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1. Introduction and preliminaries

Let x = (x1,...,x,), p = (p1,...,pn) denote two sequences of positive real numbers with
>itipi = 1. The well-known Jensen Inequality [1, page 43] gives the following, for t < 0 or
t>1:

n n t
2 pix > <Z pixi> (1.1)
i=1 i=1

and vice versafor0 <t < 1.

Simi¢ [2] has considered the difference of both sides of (1.1). He considers the function
defined as

( Z?:lpix; - (Z?ﬂpixi)t
tt—-1) ’

log <ipixi> - ipi log x;, t=0; (1.2)
i=1 i=1
zn:pix,- log x; — <zn:pix,-> log <zn:pixi>, t=1;
i=1 i=1

t#0,1;

At

Il
A

\ i=1

and has proved the following theorem.
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Theorem 1.1. For —co <r <s <t < +oo, then
AT < ()55 (1.3)

Anwar and Pecari¢ [3] have considerd further generalization of Theorem 1.1. Namely,
they introduced new means of Cauchy type in [4] and further proved comparison theorem for
these means.

In this paper, we will give some results in the case where instead of means we have
power sums.

Let x be positive n-tuples. The well-known inequality for power sums of order s and 7,
for s > r > 0 (see [1, page 164]), states that

n 1/s n 1/r
<fo> < <Zx;> : (14)
i=1 i=1

Moreover, if p = (p1,...,pn) is a positive n-tuples such that p; > 1 (i = 1,...,n), then for
s >r >0 (see [1, page 165]), we have

n 1/s n 1/r
<ZP1’X? > < <Zpix{> : (1.5)
in1 i=1

Let us note that (1.5) can also be obtained from the following theorem [1, page 152].

Theorem 1.2. Let x and p be two nonnegative n-tuples such that x; € (0,a] (i=1,...,n) and
n n
Zpixi > xj, forj=1,...,n, Zpixi € (0,a]. (1.6)
i=1 i=1

If f(x)/x is an increasing function, then

f<ﬁ;pixi> > Spif ) (17)
i= iz
Remark 1.3. Let us note that if f(x)/x is a strictly increasing function, then equality in (1.7) is
valid if we have equalities in (1.6) instead of inequalities, thatis, x; = -+ = x, and >[p; = 1.
The following similar result is also valid [1, page 153].
Theorem 1.4. Let f(x)/x be an increasing function. If 0 < x1 < -+ < x,, and if the following hold.
(i) there exists an m(< n) such that
Pi2Py2--2Pp21, Ppa=--=P,=0, (18)
where Py = Zle Pi, Py=P,- Py (k=2,...,n)and Py = P, then (1.7) holds.
(ii) If there exists an m(< n) such that
0<P1<Py<+<Pp<1l,  Puy=--=P,=0, (1.9)
then the reverse of inequality in (1.7) holds.

In this paper, we will give some applications of power sums. That is, we will prove
results similar to those shown in [2, 3], but for power sums.
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2. Main results

Lemma 2.1. Let

xt

pr(x) =4 t-1 21
xlogx, t=1.
Then (x)/ x is a strictly increasing function for x > 0.

Proof. Since (py(x)/x) = xt2 > 0, for x > 0, therefore ¢;(x)/x is a strictly increasing function
for x > 0. O

Lemma 2.2 ([2]). A positive function f is log convex in Jensen’s sense on an open interval I, that is,
foreach s, t €1,

ferw=r(55), 2)

if and only if the relation

2 (s) +2uwf<ST+t> F WP f (1) 20 23)

holds for each real u,w, and s, t € 1.
The following lemma is equivalent to the definition of convex function (see [1, page 2]).

Lemma 2.3. If f is continuous and convex for all x1, xo, x3 of an open interval I for which x1 < x, < x3,
then

(x3 = x2) f (1) + (21 = x3) f (x2) + (22 — x1) f(x3) > 0. (24)

Theorem 2.4. Let x and p be two positive n-tuples (n > 2) and let

¢t = P p) = i <Zpixi> - D pipi(xi) (2.5)
i=1 i=1

such that condition (1.6) is satisfied and all x;'s are not equal. Then ¢, is log-convex. Also for r < s <t
where r,s,t € R*, we have

(@) < (d1) 7 (d0)™" (2.6)

Proof. Since ;(x)/x is a strictly increasing function for x > 0 and all x;’s are not equal, therefore
by Theorem 1.2 with f = ¢;, we have

%(ZP:’M) > > pigr(xi) = i = (pt<ZPixi> - D pipe(xi) >0, (27)
i1 i1 P i1

that is, ¢ is a positive-valued function.
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Let f(x) = t?ps(x) + 2uwep, (x) + w?i(x), wherer = (s +t) /2 and u, w € R:

!
<—f (x)> =12x°72 + 2uwx’? + wx'?,
x (2.8)

= (uxGD/2 4 o t2/2)% 5 .

This implies that f(x)/x is monotonically increasing.
By Theorem 1.2, we have

f<Zpixi> =2 pif (x;) 20
i1 i1

=’ <<ps <Zpixi> - Zpigvs(xl-)> + 2uw <(Pr <Zpixi> - me(%))
i=1 i=1 i=1 i=1 (2.9)
+w? <(Pt <Zpixi> - ZPi‘Pt(xi)> 20
i=1 i=1

= 1 Ps + 2uwe, + w P > 0.

Now by Lemma 2.2, we have that ¢ is log-convex in Jensen sense.
Since limy_, ¢ = ¢, it follows that ¢; is continuous, therefore it is a log-convex function

[1, page 6].
Since ¢ is log-convex, that is, log ¢; is convex, we have by Lemma 2.3 that, for r < s <t

with f =log ¢,
(t-s)logp, + (r—t)logps + (s —r)log P > 0, (2.10)
which is equivalent to (2.6). O

Similar application of Theorem 1.4 gives the following.

Theorem 2.5. Let x and p be two positive n-tuples (n > 2) such that 0 < x1 < - -+ < xp, all x;’s are not
equal and

(1) if pr = Pe(x:p) = e (iLy pixi) — Doy pitpe (xi) such that condition (1.8) is satisfied, then ¢y
is log-convex, also for r < s < t, we have

(@) < (@) (P (2.11)

(ii) moreover if Et = —¢; and (1.9) is satisfied, then we have that % is log-convex and

— t

@) <@) @) (2.12)

We will also use the following lemma.
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Lemma 2.6. Let f be a log-convex function and assume that if x1 < y1, x2 < Yo, X1 # X2, Y1 # Yo.
Then the following inequality is valid:

(e <y

Proof. In [1, page 2], we have the following result for convex function f, with x; < y;, x; <
Y2, X1 # X2, Y1 # Y2

(2.13)

f(x2) = f(x1) < f(y2) —f(yl).

(2.14)
X2 — X1 Y2— 1
Putting f = log f, we get
1/ (x2=x1) 1/(y2-y1)
g (£02)77 crog (L) 015)
fx) fQn)
from which (2.13) immediately follows. O

Let us introduce the following.

Definition 2.7. Let x and p be two nonnegative n-tuples (n > 2) such thatp; >1 (i =1,...,n),
then for t,r, s € R*, we define

t/
r—s (SiLpix)) "’ - SiLpix]
t-s (Z?:lpixis)r/s - SLpix]

1/(t-r)
Af’,r(X;P)={ } , tErr#st#s,

n n n 1/(s-r)
_ i) 1 nopixd — s pixt log x;
A2 (p) = A 0op) = { r—s (Slipix]) log S pix] - s pix; ng} Cear

° (Z?ﬂpix,-s)r/s - ZiLpix;
n r/s n n
topixt 1 t xS — api ] i
AS.(x;p) = exp< 1 + (Zizpix}) " log ZH;/? x; = s pix; logx >/ s#7,
’ s-r s{Sipx)" - SiLpix])

(S ipixs) (log Siypixg)” — 230 pixg (log xi)° >

A (xp) =
5 (GP) = &xp <2s{ (Spid) log(Siapi) — sXiapix Iog i)

(2.16)

Remark 2.8. Let us note that A3, (x;p) = Aj(xp) = limes Af (xp) = lims A7, (X p),
A7, (6 p) =lime, A7 (x;p) and AZ(x; p) = lim,s A7, (X ).

Theorem 2.9. Let r,t,u,v € R* such that r <u, t <v, r # t, u # v. Then we have
AL (xp) < AL LX) (2.17)
Proof. Let

n t n
% < <Zpixi> - Zp1x§>, t#1;
¢r = pr(x;p) = = =1 (2.18)

n n n
Zpixi log Zpixi - Zp,-xi logx;, t=1.
i=1 i=1 i=1
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Now taking x; =7, xo =t, y1 =u, y» = v, wherer,t,u,v # 1, and f(t) = ¢; in Lemma 2.6, we
have

<r -1 Chpix) - Sk pixt >1/(H) - <u -1 (ZLpix)” = Xipixf >1/(v_u) (2.19)
t-1(SLipix) = Siapia] “\v -1 ELpa)" - Zpi -
Since s > 0 by substituting x; = x{, t =t/s, r =r/s, u=u/sand v = v/s, where r,t,u,v # s,
in above inequality, we get
<r o () - S >““‘” ) <u s (Thpe)” - Shp? ) R,
bos (SLpa) " - Slpg /T \PTS (S =St/

By raising power 1/s, we get (2.17) for r,t,u,v # s.
From Remark 2.8, we get (2.17) is also valid for r =sort=sorr=tort=r =s. O

t/s
1 n n
s { <ZP1‘X?> - Zpixﬁ}f t#s;
i=1 i=1

S = (2.21)

é{ <zn:pixis> log <§nlpixf> - Szn:,Pin log xi}, t=s.
i=1 i=1 im1
<r

Corollary 2.10. Let

Then fort,r,u € R* and t < u, we have
(@) < (@) " (@) (2.22)
Proof. Taking v = r in (2.17), we get (2.22). O

3. Mean value theorems

Lemma 3.1. Let f € C'(I), where I = (0, a] such that
m < M <M. (3.1)

Consider the functions ¢1 and ¢, defined as
¢1(x) = Mx? - f(x),

(3.2)
$a(x) = f(x) — mx’.
Then ¢;(x)/x for i = 1,2 are monotonically increasing functions.
Proof. We have that
D) _ gy S0 (B S0
X X X X (3 3)

m>0,

P _ ) (R) 2SS
X X

x X2

that is, ¢;(x)/x for i = 1,2 are monotonically increasing functions. O
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Theorem 3.2. Let x and p be two positive n-tuples (n > 2) satisfy condition (1.6), all x;'s are not equal
and let f € CY(I), where I = (0, a]. Then there exists ¢ € (0, a] such that

n n ) _ n 2 n
f<§;9ixi> - leif(x,-) = W{ <lei.x—'i> - leixf}. (3.4)

Proof. In Theorem 1.2, setting f = ¢1 and f = ¢, respectively, as defined in Lemma 3.1, we get
the following inequalities:

n n n 2,
f<§pixi> - lelf(xl) < M{ <leixi> - leixiz},

2 (3.5)
f<iznl:,l9ixi> - lznllpif(xi) > m{ <lan:Pixi> - gpixf}.
Now by combining both inequalities, we get,
< T Eipi) = SLpif ) .

(Smipixi)’ = Shpix?

(Z?:lpixi)z - Z?:lpixf is nonzero, it is zero if equalities are given in conditions (1.6), that is,
xp=-=xpand X7 pi=1.
Now by condition (3.1), there exist ¢ € I, such that

f(ELpixi) - Ziapif () _§f'©€) - f©).
(Z?:lpixi)z - Z?:lpixf ¢
and (3.7) implies (3.4). OJ

(3.7)

Theorem 3.3. Let x and p be two positive n-tuples (n > 2) satisfy condition (1.6), all x;’s are not equal
and let f, g € C'(I), where I = (0, a]. Then there exists ¢ € I such that the following equality is true:

f(XEpixi) = Xiapif (i) ¢f'(&) = f(§)

= = == , (3.8)
g(Xipixi) - XiLipig(xi) - §8'() — &(¢)
provided that the denominators are nonzero.
Proof. Let a function k € C'(I) be defined as
k=c1f -cg, (3.9)
where c; and ¢, are defined as
€1 = g<ZPixz'> - Dpig(xi),
i=1 i=1
(3.10)

€= f(gpm) - anpif(xi)-
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Then, using Theorem 3.2 with f = k, we have

' _ ) _ n 2 n
- (D0 B 50 { <Zpixi> . Zpix?}- o)
é E: i=1 i=1

Since

n 2 n
<Zpixi> - Dpixi #0, (3.12)
i=1 i=1
therefore, (3.11) gives

o HO-fO
o 9@ 5@ (13)

After putting values, we get (3.8). O

Let a be a strictly monotone continuous function then quasiarithmetic sum is defined as
follows:

Sa(x;p) =a! <zn:pia(xi)>. (3.14)
i=1

Theorem 3.4. Let x and p be two positive n-tuples (n > 2), all x;’s are not equal and let a, p, € C*(I) be
strictly monotonic continuous functions, y € C1(I) be positive strictly increasing continuous function,
where I = (0, a] and

Py 2y(x), forj=1...,n,  >piy(x) € ©y(a)] (3.15)
i=1 i=1
Then there exists 11 from (0,y(a)] such that
a(Sy(6p)) —a(Sa(P)) _ y(ma' (1) - y'(ma(n)
B(Sy(x;p)) = (Sp(x;p))  y(m)P () =y (m)p(n)

is valid, provided that all denominators are not zero.

(3.16)

Proof. If we choose the functions f and g so that f = aoy™!, ¢ = foy™!, and x; — y(x)).
Substituting these in (3.8),

a(S;(6p) - a(Sa(6P) _4@oy™) @) -y oy @aoy @)
PSy(6p)) = PSP (Boy™) (@) -y oy (@Boy Q)
Then by setting y ! (17) = ¢, we get (3.16). O

(3.17)

Corollary 3.5. Let x and p be two nonnegative n-tuples and let t,r,s € R*. Then
A7 .(Gp) =11 (3.18)
Proof. If t,r, and s are pairwise distinct, then we put a(x) = x!, f(x) = ", and y(x) = x® in
(3.16) to get (3.18).
For other cases, we can consider limit as in Remark (2.8). O
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