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1. Introduction
Let C be a closed convex subset of a real Hilbert space H. Recall that a mapping A of C
into H is called monotone if

(Au—Av,u—v) >0, (1.1)

forall u,v € C. A is called a-inverse strongly monotone if there exists a positive real num-
ber « such that

(Au—Av,u—v) > allAu— Av|?, (1.2)

for all u,v € C. It is well known that the variational inequality problem VI(A, C) is to find
u € C such that

(Au,v—u) =0, (1.3)
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for all v € C (see [1-3]). The set of solutions of the variational inequality problem is
denoted by Q. The variational inequality has been extensively studied in the literature,
see, for example, [4-6] and the references therein. A mapping S of C into itself is called
nonexpansive if

[ISu—Svll < [lu—vll, (1.4)

for all u,v € C. We denote by F(S) the set of fixed points of S.

For finding an element of F(S) N Q under the assumption that a set C C H is closed
and convex, a mapping S of C into itself is nonexpansive and a mapping A of C into
H is a-inverse strongly monotone, Takahashi and Toyoda [7] introduced the following
iterative scheme:

Xn+l :“nxn+(1 _(xn)SPC(-xn_AnA-xn)y (L.5)

for every n = 0,1,2,..., where Pc¢ is the metric projection of H onto C, xo = x € C, {a,}
is a sequence in (0,1), and {A,} is a sequence in (0,2«). They showed that if F(S) n Q
is nonempty, then the sequence {x,} generated by (1.5) converges weakly to some z €
F(S) N Q. Recently, Nadezhkina and Takahashi [8] introduced a so-called extragradient
method motivated by the idea of Korpelevi¢ [9] for finding a common element of the
set of fixed points of a nonexpansive mapping and the set of solutions of a variational
inequality problem. They obtained the following weak convergence theorem.

THEOREM 1.1 (see Nadezhkina and Takahashi [8]). Let C be a nonempty closed convex sub-
set of a real Hilbert space H. Let A : C — H be a monotone k-Lipschitz continuous mapping,
and let S: C — C be a nonexpansive mapping such that F(S) N Q # @. Let the sequences
{xn}, {yn} be generated by

xo=x€ H,
yn:PC(xn_/‘nAxn)’ (1.6)
Xni1 = QnXn + (1= ay)SPc (x4 — AwAyn), VYn=0,

where {A,} C [a,b] for some a,b € (0,1/k) and {a,} C [c,d] for some c,d € (0,1). Then the
sequences {x,}, {yn} converge weakly to the same point Pr(s)nq(xo).

Very recently, Zeng and Yao [10] introduced a new extragradient method for finding
a common element of the set of fixed points of a nonexpansive mapping and the set of
solutions of a variational inequality problem. They obtained the following strong conver-
gence theorem.

THEOREM 1.2 (see Zeng and Yao [10]). Let C be a nonempty closed convex subset of a real
Hilbert space H. Let A : C — H be a monotone k-Lipschitz continuous mapping, and let
S: C — C be a nonexpansive mapping such that F(S) N Q # O. Let the sequences {x,}, {yn}
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be generated by

Xo=x€H,
Yn = PC(xn _AnAxn)) (17)

Xni1 = anXo + (1 — ay) SPc(xn — ApAyy), Vn=0,

where {A,,} and {a,} satisfy the following conditions:

(a) {Ank} C (0,1 —9) for some § € (0,1);

(b) {an} C(0,1), > gy = o0, lim, ey = 0.

Then the sequences {x,} and {y,} converge strongly to the same point Prs)nq(xo) pro-
vided that

Vllijg”xnﬂ—xn” =0. (1.8)

Remark 1.3. The iterative scheme (1.6) in Theorem 1.1 has only weak convergence. The
iterative scheme (1.7) in Theorem 1.2 has strong convergence but imposed the assump-
tion (1.8) on the sequence {x,}.

In this paper, motivated by the iterative schemes (1.6) and (1.7), we introduced a new
extragradient method for finding a common element of the set of fixed points of a nonex-
pansive mapping and the set of solutions of the variational inequality problem for mono-
tone mapping. We obtain a strong convergence theorem under some mild conditions.

2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - || and let C be a closed
convex subset of H. It is well known that for any u € H, there exists unique yy € C such
that

|l = yol| = inf {llu—yll : y € C}. (2.1)

We denote yy by Pcu, where P is called the metric projection of H onto C. The metric
projection P¢ of H onto C has the following basic properties:
(i) IPcx — Pcyll < |lx = yll, forall x,y € H,

(ii) {x — y,Pcx — Pcy) = ||[Pcx — Pcyll?, for every x,y €H,

(iii) {x — Pcx,y — Pcx) <0, forallx e H, y € C,

(iv) llx = ylI> = llx — Pcx||> + ||y — Pcx||?, forall x € H, y € C.
Such property of P¢ will be crucial in the proof of our main results. Let A be a monotone
mapping of C into H. In the context of the variational inequality problem, it is easy to see
from (iv) that

ue Q< u="Pc(u—AAu), VA>O0. (2.2)
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A set-valued mapping T : H — 2¥ is called monotone if for all x,y € H, f € Tx and
g € Tyimply (x—y, f —g) > 0. A monotone mapping T : H — 2! is maximal if its graph
G(T) is not properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping T is maximal if and only if for (x,f) €e H X H, (x — y, f —
g) = 0 for every (y,¢) € G(T) implies that f € Tx. Let A be a monotone mapping of C
into H and let Ncv be the normal cone to C at v € C, that is,

Nev={weH:(v—uw) =0, Vue C}l. (2.3)

Define

(2.4)

Av+Ncv ifveC,
Tv = )
%] ifvecC

Then T is maximal monotone and 0 € Tv if and only if v € VI(C,A) (see [11]).
Now, we introduce several lemmas for our main results in this paper.

LEmMa 2.1 (see [12]). Let (E,(-,)) be an inner product space. Then, for all x,y,z € E and
o, B,y € [0,1] witha++y =1, one has

lax+ By +yzl* = allx|I* +BlylI* +yllzll* — afllx — ylI* — ayllx — zII* = Bylly — zII*.
(2.5)

LEmMa 2.2 (see [13]). Let {x,} and {y,} be bounded sequences in a Banach space X and
let {B,} be a sequence in [0,1] with 0 < liminf,_ 3, < limsup,_ ., Bn < 1. Suppose x,+1 =
(1 = Bu)yn + Buxn for all integers n = 0 and limsup,,_ . (I yus1 — Yull = lIx01 — x41l) < 0.
Then, limy— || yn — x4l = 0.

LEmMMA 2.3 (see [14]). Assume {a,} is a sequence of nonnegative real numbers such that
apyl = (1 _Yn)an"'(Sm (2.6)

where {y,} is a sequence in (0,1) and {8,} is a sequence such that
(1) Zro;ozl)/n = 005
(2) limsup,,_ o, 64/yn <0 0r X 18,1 < 0.

Then lim,,—.« a, = 0.

3. Main results

THEOREM 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a
monotone L-Lipschitz continuous mapping of C into H, and let S be a nonexpansive mapping
of C into itself such that F(S) N Q # @. For fixed u € H and given xy € H arbitrary, let the
sequences {x,}, {y.} be generated by

Yn = PC(xn _AnAxn):

3.1
Xn+l = (xnu+/—;nxn + YnSPC (xn - /lnA)/n)) ( )
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where {a,},{fn}, {yn} are three sequences in [0,1] satisfying the following conditions:
(Cl) oy +Putyn=1,
(C2) limy—way =0, X gty = 0,
(C3) 0 <liminf,_« B, <limsup,_ ., Bn <1,
(C4) limy,~ A, = 0.
Then {x,} converges strongly to Pr(s)nqu.

Proof. Let x* € F(S) N Q, then x* = Pc(x* — A,Ax*). Put t, = Pc(x, — A,Ay,). Substi-
tuting x by x, — 1,Ay, and y by x* in (iv), we have
||t _x*”z <%0 = AnAyn _x*”Z —[|xn = AnAyn — thz
= ||xn _X*Hz =240 (A Yu, X — x*) +/131||A)’n||2
_||xn_tn||2+2An<Aymxn_tn>_Ai”AynHz (3.2)
= ||xn _x*”Z +2)‘n<AJ’n>X* —ty) — ||xn - tn”z
= [[xn _x*”z = |lxn = thz + 24 (Ayn — AX™, %™ = yu)
+2An (AX*, x* _)/n> +2/1n<Ayn: Vn — tn>'

Using the fact that A is monotonic and x* is a solution of the variational inequality prob-
lem VI(A, C), we have

(Ay, — Ax*, x* — y,) <0, (Ax*, x* = y,) <0. (3.3)
It follows from (3.2) and (3.3) that
It _x*”z <||xn _x*”z — [on = thz + 240 (A, Y = tn)
= ||xn _X*Hz - ||(xn _yn) + ()’n - tn)||2+21n<Ayn>yn - tn>
= ||xn _x*||2 —||xn _)’nHz = 2(%u = V> Yn = tu)

- ||)’n - t”||2+2Aﬂ<Ayn> Yn — tn>

2 2 2
= [lon =2 |I" = {120 = yul[” = llyn = al]” + 2(x0 = AnAyn = ys tu = y)-
(3.4)

Substituting x by x, — A,Ax, and y by ¢, in (iii), we have
(%n = AnAXy — Y, tn — yu) < 0. (3.5)
It follows that

<xn - AnAyn — Y by — yrl) = (xn - /lnAxn = VYns by — }’n) + </1nAxr1 - AnAym by — }/n)

< (AnAxy = XA Yyt — yn) < AnL||x0 = yalll|tn = yull-
(3.6)
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By (3.4) and (3.6), we obtain

||tn_x*||25||xn_x*||2_Hxn_)’nHZ_||)’n_tn||2+2)LnL||xn_)’n||||tn_}’n”
2 2 2 2 2
< lxn = x*|I" = [ln = yul " = l[yn = tall" + AuL? ([0 = yull” + [y = tal ")
< [ = x*|* + (212 = 1) =yl |+ A2L2 = 1) |l — tal .
(3.7)

Since A, — 0 as n — oo, there exists a positive integer Ny such that A2L> — 1 < —1/2 when
n > Np. It follows from (3.7) that

[t = x* || < [l —x*|]. (3.8)
By (3.1), we have

[Feier = x| = [t + Buxn + yuSt — x*|| < aul[te = x* ||+ Bul 0w — [+ yul[tn — x|

< anlu =[]+ (1= o) || — 2] = max {[[u =™, [lxo = x*[[}.
(3.9)

Therefore, {x,} is bounded. Hence {t,}, {St,}, {Ax,}, and {Ay,} are also bounded.
Forall x,y € C, we get

||(I_AnA)x_(I_)LnA)yHZ:H(X_y)_/‘,n(Ax_Ay)Hz: ||x—y||2 —2An<x_)/)Ax_Ay>
+A2)|Ax — Ayl? < llx — ylI> +A2||Ax — Ayl
<|lx = ylI?+A2L% lx — ylI* = (1+L?A2) llx — y 1%,

(3.10)
which implies that
[[(I = AnA)x — (I =M1 A)y|| < (1+LA,) llx— yll. (3.11)
By (3.1) and (3.11), we have
th+l - tn” = ||PC(xn+l _)Ln+1Ayn+1) - PC(xn _AnAyn)H
= ||(xn+1 _/\n+1A)/n+1) - (xn _/lnAyn)”
= ||(xn+1 _/\nﬂAan) - (xn - )LnﬂAxn)
+ A i1 (A1 — Ayt — Axp) + AuAynl| 512)

< [[(nt1 = Anr1Axnir) = (%0 = A1 Axy ) ||

+ At ([A%ur [+ [[Ayner || + [|Axal[) + 2| Ayl
< (14 Aper L) |1 — Xal|

+ Anet ([JAxner|| + [[Ayner|| + [[Axul]) +Anl[Ayal |
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Set x,+1 = (1 — Bn)zu + Buxn. Then, we obtain

Qpe1U+ YnHSthrl _ anl + YnStn

el T En = 1 _ﬁnﬂ 1 _/—gn
Qn+1 ®n ) Yn+1
= - u+ Stys1 — St
<1_ﬁn+l 1_/3n 1_/—;n+1( i Vl)

Vn+1 )/n )
+| Sty.
< 1- ﬁnﬂ 1- ﬁn

Combining (3.12) and (3.13), we have

21 = 2al| = [[%ns1 — 2|

Fnt1 % Yn+1 3
1=Bu1 1=Pa ”u”—’—l—ﬁnﬂ(1-+—)LV'+1L)||X”Jrl el
+ 1211[;:1 A1 ([Axir || + Ay ||+ [|Axal[) + Al | Ayl [}
_Yner  _ Yn B B
| 2 2 st~ s =

Xp+1 )/n+1

+ ||St, X1 Ll [xns1 — X

’l_ﬁnJrl ﬁ ’ ||u|| || H /-;n+1 +1 ||x +1 X, ||
g 1llenHH+||Aynﬂ||+||Axn||>+An||Ayn||},

1- ﬁn+l
this together with (C2) and (C4) imply that

limsup ({|zn1 = 2al[ = [[xne1 = x4[) <0
n—oo
Hence by Lemma 2.2, we obtain ||z, — x,|| — 0 as n — . Consequently,
%ij{}ouxnﬂ —xul| = %lj{}o (1= Bu)llzn = xul| = 0.

From (C4) and (3.12), we also have ||t,41 — £,]| = 0 as n — 0.

(3.13)

(3.14)

(3.15)

(3.16)

For x* € F(S) N Q, from Lemma 2.1, (3.1), and (3.7), we obtain when n > N that

1 = x*[|* = || tte + Bt + yuSt — x*||°

< ol — o[ |* + Ballon — x*[* + yul[St0 — x|
< | = x*|I” + Bl b — % | + 0 — 2|
< a1t = 5[ |* + B e — x|

+yud (e = 2117+ A2 = 1)l =yl ) + (ZL2 = 1) [y —

1
< [ =% |[* o =21 = 2 [l = 3l

2
Al

(3.17)
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which implies that

1
§||xn—)’n||2 < 1= x*| [+ [0 = 2 * = |1 — 2|
2
— alla— 1+ (b = 5 =l — 1) as)
X (Il = x*[] +{xner — x*()
= “n||”_x*||2+ (||xn—x*||+||xn+1 —x*||)||xn _xn+1||-

Since &, — 0 and ||, — X411 — 0, from (3.18), we have ||lx, — y|l — 0 as n — oo.
Noting that

||)’n_tn||:||PC(xn_/\nAxn)_PC(xn_AnAyn)H
< An||Axn — Ayn|| < AuL||x0 — yul| — 0 asn — oo,
||tn*xn”5||tn*}’n||+||yn*xn||4’o asn— oo,
||S)’n_xn+1H5||S)’n_5tn||+||5tn_xn+l||S||yn_trt“"’“ﬂHStn_u||+ﬂn||8tn_xn||
5||)’n_tn||+“n||8tn_””"’ﬂn”&‘n_an||+/5n||sxn_xn”
5||)’n_tn||+“n||8tn_””"’ﬂn”tn_xn||+ﬂn||sxn_xn”-
(3.19)

Consequently, from (3.19), we can infer that

IS5 = 2| = [[S2s — St + St — Syl + 1Sy — xar ||+ [ ene1 — x|

= (1 +ﬁn)||xn - tn” +2||tn _)’n” +0€,,||St,, - “||+/’)n||sxn _xn” + ||xn+1 _ana

(3.20)
which implies that
[|Sx — xn|| — 0 asn — oo, (3.21)
Also we have
||Stn - tn” = ||Stn - an” + stn _xn” + ||xn - tn”
(3.22)
< 2|ty = x| |+ ||Sxn — x4|| — 0 asn — oo,
Next we show that
limsup (u — zo,x, — 29) <0, (3.23)
N— 00
where zp = Pr(s)nali.
To show it, we choose a subsequence {t,,} of {f,} such that
limsup (u — zp, St, — zo) = lim (u — zo, St,,, — 20). (3.24)

n—oo i—00
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As {t,,} is bounded, we have that a subsequence {tn,j} of {t,,} converges weakly to z.

We may assume without loss of generality that ¢,, — z. Since [|St, — t,|| — 0, we obtain

St,, — z as i — oo. Then we can obtain z € F(S) N Q. In fact, let us first show that z € Q.
Let

Av+Ncv, veC,
Uy = «| ¢ (3.25)

a, vé&C.

Then U is maximal monotone. Let (v,w) € G(U). Since w — Av € N¢v and t, € C, we
have (v —t,, w — Av) = 0. On the other hand, from t, = Pc(x, — A,Ay,), we have

(v—=tu, ty— (xn = AwAyy)) =0, (3.26)

that is,

<v — ) t”;y” +Ay,,> > 0. (3.27)

Therefore, we have

by, — Xn,
(v—ty, W) = (v —tn, Av) = (v —tp,,, Av) — <v—tn,., "’A ai +A)/n,>

i

th, — Xn.
= <V - tn,-) AV - Ayni — n‘Ani‘xn, > (3 28)

ty — Xn.
_ (v— tn,-)AV_Atni> + (v— bt Aty —Ayn,) - <v— [ n,/\ xn,>

i
by, — X,

A

i

> (V—ty, Aty,) — <v— tni> +A}’ni>-

Noting that [/f,, — ¥, |l — 0 as i — co and A is Lipschitz continuous, hence from (3.28),
we obtain (v — z,w) > 0 as i — oo. Since U is maximal monotone, we have z € U~10, and
hence z € Q.

Let us show that z € F(S). Assume that z ¢ F(S). From Opial’s condition, we have

liminf||t,, — z|| < liminf ||t,, — Sz|| = liminf||t,, — St,, + St,, — Sz
j— 00 j— 00 j— 00
< liminf (||t,, — Stu,|| + ||Stn, — Sz||) = liminf||St,, — Sz|| (3.29)
j— 00 i—00
<liminf||t,, — z||.
1— 0

This is a contradiction. Thus, we obtain z € F(S).
Hence, from (iii), we have

limsup (u — zo, X, — z9) = limsup (u — zo, St, — 2o)

e e (3.30)
= lim (u — 29, Sty, — 20) = (U — 20,2 — 20) < 0.
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Therefore,

||xn+1 - ZO||2 = <“nu +ﬂnxn + YnStn — 20> Xn+1 — ZO)

= “n(u — 205 Xn+1 — ZO> +/3n <xn — 20> Xn+1 — ZO> + Vn <Stn — 20, Xn+1 — ZO>

1

Eﬁ"(”xn —Zo||2 + ||xn+1 —Zo||2) + oty (U — 20, Xns1 — 20)

IA

+ 2l =20l + s = 2]1)

1
=5a — o) (|1 = 20| > + [[%ns1 — 20]|%) + @ (1t — 20, X1 — 20,
(3.31)
which implies that
1 = 2ol| < (1 = )| |20 — 20|[ + 200 (1t = 20, %11 — 205 (3.32)

this together with (3.30) and Lemma 2.3, we can obtain the conclusion. This completes
the proof. O

We observe that some strong convergence theorems for the iterative scheme (3.1) were
established under the assumption that the mapping A is a-inverse strongly monotone in
[15].

CoRroOLLARY 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A be a monotone L-Lipschitz continuous mapping of C into H such that Q # @. For fixed
u € H and given xy € H arbitrary, let the sequences {x,}, {yn} be generated by

Yn = PC(xn _/lnAxn)’

3.33
Xn+l = Qpl +/-’7an + YnPC (xn - /lnAyn)) ( )

where {0, },{Pn}, {yn} are three sequences in [0,1] satisfying the following conditions:
(Cl) oy +Putyn=1,
(C2) limy—way, =0, X gty = 0,
(C3) 0 <liminf,_« B, <limsup,_ ., Bn <1,
(C4) limy,~ Ay = 0.
Then {x,} converges strongly to Pou.

4. Applications

A mapping T : C — C is called strictly pseudocontractive if there exists k with 0 < k <1
such that

ITx — Tyll? < llx =yl + k|| - T)x = (I - T)yl[’, (4.1)
forallx,y € C. Put A =1 — T, then we have

[|(I—A)x— (I—A)y||2 < llx—yll* +kllAx — Ay|l* (4.2)
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On the other hand,
[|[(T-A)x— (I—A)yH2 = llx— ylI* +|Ax — AylI> = 2(x — y, Ax — Ay). (4.3)

Hence, we have
1-k )
(x—y,Ax—Ay) = Tlle—AyH > 0. (4.4)

THEOREM 4.1. Let C be a closed convex subset of a real Hilbert space H. Let T be a k-
strictly pseudocontractive mapping of C into itself, and let S be a nonexpansive mapping of
C into itself such that F(T) N F(S) # &. For fixed u € H and given x, € H arbitrary, let the
sequences {x,}, {ya} be generated by

Yn = (1 _An)xn +AnTxn,

4.5
Xnr1 = Ot + Buxn + YuS((1=An) ¥ +AnTyn), (45)

where {a,}, {Bu}, Lyn} are three sequences in [0,1] satisfying the following conditions:
(Cl) oy +Putyn=1,
(C2) limy—way =0, X7 ooty = 00,
(C3) 0 <liminf,_« B, <limsup,_ .., Bn <1,
(C4) limy,~ A, = 0.
Then {x,} converges strongly to Pr(r)np(s)U.

Proof. Put A=1—T. Then A is monotone. We have F(T) = Q and Pc(x, — 1,Ax,) =
(1 = An)xn + A, Txy. So, by Theorem 3.1, we can obtain the desired result. This completes
the proof. O

TaEOREM 4.2. Let H be a real Hilbert space. Let A be a monotone mapping of H into itself
and let S be a nonexpansive mapping of H into itself such that A='0 N F(S) # @. For fixed
u € H and given xo € H arbitrary, let the sequences {x,}, {yn} be generated by

Yn = Xn — )LnAxm
(4.6)
Xn+1 = Gl +/3nxn + yns(yn - AnAyn)>

where {a,},{Bn}, {yn} are three sequences in [0,1] satisfying the following conditions:
(C1) ay +ﬁn +yn =1
(C2) limy—way =0, > gty = 00,
(C3) 0 <liminf,_« B, <limsup,_ .., Bn <1,
(C4) limy Ay, = 0.
Then {x,} converges strongly to Pa-19np(s)U.

Proof. Since A~10 = Q, putting Py = I, by Theorem 3.1, we can obtain the conclusion.
This completes the proof. O
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