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1. Introduction

The study of equilibriumproblems has recently been a rapidly growing area of research. See,
for example, [1-3] and the references mentioned therein.

Let (X, p) be a complete metric space. In this paper, we consider the following equilib-
rium problem:

To find x € X suchthat f(x,y) >0 VyeX, (P)

where f belongs to a complete metric space of functions «/ defined below. In this paper, we
show that for most elements of this space of functions </ (in the sense of Baire category)
the equilibrium problem (P) possesses a unique solution. In other words, the problem (P)
possesses a unique solution for a generic (typical) element of «# [4-6].

Set

p1((x1,11), (x2,12)) = p(x1,%2) + p(y1,¥2),  x1,%2, 1,2 € X. (1.1)

Clearly, (X x X, p1) is a complete metric space.
Denote by &4 the set of all continuous functions f : X x X — R! such that

flx,x)=0 VxeX. (1.2)


mailto:ajzasl@tx.technion.ac.il

2 Journal of Inequalities and Applications

We equip the set «#y with the uniformity determined by the base
Ue) = {(f,g) eAox Ao : |f(z) —g(z)| <eVze X xX]}, (1.3)

where ¢ > 0. It is clear that the space <4 with this uniformity is metrizable (by a metric d) and
complete.

Denote by o the set of all f € <4, for which the following properties hold.

(P1) For each ¢ > 0, there exists x. € X such that f(x.,y) > —¢ forall x € X.

(P2) For each € > 0, there exists 6 > 0 such that |f(x,y)| < € for all x,y € X satisfying

plx,y) <6.

Clearly, « is a closed subset of X. We equip the space «# with the metric d and consider
the topological subspace «# C &, with the relative topology.

For each x € X and each subset D C X, put

p(x,D) =inf {p(x,y) : y € D}. (1.4)
For each x € X and each 7 > 0, set

B(x,r)={yeX:p(xy) <r},

(1.5)
B°(x,r)={yeX:p(x,y) <r}

Assume that the following property holds.

(P3) There exists a positive number A such that for each y € X and each pair of real
numbers 1, f, satisfying 0 < t; <, < A, there is z € X such that p(z,y) € [t1, t2].

In this paper, we will establish the following result.

Theorem 1.1. There exists a set F C o which is a countable intersection of open everywhere dense
subsets of A4 such that for each f € F, the following properties hold:

(i) there exists a unique xy € X such that

flxf,y) 20 VxyeX; (1.6)

(ii) for each € > 0, there are 6 > 0 and a neighborhood V of f in # such that for each h € V and
each x € X satisfying inf{h(x,y) : y € X} > =6, the inequality p(xy, x) < € holds.

In other words, for a generic (typical) f € <4, the problem (P) is well-posed [7-9].

2. An auxiliary density result

Lemma 2.1. Let f € o4 and € € (0,1). Then there exist fo € 4 and xo € X such that (f, fo) € U(e)
and f(xo,y) 20 forally € X.
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Proof. By (P1) there is xp € X such that

€
f(xo,y) > 16 Vy e X.

Set
E, = {(x,y) eXxX: f(x,y) z—%},

Er={(ow) € XxX0\Er fxy) 2 -5,
E; = (X xX) \ (E1 UEz).

For each (y1, 1) € Ey, there is r1(y1, y2) € (0,1) such that

f(z1,22) > —1i4 Vz1, 2z, € X satisfying p(z;, i) <ri(y1,y2), i=12

For each (y1,12) € E,, thereis r1(y1, y2) € (0,1) such that

f(z1,22) > —g Vz1,z, € X satisfying p(zi,yi) <ni(y1,y2), i=1,2.
For each (y1,y») € E3, there is r1(y1,y2) € (0,1) such that

f(z1,22) < —g Vz1,2, € X satisying p(zi,yi) <ni(yi,y2), i=12.
For each (y1,y2) € X x X, set

U(y1, 2) = B°(y, 11 (y1, 2)) x B (v2, 11 (y1,42))-
For any (11,y2) € E1 U E, put
Sy (2) =max{f(z),0}, zeXxX
and for any (1, y») € E3, put

gyhyz(z) = f(z)/ ze X x X.

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

Clearly, {U(y1,y2) : y1,y2 € X} is an open covering of X x X. Since any metric space is
paracompact, there is a continuous locally finite partition of unity {¢ : p € B} subordinated to
the covering {U(y1,12) : y1,y2 € X}. Namely, for any f € B, Pp: XxX — [0,1] is a continuous

function and there exist y1(f), y2(B) € X such that supp(¢p) C U(y1(f), y2(f)) and that

dp(z)=1 VzeXxX.
pen

Define

fo(2) = D 9p(D) 8w iy (2), z€XxX.
peB

(2.9)

(2.10)
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Clearly, fj is well defined, continuous, and satisfies
fo(z) > f(z) VzeXxX. (2.11)
Let (z1,22) € E1. Then
€
f(Z1,Zz) > —E. (2.12)
Assume that § € B and that ¢p(z1, z2) > 0. Then

(21,22) € supp(dp) CU(11(B), y2(P))- (2.13)

If (y1(B), y2(P)) € Es, then in view of (2.5), (2.6), and (2.13), f(z1,z2) < —€/8, a contradiction
(see (2.12)). Then (y1(B), y2(B)) € E1 UE,, and by (2.7),

Sy (P wep) (21, 22) = max { f(z1,22), 0}. (2.14)
Since this equality holds for any f € B satistying ¢5(z1, z2) > 0, it follows from (2.10) that
fo(z1,22) = max {f(z1,22), 0} (2.15)

for all (z1,z2) € Eq.
Relations (2.1), (2.2), and (2.15) imply that

fo(xo,y) >0, yeX. (2.16)
By (1.2), (2.7), (2.8), and (2.10)
folx,x) =0, xeX (2.17)
Assume that
(z1,22) € Ey. (2.18)

Then in view of (2.2) and (2.18), f(z1,22) > —€/8. Together with (2.7) and (2.10), this implies
that

fo(Zl, Zz) < Z(i)p(Zl,Zz) <f<Z1,22> + g) = f(Zl,Zz) + g (219)

pen

Combined with (2.11), this implies that
€
f(z1,22) < fo(z1,22) < f(z1,22) + 3 (2.20)

for all (z1, z2) € Es.
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Let
(21,22) € E3 (2.21)
and assume that
peB, ¢p(z1,22) >0. (2.22)
Then in view of (2.22),
(21,22) € supp(¢p) CU(y1(P), y2(P))- (2.23)

By (2.23) and the choice of U(y1(B), y2(B)) (see (2.3)-(2.6)), (y1(B), y2(B))¢E1 and by (2.4),
(2.6), (2.7), and (2.8),

€

8y (21,22) < f(21,22) + 2. (2.24)

Since the inequality above holds for any p € B satisfying (2.22), the relation (2.10) implies that
€

fo(z1,22) < f(z1,22) + r (2.25)

Together with (2.11), (2.12), and (2.15), this implies that for all (z1,z;) € X x X

f(z1,22) < fo(z1,22) < f(z1,22) + 2 (2.26)

By (2.17), fo € 4. In view of (2.16), f; possesses (P1). Since f possesses (P2), it follows from
(2.7), (2.8), and (2.10) that f; possesses (P2). Therefore f; € <4 and Lemma 2.1 now follows
from (2.16) and (2.26). O

3. A perturbation lemma

Lemma 3.1. Let € € (0,1), f € o, and let xo € X satisfy

f(xo,y) 20 VyeX. (3.1)
Then there exist g € # and 6 > 0 such that

g y)20 YyeX, |g-Hly)l<] ¥ryeX (32)

and if x € X satisfies inf { g(x,y) : y € X} > -6, then p(xo, x) < €/8.
Proof. By (P2) there is a positive number

6y < min {16_16, 167'A} (3.3)
such that

|f(y,2)| < % Yy, z € X satisfying p(y, z) < 460. (34)
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Set
6=27"6. (3.5)
Define
pt)=1, te[0,60],
() =0, te [280,0), (3.6)
P(t) =2-15,", te (60,260),

filey) ==¢(plx,y)p(x,y) + (1-p(p(x,y)) f(x,y), (x,y€X). (3.7)

Clearly, f; is continuous and
filx,x)=0 VxeX. (3.8)
By (3.6) and (3.7),
filx,y) =—-p(x,y) Vx,y € X satisfying p(x,y) < . (3.9)
Let x,y € X. We estimate |f(x,y) — fi(x, y)|. If p(x,y) > 269, then by (3.6) and (3.7),

|fi(x,y) = f(x,y)| =0. (3.10)
Assume that
p(x,y) < 28. (3.11)
By (3.3) and (3.11),
|f(x,y)| < %. (3.12)

By (3.5), (3.6), (3.7), (3.11), and (3.12),

A1 y) = FG )] < pley) + [ fGy)] <260+ 12 < 5. (313)

Together with (3.10) this implies that
If1(x,v) - f(x, )| < Z Vx,y € X. (3.14)
Assume that x € X. In view of (P3) and (3.3), there is y € X such that
p(y,x) € [27'60,60]. (3.15)
It follows from (3.15) and (3.9) that

fi(x,y) = —p(y,x) < -27'8, (3.16)
inf{fi(x,z) :z€ X} <-27'8 (3.17)
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for all x € X. Set
8(x,y) = ¢(p(x,x0)) f(x,y) + (1= ¢(p(x, x0))) filx,y), xy€X. (3.18)
Clearly, the function g is continuous and
glx,x)=0 VYxeX. (3.19)
In view of (3.1), (3.18), and (3.6),
g(xo,v) = f(x0,y) 20 VyeX (3.20)

Since the function f possesses (P2), it follows from (3.9), (3.20), and (3.18) that g possesses the
property (P2). Thus g € 4.
By (3.6), (3.14), and (3.18) forall x,y € X

(f -9y <Aty - Fy| <3 (3.21)
Assume that
xeX, inf{g(x,y):yeX}>-27"6 =-6. (3.22)
If p(xp, x) > 260, then by (3.6) and (3.18),
g(x,y) = filx,y) VyeyY (3.23)
and together with (3.17), this implies that
inf {g(x,y) :y € X} <-276. (3.24)
This inequality contradicts (3.22). The contradiction we have reached proves that
p(x0,x) < 26 < g. (3.25)

This completes the proof of the lemma. O

4. Proof of Theorem 1.1

Denote by E the set of all f € o/ for which there exists x € X such that f(x,y) > 0forall y € X.
By Lemma 2.1, E is an everywhere dense subset of 4.
Let f € E and n be a natural number. There exists x¢ € X such that

flxp,y) >0 VyeX (4.1)

By Lemma 3.1, there exist g7, € &/ and 65, > 0 such that

gn(xp,y) 20 VyeX,  |(ga-flxy)|<@n) VxyeX, (4.2)

and the following property holds.
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(P4) For each x € X satisfying inf{gr.(x,y) : y € X} > -0y, the inequality p(xy, x) <
(4n)~" holds.
Denote by V(f,n) the open neighborhood of gy, in & such that

V(fn)c{hed: (hgr) eU(4 '650)). (4.3)
Assume that
x€X, heV(fn), inf{h(x,y):yeX}>-2"6¢u (4.4)
By (1.3), (4.3), and (4.4),
inf{gpn(x,y) :y € X} 2inf{h(x,y) 1y € X} 47610 > ~6pn. (4.5)
In view of (4.5) and (P4),
p(xg,x) < (4n)™L. (4.6)

Thus we have shown that the following property holds.

(P5) For each x € X and each h € V(f, n) satisfying (4.4), the inequality p(xf, x) < (4n)™!
holds.

Set

~ 8

F=(U{V(f,n): f€E and aninteger n > k}. 4.7)

k

1l
—_

Clearly, ¥ is a countable intersection of open everywhere dense subset of «/. Let
¢eF, €>0. (4.8)
Choose a natural number k > 8(e™! + 1). There exist f € E and an integer n > k such that
¢eV(f,n). (4.9)
The property (P4), (4.3), and (4.9) imply that for each x € X satisfying
inf {¢(x,y):y € X} > 271654, (4.10)
we have

inf {grn(x,y) 1y € X} >-2"67,—4765, > 650,
4.11)
p(xp,x) < (n) <

| @

Thus we have shown that the following property holds.
(P6) For each x € X satisfying (4.10), the inequality p(xs, x) < e/8 holds.
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By (P1) there is a sequence {x;};2; C X such that
liminf (inf {¢(x;,y) 1y € X}) > 0. (4.12)

i—o0o

In view of (4.12) and (P6) for all large enough natural numbers i, j, we have

‘ (4.13)

~| o

P x;) < (i xs) + (s, ) <
Since ¢ is any positive number, we conclude that {x;}2; is a Cauchy sequence and there exists

x; = lim x;. (4.14)

1—00

Relations (4.12) and (4.14) imply that for all y € X
§(xyy) = lim ¢(xi,y) 2 0. (4.15)

We have also shown that any sequence {x;}j>; C X satisfying (4.12) converges. This implies
that if x € X satisfies ¢(x, y) > 0 for all y € X, then x = x;. By (P6) and (4.15),

€
p(xe, x5) < 3 (4.16)

Let x € X and h € V(f,n) satisfy (4.4). By (P5), p(xf,x) < (4n)™. Together with (4.16), this
implies that

p(x,x:) < p(x,xp) +p(xs,xg) < (4n) ™ + g <e. (4.17)

Theorem 1.1 is proved.
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