.8)
where ¢; < €(t) < ¢;. Therefore,
flux) _ U@ _Jx”@ 73,
70 = exp R dt L dte. (3.9)
Let us take u € (0,1]. Then we have
J ﬂdt—J @dt:J €@ 4 (3.10)
1 t 1 t Xu t
Moreover,
1 dt o (*e(t) * dt 1
log(;) =(] quSJXMTdtSCZun7=10g<E). (3.11)

Therefore, (3.6) holds. By using a similar argument, we can see that (3.7) follows.
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Let us now assume the converse. First of all, we will show that f is a decreasing func-
tion. Let us take y > x; by setting u = x/y in (3.6), we obtain

f&) _ fOey) (x)’“ -
= >(2) =1, (3.12)
f) f) y
and so f is a decreasing function. Set now g(y) = log f(e”); by (3.6), we have
—aqu<g(y+u)—g(y) < —cu, Vu<o, (3.13)
or
— < M <—a, Vu<o. (3.14)
Taking u — 0~, we obtain
-0 =gy =-c, (3.15)
and hence
)
< (o) e’ <. (3.16)
Therefore,
af) gy < @f®) (3.17)
X X
and thus f € 0. O

CoRrOLLARY 3.4. If f belongs to 0, with constants c| and c,, then

f(t):o(t%), — (3.18)

Proof. According to Theorem 3.3,

o O

<0 . Vte(0,1]. (3.19)
Thus,

0<t2f(t) < f(1), Vte(0,1], (3.20)
as required. m

Note that the last corollary implies the integrability of f(u)sin(ux) (with respect to u),
in any interval (0,a), a < oo, only for ¢, < 2. Moreover, if k is continuous on (0, c0) and

k(t) =0O(t*), ast—0, (3.21)
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then for the integrability of f(u)k(ux) at 0 it is sufficient to have ¢, < « + 1. We observe
also that the corollary implies that any f € U admits regularizations in the space ¥ since
f(t) is bounded by a power of t as t — 0*.

It is interesting that one may obtain inequalities similar to (3.6) and (3.7) for functions
that do not belong to 2U. Indeed, the following result applies to oscillatory functions like
f(x) =x"¢(2+sinlnx).

THEOREM 3.5. Let f be a positive function defined in (0, o). Suppose that for each compact
set ] C (0,00) there are constants m = m(J) and M = M(J) with 0 < m < M such that

- f(ux)
"=

Then there exist constants Ky, 1 < q < 4, and cy, ¢, such that

<M, Vxe(0,00), Vuecj. (3.22)

K1 f(ux) KZ

o < o) = —, Vx e (0,00), Vue (0,1], (3.23)
LW K e (0,00), Vue [1,00). (3.24)
uCZ f(x) u“l
Proof. Let
) o
M, (u) = { ) YE (0, )} (3.25)

Then M is locally bounded in (0, o) and satisfies
M (uv) < My (u)Mi(v). (3.26)
If we now write Inu = n+ 6, where n € N and where 0 < 0 < 1, for u > 1, we obtain
M, (u) <sup {M,(ef):0<0<1}M,(e)", (3.27)

whenever u > 1, and thus the right inequality in (3.23) follows with K, = sup{M (e?) :
0<0 <1} and c; = —lnmax{M.(e),1}. This also gives us the left inequality in (3.24)
with K3 = 1/K;. The proof of the other two inequalities is similar (or can be obtained by
applying what we already proved to the function 1/f). O

4. Oscillatory kernels

Let f € 0. Suppose that ¢; < 2 in Definition 3.1. It was proved by Berndt [1] that its sine
transform satisfies

—f() Jf(u s1n(ux)du<—f<i), Vx>0. (4.1)

The previous inequality provides us an estimate of the global behavior for the sine trans-
form of f in terms of f(1/x).
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Our aim is to generalize (4.1) in two directions. First, we want to consider other kernels
than sine, so we will give conditions on the kernel such that an estimate similar to (4.1)
holds. Second, we will remove the condition ¢, < 2 for the sine transform; in such a case,
the sine transform of f will exist as a tempered distribution satisfying a global estimate
asin (4.1), modulo a polynomial.

For our first goal, we define the k transform of f as the function F given by

Flx) = J: k() f (). (4.2)

We will assume that k satisfies
(1) k is continuous on [0, % );
(2) k has only simple zeros, located at t = A,,, where {1, }, satisfies that Ao = 0, and
M <A <---<A,<---, where A, — 00 as n — o0; k changes sign at every A,,
being positive on (Ag,41), and

Ayﬁ»l /ln+2
‘ J k(t)dt‘ > ‘ J k(t)dt'; (4.3)
An Ani1
(3) k(t) = O(t*), a = 0, t — 0.
We can now state our first theorem.
THEOREM 4.1. Let f be an element of the class 0. If k satisfies (1), (2), and (3), and ¢, <
a+1, then

Flx) = %f(%)h(x), Vx>0, (4.4)

where h is continuous and bounded above and below by positive constants. Hence there exist
positive constants A and B such that

A (1 B (1
Note that Theorem 4.1 is applicable to a wide class of kernels. For example, it applies
to the Hankel kernel defined by

K= 22000, v> -3, (4.6)

under the assumption ¢; < v+ 3/2. Let us consider the proof of Theorem 4.1.

Proof. 1f we perform a change of variables we obtain

Flx) = x! j: f(ﬁ)k(u)du. (4.7)

X

Let

do(x) = Jj f(%)k(u)du. (4.8)
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It follows that

F(x) =x7! i d,(x).

n=0

(4.9)

Since >, dn(x) is an alternating series and |d,(x)| decreases to zero as n — oo, we have

2n+1 2n

x 'Y di(x) = F(x) =x7' > dj(x), n=0,
=0 =0

which is equivalent to

Aani2 f(u/x)
0 f(1/x)

F(x) (M f(u/x)

Kwdu = =207 =)y T

In particular, for n = 0,

A2 f(u/x)
o f(1/x)

k(u)du < —E) <JM FW)nau

TxTUf(Ux) T Jo f(1/x)

Next, we will find positive constants A, B < oo such that

A
U f(u/x) -
. f(l/x)k(u)du_B, Vx>0,
A
2 f(u/x) N
. f(l/x)du_A’ Vx>0,

and then (4.5) will follow. By Theorem 3.3,

fwx) _ { 11 }

f(1/x) S we P
and hence
A f(u/x) A 1 1
. f(l/x)k(u)dus . max{%,ﬁ}k(u)du.
If we set

M
B= max{i,i}k(u)du,

0 uct Yy

k(u)du.

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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then (4.13) follows. Since f is a decreasing function and k is negative on (1;,15),

A f(u/x) Az f(u/x)
o f(1/x) n f(1/x)

A
- U f(u/x) L f(Mi/x)
_L T k| 6 Sk du (4.18)

(M (fwx) = f(M/x)) f/x)
—JO T kadus f(l/x),[ k(u)du,

k(u)du+

k(u)du

so that

e f (u/ M(f(w/x) = f(Mi/x))
0 FU )k() L (i) k(u)du. (4.19)

Therefore, applying the mean value theorem, we obtain

) 2) - ()

for some point # € (4,A;). Then, by the left inequality in Definition 3.1,

LA ﬁ) (ﬂ) M —u
f<x> f(x =af(§)" (4.21)
Since (1/7) f(n/x) = (1/A1) f (A1/x), we have
u M A\ er(A —u) A
(5)-1(3) =) 5= ar(3) (422)
Combining (4.19) and the last inequality, it follows that
2 f(u/x) o fu/x )
—— > . 4.2
. f(l/x)k( u)du > 7(/%) cik(u)du (4.23)
By Theorem 3.3, this implies that
Y f(u/x) 1 1) (™
0 F(U/) k(u)du > ¢, mln{)tcl )LCZ} k(u)du. (4.24)
Setting A equal to the right-hand side of the last inequality, the relation (4.14) has been
proved.
Set now
__Fi)
h(x) = (1) x>0, (4.25)
so that
h(x) = lim Z 4;(x) (4.26)

f(l/x)
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We will show that each d; is continuous. Pick xy € (0,0) and choose a such that a >
max{xg,1}. By Theorem 3.3

HOLS

so that, for any x € (0,a], it follows that

(ko

We have found an integrable function that dominates f(u/x)k(u) for x € (0,a], this im-
plies that

< max {x“,x2} f(u)k(u), (4.27)

<a® f(u)|k(u)]. (4.28)

lim d;(x) = d;(xo). (4.29)

X=X

Finally, we show that 4 is continuous. We claim that the convergence in (4.26) is uniform
on each interval [a,b], 0 < a < b < «. By (4.10),

& djlx | dyni1 (%) |
h(x) - > : 4.30
‘ (%) JZ;‘)f 1/ f(1/x) (4.30)
We also have
|d2n+1(x)| - J/lzwz f(u/x) 1 I/\zwz (E)
TR D fam KOS gy ), TG R L
(4.31)
f (Aans1/b) JM”“ f (A2ns1/b) J
< “F/a) |k(u)|du < “Fi/a) o (u)du.
Since the last term approaches to 0 as n — oo, the convergence in (4.26) is uniform on any
interval [a,b], 0 < a < b < oo, Therefore, h is continuous. O

We now consider the second generalization of the estimate (4.1). We want to empha-
size that the sine transform in this analysis will be considered as a tempered distribution,
so that we will take a regularization of f, instead of f. If we let ¢, > 2 with no restriction,
the sine transform of f may not exist, as we remarked at the end of Section 3. In order
to define a regularization of f, we need to extend f to the whole real line; we do this by
setting f(x) = 0 for x < 0; for the sake of simplicity, we will keep denoting this extension
by f.

We state our second result.

THEOREM 4.2. Let f € 0. Suppose that f is any regularization of f in &’ and denote the
sine transform of f by F. Then for all x > 0 either

F(x) = h(xx) f (x) P(x), (4.32)
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or

Fx) = -1 f()—i) 1 P(), (4.33)

X

where h is continuous and bounded above and below by positive constants and P is a poly-
nomial.

Proof. It is known that any two regularizations of f, say f and f;, satisty

m
fx) = filx)+> a6V (x), (4.34)
i=0
where ag, ai,..., a,, are some real constants. Observe that the sine transform of the sum

of delta functions and its derivatives on the right-hand side is a polynomial. To see this
fact, let ¢ be a test function of the space ¥, k € N; then,

<8(k) (x),Jm o(u) sin(ux)du> =0, ifkiseven;
0
<5<k>(x),Lm ¢(u)sin(ux)du> - Jom(—x)k(p(x)dx, itk =4j+1; (4.35)
<5<k> (x),J: ¢(x)sin(ux)du> - J: Fo(x)dx, ifk=4j+3.

Therefore, it suffices to work with any particular regularization of f. So we will find a
regularization of f for which the conclusion of the theorem holds. We will suppose that
¢y > 2; otherwise, the conclusion of this theorem would be a consequence of Theorem 4.1.
Let n be the unique natural number such that

2n+1<c¢ <2n+3. (4.36)
We will divide the proof into two cases. We consider the cases when 7 is odd and then

when 7 is even.
Assume first that 7 is odd. Define now f as

N 2 2n+1 ¢(i)(0) ) 0
(f(x),0(x)) = . f(x)<¢(x)— > f x’)dx+ an(x)qﬁ(x)dx, (4.37)

i=0

for ¢ € F. We will prove that f is well defined. Let ¢ € &, then by Corollary 3.4,

2n+l o (j) .
fx) <¢(x) - ¢ ﬂ(o)x’) =0(x*"?7 ), x—0, (4.38)
i b

and so, by (4.36), it is integrable on (0,27). The integrability on (27, c0) is clear since
¢ € &. By a standard argument, f € ¥'.
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We will prove the formula for the sine transform of f. Denote by F the sine transform
of f. Let us now set

K(x) = sinx — Z (21+1 X2 (4.39)

Since # is odd,

K(x)=0, forx=>0. (4.40)

Using the definition of F , we have for x >0,

(ﬁ(x),gb(x)) = <]?(x),J'Ooo () sin(xu)du> = (J d(u)K (xu) du) X

flx ¢(u)sin(xu)du | dx (4.41)
e so(], )

e ()i

for every ¢ € & It follows that if x >0,

Fx) = l[rnf(%)K(u)du+Ljf<%)sinudu]. (4.42)

xXLJo

Hence F can be identified with a classical function, in the sense that F is the distribution
generated by the function given by (4.42).

Next we set
h(x) = %, for x > 0. (4.43)
We will find two constants, A and B, so that
A<h(x)<B, x>0. (4.44)
Notice that
an ) f(u/x) )
h(x) — f(l/x) K(u)du = o FOT%) sinudu. (4.45)
We also have that
4 f(u/x ) * flu/x ) 37rf(u/x) .
2 F(U/%) udu < o F(1x ) udu < nf(l/x)smudu. (4.46)

We can apply the argument that we used in Theorem 4.1 to find positive constants A" and
B’ such that

T fu/x) . (M S
. f(l/x)smudu_B, A < v F(U/%)

sinudu, (4.47)
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for all x € (0, 00). Using the last inequalities, we obtain that

S N ICZ ,
< <B. 4.48
A < o /) sinudu < B ( )
It follows that
o 11 o 11
mm{— —}K(u)dquA < h(x), h(x) < max3 —,— tK(u)du+ B,
0 ucr” ue 0 uct’ ye
(4.49)
which shows that 4 is bounded above and below by positive constants.
We now prove the continuity of /. The continuity of
® (u\ .
J f(—) sinudu (4.50)
2 X
follows from the proof of Theorem 4.1. Moreover, since
f(u/x) { 11 }
< —,— , 4.51
f(1/x) K(u) < max uer’ ye K(w) (4.51)
it follows by the Lebesgue dominated convergence theorem that
* flu/x) .
_ 4.52
h(x) o FOU/%) sinudu (4.52)

is continuous, and so is h(x). This completes the proof for the odd case.
We now assume that 7 is an even number. Define f as

2n+1

<f(x),¢(x))= Onf(x)( (x) — Z (/) ' )d +J f(x)¢(x)dx, (4.53)

for ¢ € F. It follows that f €d’. Set

J(x) = Zn: (_l)i xz’A+1 — sinx, (4.54)

which is a positive function, since # is an even number. Let F be the sine transform of f.
We have that if x > 0,

By =1 [ - Janf<%)](u)du " wa(@ sinudu]. (4.55)
Set

h(x)=————, x>0. (4.56)
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It follows that

(7" flw/x)
“Jo f1/x)

- “ fu/x)

h(x) 3n f(l/x)

J(uw)du

sinudu, (4.57)

for x > 0. We can find two positive constants, A”" and B”’, such that

47 51
- ACLY) sinudu < B", - ACLY)

s f(1/x) s (1) Sudu =A% (4.58)

From these inequalities, it follows that

3 . 1 1 . 3n 1 1 1%
mm{—,;}](u)dtﬁA < h(x), h(x) < . max{— 7s»](u)du+B ,

0 uc uct > E
(4.59)

which proves the required inequalities. The continuity of & can be established as in the
odd case. O
5. Laplace transform

In this section, we will give a result analogous to Theorem 4.2 for the Laplace transform.
The estimate is as follows.

TaeorEM 5.1. Let f € Y. Suppose that f is any regularization of f in &' and denote its
Laplace transform by L. Then for all x > 0, either

L(x) = @f(i) +P(), (5.1)
or
L(x) = —@ f% 1 P(x), (5.2)

where h is continuous and bounded above and below by positive constants, and P is a poly-
nomial.

Proof. We proceed as in Theorem 4.2. It suffices to consider a particular regularization of
f. Let n be the integer part of ¢;. We will consider two cases. First, we assume that # is
odd, and then we consider the even case.

Assume that 7 is odd. Define f as

(0)
il

~ 1 n i 00
(Fx), () = jo F) (¢(x> _v¢ )dx+ L FO$(x)dx, (53)
i—0
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for ¢ € &. Then, _)7 is a regularization of f in &’. Since supp f
form is well defined. Let us denote its Laplace transform by L, so that

Tx) = J f(u( Z ‘>du+ro Fwe ™ du

SN >(; $ 0 Y ()]

We now consider the following inequality:

i
(;) >0, forx>0.

(3N
&
|
1M

Set
1w _ o ()
ho) = ramy KW=e ;0 i

Then, we have

1 © _—u 1 0 _—y
JMdu+I ¢ dush(x)sj K(u )d +J "
1 uc 0 uct

0 uo

This completes the proof for the odd case.
Assume now that # is even. Set

e
i=0

it follows that
J(x) >0, forx>0.

Take A > 1 such that
1 © - 1 0 -
](u)du—J ](U)du_J'

A 0 U A

0 uc

We define f, a regularization of f, as
~ A LN
<ﬂw¢u»=jfu(wm—2¢

0 i=0

It follows that L, the Laplace transform of f, is given by

b= ([ {2 [ (2)e )

) 0
0 ) dx+ L f(x)p(x)dx
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00), its Laplace trans-

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)



16  Global behavior of integral transforms
Define now h by
_ I
h(x) = (/) (5.13)
We have that
1 A © —y
](—”)du+f 1) - | Sdu <o,
0 ua 1 U<« A U4
(5.14)
1 A © _—y
h < | ](”)dmj ](u)du—J <",
0 uc 1 uct A uc
so h is bounded above and below by positive constants. O
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