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1. Introduction

Let (X, - |) be a real Banach space and let B(X)(resp., S(X)) be the closed unit ball (resp.,
the unit sphere) of X. A point x € S(X) is an H-point of B(X) if for any sequence (x;) in
X such that [|x,[|—1 as n—co, weak convergence of (x,) to x (write x, X x) implies that
lx, — x| =0 as n—oco. If every point in S(X) is an H-point of B(X), then X is said to have
the property (H). A point x € S(X) is an extreme point of B(X) if for any y,z € S(X) the
equality x = (y +2)/2 implies y = z. A point x € S(X) is a locally uniformly rotund point
of B(X)(LUR-point) if for any sequence (x,) in B(X) such that [|x, + x|[—2 as n—oo,
there holds ||x, — x||—0 as n—oco. A Banach space X is said to be rotund (R) if every point
of S(X) is an extreme point of B(X). If every point of S(X) is an LUR-point of B(X),
then X is said to be locally uniformly rotund (LUR). If X is LUR, then it has R-property.
For these geometric notions and their role in mathematics, we refer to the monograph
[1-10].

By a lacunary sequence 8 = (k,) where ko = 0, we will mean an increasing sequence of
nonnegative integers with k, — k,_;— oo as r—oo. The intervals determined by 8 will be
denoted by I, = (k,—1,k,]. We write h, = k, — k,_. The ratio k,/k,_, will be denoted by g.
The space of lacunary strongly convergent sequences Ng was defined by Freedman et al.
[12] as
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Ngz{xz(xk):lijglo}ll Z | xp — €] =O,forsome€} (1.1)
" kel,

It is well known that there exists very close connection between the space of lacu-
nary strongly convergent sequences and the space of strongly Cesaro summability se-
quences. One can find this connection in [11-16]. Because of these connections, a lot
of geometric property of Cesaro sequence spaces can generalize the lacunary sequence
spaces.

Let w be the space of all real sequences. Let p = (p,) be a bounded sequence of the
positive real numbers. We introduce the new sequence space I(p,0) involving lacunary
sequence as follows:

I(p,0) = {x=(xk)2i<hlz |xk|>PY<°°}- (1.2)

r=1\""Tkel,
Paranorm on I(p,0) is given by

1/H

00 pr
lxllicp0) = (Z (hlz |Xk|> ) , (1.3)

r=1 \""kel,

where H = sup, p;. If p, = p for all , we will use the notation [, () in place of [(p,8). The
norm on [,(0) is given by

1/p

mm@=(§(;z«m03 . (1.4)

T kel,

It is easy to see that the space I(p,0) with (1.3) is a complete paranormed space.

By using the properties of lacunary sequence in the space I(p,0), we get the following
sequences. If 0 = (2"), then I(p,0) = ces(p). If 6 = (2") and p, = p forall r, then I(p,0) =
cesp.

For x € I(p,0), let

(o) 1 PY
dm=z<h |m0 (1.5)
"ke

r=1 1,

and define the Luxemburg norm on I(p,0) by

x| =inf{p>0:o‘(;) sl}. (1.6)
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The Luxemburg norm on /,(6) can be reduced to a usual norm on [, (), that is, Hx||zp(9) =
[|x]]. To do this, we have

x|l = 1nf{p>0 a<x> <1}
P

:inf{p>0:

(o) P
=inf{p>0:2(lkl|xk|> SPP} (1.7)

(Zl< kEI lxkl)p) = lxll,6)

The main purpose of this work is to show that the space I(p,8) equipped with Luxem-
burg norm is a modular space and to investigate the geometric structure of this space.
2. Main results

In this section, first we give some theorems which show the connection between I(p,6)

and ces(p).
TaeoreM 2.1. Ifliminfgq, > 1, then ces(p) C I(p,0).

Proof. If liminf g, > 1, then there exists § > 0 such that g, > 1+ for all r > 2. Then for
x € ces(p), we have

S(ES i) =S (25 bt 151 )

Tiel, r=2

© lk, ) lk,,l pr
sc|S(k3hnl) +3(F31n1) | e
r=2 Ti=1 r=2 ri=1

(2.2)

By using (2.2), we have

(i)

r=2 ’" i€l,

kr—1
> Ixil) ] (2.3)
i=1
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Since x € ces(p), we get that

© /1 ke pr
Z (kZ | x; |> <,
Sy 2
5l) <o
%(krl i=1
So we obtain that x € I(p,0). O

TaEOREM 2.2. If1 <limsupg, < co, then I(p,0) C ces(p).

Proof. We suppose that 1 < lim supg, < oo, then there exists positive number K such that
1 < g, <K for all » = 2. Then if m is any integer with k,_; <m <k, and x € [(p,0), we
can write

Il
—

00 1 Pm 00 1 ko1 o pr
2. (m2|xi|) SC[2<k |xi|) +Z( PNET ) ] (2.5)
m=1 i=1 r=2 \"=1i_ r=2 ki Lier,

oS sm) Sz ) ]

Since h,/ky—1 = (ky —k;—1)/k;—1 = q, — 1 <K — 1, we get I[(p,0) C ces(p). O

Now we give some lemmas about convex modular on I(p, 0)
LemMa 2.3. The functional o is a convex modular on I(p,0)

Proof. Ttis clear that 6(x) =0 © x = 0 and o(ax) = g(x) for all scalars & with |a| = 1. Let
a > 0and B> 0 with a+ 8 = 1. By the convexity of |{|—|¢|?" for every r € N, we have

o(ax+py) = f(h > ax(i) + By (i) |>Pr

i€l,

’ © (2.6)
(hl |x(D)| ) Z( Z|y1)|>
icl, = ’zeI,

= ao(x) +fo(y). 0

LemMA 2.4. Forx € I(p,0) , the modular o on I(p,0) satisfies the following properties:
(i) if 0<a< 1, then ao(x/a) < o(x) and o(ax) < ao(x);
(i) if a > 1, then o(x) < atlo(x/a);
(iii) if a = 1, then o(x) < ao(x/a) < o(ax).
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Proof. (i) Let 0 < a < 1. Then we have

o(x) = Z( le(z)|>r g( ZI

Tiel,

i

» (2.7)
Sar(ps[2) =)
=yalr| =) |— =a'o(=).
r=1 heig ! a a
The property o(ax) < ao(x) follows from the convexity of o
(ii) Let a > 1. Then we have
00 ) . pr
1 X
S (Esn) =3 (Les|2))
S\ r=1\"" ier,
00 . pr (2.8)
:Z ( > x() ) SaHU(E).
r= Tiel, a a
(iii) follows from the convexity of o. O

By the following lemma, we give some connections between the modular ¢ and the
Luxemburg norm on [(p,0).

LEmMA 2.5. Forany x € I(p,0),
(i if x|l <1, then a(x) < |lxll;

(ii) if llxll > 1, then o(x) = ||x||,
(iii) l|lxIl = 1 if and only if o(x
(iv) llxll < 1 if and only ifa(x) < 1
(v) lIxll > 1 ifand only if o(x) > 1

Proof. (i) Let € > 0 be such that 0 < e < 1 — ||x|l. Then we obtain that ¢+ [|x|| < 1. By
definition of norm, there exists p > 0 such that e + ||x|| > p and o(x/p) < 1. By (i) and (iii)
of Lemma 2.4, we have

olx) < G(Wf”)x) =a((e+ ||x||)’;)

(2.9)
< (e+||x||)0<x> <e+xll.
p
Hence, we obtain that o(x) < ||x||, and (i) is satisfied.

(ii) If [lx]l > 1, then 0 > 1 — [|x|| and 0 > (1 — |[x]I)/llx|l. Hence, we get that (||x|| —
1)/llx]l > 0. Let € > 0 be such that 0 < e < (||x]| — 1)/llx|l. Since (||x| — 1)/l|x]| > 0 and
Ix]l (e = 1) < =1, we can write —1/(llx[|(e — 1)) < 1 < 1/(|lx|l(e — 1)). By definition of ||.||
and Lemma 2.4(i), we have

x 1
1<0<(1—8)||x||> = (1—g)||x||"(")' (2.10)

So (1 —¢)llxll < o(x) for all e € (0, (llx|l — 1)/llxIl), which implies that [|x|| < o(x).
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(iii) Assume that [|x|| = 1. Let € > 0, then there exists p > 0 such that 1 +¢&>p > ||x]|
and o(x/p) < 1. By Lemma 2.4(i), we have o(x) < pHo(x/p) < a(x/p) < pH < (1 +e),
so (a(x)" < 1+¢ for all € >0 which implies that g(x) < 1. If 6(x) < 1, let a € (0,1)
such that o(x) < a” < 1. From Lemma 2.4(i), we have o(x/a) < (1/a")o(x) < 1, hence
llx|| < a < 1, which is a contradiction. Thus, we have o(x) = 1.

Conversely, assume that 0(x) = 1, by the definition of ||.|| we get that [|x]| < 1. If [|x]| <
1, then by (i), we have that o(x) < [[x||, which contradicts to our assumption, so we obtain
that ||x]| = 1.

(iv) follows from (i) and (iii).
(v) follows from (iii) and (iv).

LEmMa 2.6. Forx € I(p,0),
(i) if 0<a<1and ||x|| > a, then o(x) > a'l;
(i) if a = 1 and ||x|| < a, then o(x) < a'.

Proof. (i) We suppose that 0 < a < 1 and ||x|| > a. Then [|x/all > 1. By Lemma 2.5(ii), we
have a(x/a) > ||lx/all > 1. Hence, by Lemma 2.4(i), we get that o(x/a) > a o (x/a) > a®.
(ii) We suppose that a > 1 and [|x]| < a. Then [|lx/all < 1. By Lemma 2.5(i), o(x/a) <
llx/all < 1. If a = 1, we have o(x) < 1, by Lemma 2.4(ii), we obtain that o (x) < at o (x/a) <
af, O

LEmMA 2.7. Let (x,) be a sequence in I(p,0),
1) if im0 llxnll = 1, then lim,—.0(x,) = 1;
(it) if 1im -0 (x,) = 0, then lim . [lx,]| = 0

Proof. (i) Suppose that lim, .« |lx,]| = 1. Let € € (0,1). Then there exists ny such that
1 —e<|Ixull < 1+eforall n = ny. By Lemma 2.6, (1 — s)H < |lx.ll < (1 +s)H forall n > ny,
which implies that lim .0 (x,) = 1.

(ii) Suppose that [|x,]l - 0. Then there is an € € (0,1) and subsequence (x,,) of (x,)
such that [|x,, || > ¢ for all k € N. By Lemma 2.6(i), we obtain that o(x,,) > &/ for all
k € N. This implies o(x,, ) - 0 as n—co. O

LemMa 2.8. Let (x,) be a sequence in I(p,0). If 0(x,)—0(x) as n—co and x,(i)—x(i) as
n—oo forallie N, then x,—x as n—o.

Proof. Let ¢ >0 be given. We put that

0 pr
oo(x) = > (;Z Ix(i)|> ,

r=1 icl, , (2.11)
[oe] 1 ] T
o(x)= > (hz | x(i) |) :
r=ro+1 riel,
Since 0(x) < oo, there exists ro € N such that
1
ox)< < (2.12)

3 QH+1"
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Again, since 0 (x,) — 00(x,)—0(x) — 09(x) as n— oo, there exists ny € N such that

1
01(x) = 0 (x) = 00 () = 0(x) = 00() + 5 57757 (2.13)
Also since x,(i)—x(i) as n—oo for all i € N, we can take
£
00(x, —x) < 3 (2.14)
for all n > nyg. It follows from (2.12), (2.13), and (2.14) for all n > n,
0(x,—x) =00(xp—x)+01(x, —x) < §+2H(01(xn) +01(x))
£ e 1
<Sam (a(x)—oo(x)+§2—H+al(x)> -
£ e 1 :
= §+2H<20'1(X)+§27H>
£ e 2 e 1
<52 (St 5am) =

This show that o(x, — x)—0 as n—o0. Hence, by Lemma 2.7(ii), we get that [|x, — x||—0
as n— oo, O

THEOREM 2.9. The space I(p,0) has the property (H).

Proof. Letx € S(I(p,0)) and x,,(i) < I(p,0) such that ||x,(i)[| =1 and x,, (i) 2 x(i) as n— oo.
From Lemma 2.5(iii), we get 0(x) = 1. So from Lemma 2.6(i), it follows that o(x,) —o(x)
as n—oo. Since mapping 7; : [(p,0)—R defined by m;(y;) = y(i) is a continuous linear
functional on I(p, 0). It follows that x,,(i) —x(i) as n—oo for all i € N. O

CoroLLARY 2.10. For 1 < p < oo, the space [,(0) with respect to Luxemburg norm has H-
property.

Proof. The proof is obtained directly form Theorem 2.9. O

Remark 2.11. For a bounded sequence of positive real numbers p = (p,) with p, = 1
for all r € N, the space I(p,0) equipped with the Luxemburg norm is not rotund, so
it is not LUR. In [9], it is shown that the space ces(p) equipped with the Luxemburg
norm is not rotund nor LUR. Since ces(p) C I(p,0) from Theorem 2.1, we obtain that
the space I(p,0) has neither R-property nor LUR property. Furthermore, if we take la-
cunary sequence 6 = (k;) = {277}, reven; 2",r odd} and x = {0,0,0,0,0,2,3,0,0,0,...},
y=1{1,1,0,0,0,0,0,0,... }, we get that the space I(p,0) is not rotund.

Indeed, we take x,y € S(I(p,0)) such that o(x) = o(y) = 1. Since o ((x + y)/2)#1, we
have [|(x + ¥)/21/#1 by Lemma 2.5(iii). This shows that I(p,6) is not rotund, so it is not
LUR.
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