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In 2007, Ozden et al. constructed generating functions of higher-order twisted (h, g)-extension of
Euler polynomials and numbers, by using p-adic, g-deformed fermionic integral on Z,. By apply-
ing their generating functions, they derived the complete sums of products of the twisted (h, g)-
extension of Euler polynomials and numbers. In this paper, we consider the new g-extension of Eu-
ler numbers and polynomials to be different which is treated by Ozden et al. From our g-Euler num-
bers and polynomials, we derive some interesting identities and we construct g-Euler zeta functions
which interpolate the new g-Euler numbers and polynomials at a negative integer. Furthermore, we
study Barnes-type g-Euler zeta functions. Finally, we will derive the new formula for “sums of prod-
ucts of g-Euler numbers and polynomials” by using fermionic p-adic, g-integral on Z,.
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1. Introduction and notations

Throughout this paper we use the following notations. By Z, we denote the ring of p-adic ra-
tional integers, Q denotes the field of rational numbers, Q, denotes the field of p-adic rational
numbers, C denotes the complex number field, and C, denotes the completion of algebraic clo-
sure of Q. Let v, be the normalized exponential valuation of C, with |p|, = p™»®) = p~'. When
one talks of g-extension, g is considered in many ways such as an indeterminate, a complex
number g € C, or p-adic number g € C,,. If g € C, one normally assumes that |g| < 1.If g € C),
we normally assume that |g - 1|, < p/#~!) so that g* = exp (xlogq) for |x|, < 1. In this paper,
we use the following notation:
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[x],=[x:q] = 11__11; (1.1)

(cf. [1-5, 22]).
Hence, lim ;1 [x] = x for any x with |x|, < 1 in the present p-adic case. Let d be a fixed
integer and let p be a fixed prime number. For any positive integer N, we set

X' = | (a+dpzy), (1.2)

a+dpNZ, = {x € X |x=a(mod dp")},

where a € Z lies in 0 < a < dp™. For any positive integer N,

a

q
[dpN],

pq(a+ dpNz,) = (1.3)

is known to be a distribution on X (cf. [1-20]). From this distribution, we derive the p-adic,
g-integral on Z, as follows:

N
fzpf(x)dﬂ,,(x) -l pRT 0, feUD(E), (14)

see [1-23].

Higher-order twisted Bernoulli and Euler numbers and polynomials are studied by
many authors (see for detail [1-21]). In [14] Ozden et al. constructed generating functions
of higher-order twisted (h, q)-extension of Euler polynomials and numbers, by using p-adic,
g-deformed fermionic integral on Z,. By applying their generating functions, they derived the
complete sums of products of the twisted (h, g)-extension of Euler polynomials and numbers,
see [14, 15]. In this paper, we consider the new g-extension of Euler numbers and polynomials
to be different which is treated by Ozden et al. From our g-Euler numbers and polynomials,
we derive some interesting identities and we construct g-Euler zeta functions which interpo-
late the new g-Euler numbers and polynomials at a negative integer. Furthermore, we study
Barnes-type g-Euler zeta functions. Finally, we will derive the new formula for “sums of prod-
ucts of g-Euler numbers and polynomials” by using fermionic p-adic, g-integral on Z,, .

2. g-extension of Euler numbers

In this section we assume that g € C with |g| < 1. Now we consider the g-extension of Euler
polynomials as follows:

© E, .(x)
xt _ q n
er = E — t", |t+loggqg|<ur. (2.1)
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Note that

2
et+1

lim Fy(x,) = F(x,1) = et = i En(x) (2.2)

In the special case x = 0, the g-Euler polynomial E,, 4(0) = E, 4 will be called g-Euler numbers.
It is easy to see that F;(x,t) is analytic function in C. Hence we have

S En’ (.X') n [2] X = n_n_(n+x
2, Z' " g :16 =121, 2] (-1)"g"e™ . (2.3)
n=0 ’ n=0

If we take the kth derivative at t = 0 on both sides in (2.3), then we have

0

Exq(x) = 121, (-1)"q"(n + ). (24)

n=0

From (2.4) we can define g-zeta function which interpolating g-Euler numbers at negative in-
teger as follows.
For s € C, we define

& (-D"g"

§q(s,x) = [Z]qn:O m, seC. (25)
Note that gq(s, x) is analytic in complex s-plane. If we take s = -k (k € Z.), then we have
8 (=k,x) = Eg(x).
By (2.4) and (2.5), we obtain the following.
Theorem 2.1. Fork € Z,,
Eiq(x) = 2], (-1)"q"(n + x)". (2.6)
n=0
Let F(0,t) = F4(t). Then
n-1 [2] (_1)qunent
21,3 (-DgkeM = —5 ~ 2]
qé K l+get 71 1+ge 2.7)

=F,(t) = (-1)"q"F4(n,t).

From (2.7), derive

) n-1 k ) k
> <[2]qz <—1>’q’l">% = > (Bxg = (19" Eg() 1. (28)
& !

k=0 1=0

By comparing the coefficients on both sides in (2.8), we obtain the following.
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Theorem 2.2. Letn €N, k € Z,. If n =0 (mod 2), then

n-1
Eig— q"Exq(n) = 2], (-1)'q'I", (2.9)
1=0
Ifn=1 (mod 2), then
n-1 .
Eig+q"Exq(n) = 2], >, (-1)'q'I". (2.10)
1=0

For wy,w», ..., w, € C, consider the multiple g-Euler polynomials of Barnes-type as follows:

[2];6”
"~ (ge®tt +1) (ge®t +1) - (gewrt + 1
q q q

F;(wl,wz,...,wr | x,t)
% B (2.11)
= %En,q(wl,. Wy | X) — where max lwit +log gl < or.

For x = 0, Epq(ws,...,wr | 0) = E;4(wy,...,w,) will be called the multiple g-Euler
numbers of Barnes type. It is easy to see that F; (w1, wy, ..., w, | x,t) is analytic function in the
given region. From (2.11), we derive

S i T Nwi+x = m
[2]; Z (_q)mee(Z,ﬂ iwix)t _ ZEn,q(wl,...,wr | x)m (2.12)
n1,...,1,=0 n=0 .

By the kth differentiation on both sides in (2.12), we see that

[ee] r k
[2]5 Z (—g)Z=m <Z nyw; + x> = Exq(wi,...,w, | x). (2.13)
np i=1

,,,,, =

From (2.12), we can derive the following Barnes-type multiple g-Euler zeta function as follows.
For s € C, define

(_1)711+“'+7lr qn1+~~+nr

gr,q(wl,wz,...,wr |s,x) = [2]; 1,§r:0 T — x)s' (2.14)
By (2.13) and (2.14), we obtain the following.
Theorem 2.3. Fork € Z,,wy, w>,...,w, € C,
$rq(wi,wa, .., wr | =k, x) = Exq(w1,ws, ..., wy | X). (2.15)

Let y be the primitive Drichlet character with conductor f (=odd) € N. Then we consider
generalized Euler numbers attached to y as follows:

21,310 (-1 (a)e® &
1< a=0 =ZEMME, (2.16)

Fqu(t) = qfeft + 1 ~
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where |logq + t| < o/ f. The numbers E,,, , will be called the generalized g-Euler numbers

attached to y. From (2.16), note that

21,375 (1) x(a)e”

Frq() = gfeft+1
f_l 0
— [Z]qz ( 1)aqux(a)z qnf(_l)ne(u+nf)t
a=0 n=0
w f-1
— [Z]qz Z ( )u+nfqa+nfx(a + nf)e(a+nf)t
n=0 a=0
© o m
21,2, 1"q"x(me" = 3, Euay
n=0 .
Thus,
dk "
Ekq = 2 Fra(®) ‘ = Z( D"q"y(m)n*, (keN).

(2.17)

(2.18)

Therefore, we can define the Dirichlet-type I-function which interpolates at negative integer as

follows.
For s € C, we define [,(s, x) as

lq(SIX) - [Z]qz M

By (2.18) and (2.19), we obtain the following.

Theorem 2.4. Fork € Z,,

ly(=k, X) = Exx.q-

From (2.1) and the definition of q-Euler numbers, derive

r (2], xt_ooE &
q(t/x)—qet 1 _% nqﬁ%ﬂt

By (2.21) it is shown that

(2.19)

(2.20)

(2.21)

(2.22)
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For f (=odd) € N, note that

Z ( ) [2]‘7 xt
pour M qet +1°
1 O
= - _1\2a,((at+x)/f)ft
[2Jqqfeﬂ+1z< 1ge
2], 2],/ el(arx)/f)ft (2.23)
- q ;}(_ ) < qfeft +1 >
: q @ a a+x\ f't"
[2]q ;}( 1) ZEan< ) o
Thus, we have the distribution relation for g-Euler polynomials as follows.
Theorem 2.5. For f (=odd) € N,
fr2l, i a+x
E,q(x) = ——), (-1)"9°E, < ) (2.24
=, 2 77 )

For k,n € Nwithn =0 (mod 2), it is easy to see that

n-1
[21,> (-1)7'q'1* = q"Exq(n) - Exgq
1=0

k k-m
<m> nE 0 — Exg (2.25)

e k
q <m> Ep, q" "+ (q" = 1)Exg.

I
&:
M=

3
I
o

=
—

3
o

Therefore, we obtain the following.

Theorem 2.6. For k,n € Nwithn=0 (mod 2),

n-1 -1
n k -m n
qZ (-1)"'qg'F=q <m> Epgn®™ + (q" = 1) Egq. (2.26)

0

»

3
I

3. Witt-type formulae on Z, in p-adic number field

In this section, we assume that g € C, with [1 - g|, < 1. g is a uniformly differentiable function
at a point a € Zy,, and write ¢ € UD(Z,) if the difference quotient

g(x)-g(y) (3.1)
x-y

has a limit f'(a) as (x,y)—(a, a). For g € UD(Z,), an invariant p-adic, g-integral is defined as

Fg(x,y) =

1) = || seodu, 0= im T Zog< )7 (62
p q x=
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The fermionic p-adic, g-integral is also defined as

Ly(g) = f S0 = fim Z SO (33)
(see [4]).
From (3.3), we have the integral equation as follows:
ql4(81) +14(8) = [2]1,8(0),  &1(x) = g(x +1). (34)
If we take g(x) = e'*, then we have
2]
tx xt q
I (e™) = I dy qe‘ L (3.5)
From (3.5), we note that
» 2, &_.
f x"dp_(x ) = e %qua. (3.6)
By comparing the coeffic1ent on both sides, we see that
j x”dy_q(x) =Eng mnez. (3.7)
ZP
By the same method, we see that
(x+y)t -
j ,, e Mdy_(y) = qet L 1 Z Epq(x (3.8)
Hence, we have the formula of Witt’s type for g-Euler polynom1a1 as follows:
| v, m =B, nez. (3.9)
Zy
Forn € Z,, let g,(x) = g(x + n). Then we have
n-1
A"Tq(gn) + (-1)"1o(8) = [2], D, (1) q'g (D). (3.10)
1=0
If n is odd positive integer, then we have
q"Iq(gn) +14(g) = qZ (-1)'q'g(0). (3.11)

Let y be the primitive Drichlet character w1th Conduct f (=odd) € N and let g(x) =
x(x)e*. From (3.5) we derive

Iy(x(x)e*) = fx X(x)etxd‘u_q(x)

_ (20,25 g x(@)e”

3.12

gfeft+1 (312)
© i
= En,x,q—.
% n!

Thus, we have the Witt formula for generalized g-Euler numbers attached to x as follows:

J; X(x)x”dy_q(x) =Euyq n20. (3.13)
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4. Higher-order g-Euler numbers and polynomials

In this section we also assume that g € C, with |1 - g|, < 1. Now we study on higher-order
g-Euler numbers and polynomials and sums of products of g-Euler numbers. First, we try to
consider the multivariate fermionic p-adic, g-integral on Z, as follows:

J . f e(a1x1+a2x2+-..+a,xr)textd‘u_q (xl) ... dﬂ—q (xr)
Z, Zy

r times . (41)
— [2]‘7 ext
~ (gemt +1)(ge®t +1)--- (gevt +1)
where a1, ay,...,a, € Zyp .
From (4.1) we consider the multiple g-Euler polynomials as follows:
[2]; 2 m
et =N E, . (a,am,...,a, | x)—. 42
(gemt +1)(ge®t +1) -+ (qge*t + 1) % na(a1, a2 o )n! (42)
In the special case (aj, az,...,a,) = (1,1,...,1), we write
Enq(ai,...,a, | x) = E,(;,),(x). (4.3)
r times
For x = 0, the multiple g-Euler polynomials will be called as g-Euler numbers of order r .
From (4.2) we note that
;
Enq(ai,az...,a, | x) = IZ ,[z (ar1x1+ -+ +a,x, + x)"l_[ dyfq(x]-). (4.4)
P p j=1

r times

It is easy to check that

n
Enq(ai,az,...,a, | x) = Z <7> x"’lEI,q(al,az,...,ar), (4.5)
1=0

where E, 4(a1,az,...,a;) = Ey4(ay, az, ..., a, | 0). Multinomial theorem is well known as fol-

lows:
r n n T !
<fo> = > <, 1>Hx;, (4.6)
=1 Lo g20 \17e--rtr /S
li++l,=n
where

n n!
<ll,...,lr> T LI L (4.7)

By (4.2) and (4.6) we easily see that

n n m e T
EN=> 3 <m> (h l > X" Eiq (4.8)
m=0 1,....1,>0 renstr j=1
1111—---+l,:m
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