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In this paper we considered an general integral operator and three classes of univalent functions for
which the second order derivative is equal to zero. By imposing supplimentary conditions for these
functions we proved some univalent conditions for the considered general operator. Also some
interesting particullar results are presented.
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1. Introduction

Let unit disk and let «/ denote the class of functions f of the form
f(z)=z+mz?+azz’+--- (z€U), (1.1)

which are analytic in the open disk % and satisfy the conditions f(0) = f'(0) — 1 = 0. Consider
S ={f €4 f are univalent functions in U}.
Let +#, be the subclass of «# consisting of functions of the form

f(z)=z+ iakzk. (1.2)
k=3

Let T be the univalent subclass of &/ which satisfies

sz'(Z) ~

2 -1
(f(2))

<1 (zew. (1.3)
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Let T; be the subclass of T for which f"(0) = 0. Let T, , be the subclass of T, consisting
of functions of the form (1.2) which satisfy
sz,(Z)
(f())*

for some p (0 < p < 1), and let us denote T, = T,. Furthermore, for some real p with 0 <p <2
we define a subclass S(p) of </ consisting of all functions f(z) which satisfy

1| <u (zel) (14)

z n
‘(m) l <p (zeU). (1.5)
In [1], Singh has shown that if f(z) € S(p), then f(z) satisfies
sz,(Z) )
-1 <plzl® (zeU). (1.6)
(F=)*

Ahlfors [2] and Becker [3] had obtained the following univalence criterion.

Theorem 1.1. Let ¢ be a complex number, |c| <1, ¢ # — 1. If f(z) = z + axz* + -+ is a regular
function in U and

Zf"(Z)
f(z)

forall z € U, then the function f is reqular and univalent in U.

clz|* + (1- |z|2)

<1 (1.7)

In [4], Pescar had obtained the following theorem.

Theorem 1.2 (see [4]). Let f be a complex number, Re p > 0, ¢ a complex number, |c| <1, ¢ # -1,
and h(z) = z + axz? + -+ a regular function in U. If

I’l”(Z)
clzP? + (112 <1 1.8
2P+ (1 =) (18)
forall z € U, then the function
z 1/p
Fs(z) = [ﬁf tﬂ‘lh’(t)dt] =z+-- (1.9)
0

is regular and univalent in U.

Lemma 1.3 (the general Schwarz lemma [5]). Let the function f(z) be regular in the disk Ur =

{z € C;|z| < R}, with |f(z)| < M for fixed M. If f(z) has one zero with multiplicity order bigger than
m for z = 0, then

M
|f(z)] < ﬁ|z|m, z € Ug. (1.10)

The equality can hold only if f(z) = e®®(M/R™)z™, where 0 is constant.
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In [6], Seenivasagan and Breaz consider for f; € 4, (i=1,2,...,n) and aj, ay,...,a,, p €
C, the integral operator

Fay (2 { f ﬂ1H<fl(t >1/a' } . (1.11)

When a; = a foralli = 1,2,...,n, F4 . a,p(2z) becomes the integral operator F,s(z)
considered in [7].

2. Main results

Theorem 2.1. Let M > 1, let the functions f; € S(p), fori € {1,...,n}, satisfy the condition (1.6),
let a;, P be complex numbers, let Re p > >, (((1 + p)M + 1) /|a;|), and let ¢ be a complex number.

If

(1 +p)M+1

e[ <1- 1 Z
Jeti|

|fi(Z)| <M,

(2.1)

forall z € U, then the functions Fy, a,,..a,p defined in (1.11) are in the class S.

Proof. Define a function
zn ; ¢ 1/a;
h(z) = f ]‘[<¥> dt, (2.2)
0 =1

then we have h(0) = h'(0) — 1 = 0. Also, a simple computation yields

. ﬁ<@>1/ai,

i=1

W(z) &1 /zfi(z) 22
z n = n z ll z
e :Zla_< o)
From (2.3), we have
H(Z)| & @]\ &1 2@ LG
h'(z Z|al < @ +1> zllml < 76 +1). (24)

From the hypothesis, we have |fi(z)| < M (z € U,i = 1,2,...,n), then by the general
Schwarz lemma, we obtain that

|fix)| <Mlz| (zeU,i=1,2,...,n). (2.5)
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We apply this result in inequality (2.4), then we obtain

hn nooq ZZ.'
W& Sle_< (5 ”)
nooq Zf ‘ >
sZ—( ) MM
= lail \ | (fi(2))? 26
=Zﬁ(PM|Z|2+M+1)
i=1
L (1+p)M+1
2l
We have
%, (1 @] _ |o1zp? py 11 (2fi3)
el + (1~ ) 5 | = e+ (1 =) 5 52 (S5 1)
(2.7)
c Zfi@| Ifi2)l
Iﬂl Zmz < o | 1\ )
We obtain
26 s 2h(2) 1+p)M+1
O R e
(L+pM+1 (28)
1 +p
<lel+ g Z ]
So, from (2.1) we have
2 26 zh"(z)
clz[P + (1 -z )ﬁh,() (2.9)
Applying Theorem 1.2, we obtain that Fy, 4,.. 4, is univalent. O

Theorem 2.2. Let M > 1, let the functions f; € S(p), fori € {1,...,n}, satisfy the condition (1.6),
let a, B be complex numbers, let Re p > n((1+p)M +1)/|a|, and let c be a complex number.

I

1 n((p+1)M+1)
Re |at| ’ (2.10)
|fi(z)] <M,

le] <1 -

forall z € U, then the function
/B

Fap(z) = { f th- 1H<f’(t >Wdt} (2.11)

is in the class S.
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Proof. In Theorem 2.1, we consider a; = ap =--- = a, = a. ]

Corollary 2.3. Let the functions f; € S(p), fori € {1,...,n}, satisfy the condition (1.6), let a;, p be
complex numbers, let Re p > >, ((p +2)/|ail), and let ¢ be a complex number.

If

Lp+2
el <1~ R_ﬂz |ai| * (2.12)
|fi(2)| <1,
forall z € U, then the function Fy, a,,..a,p defined in (1.11) is in the class S.
Proof. In Theorem 2.1, we consider M = 1. O

Corollary 2.4. Let M > 1, let the function f € S(p) satisfy the condition (1.6), let a, B be complex
numbers, let Re p > (1 +p)M + 1) /|a|, and let ¢ be a complex number.

If
1 M+1
| <1- 1 (I+p)M+ ,
Rep |ax| (2.13)
|f=)| <M
forall z € U, then the function
z t 1/a 1/p
Gap(z) = { ﬁf tﬁ‘1<¥> dt} (2.14)
0
is in the class S.
Proof. In Theorem 2.1, we consider n = 1. O

Corollary 2.5. Let the function f € S(p) satisfy the condition (1.6), let a, p be complex numbers, let
Rep > (p +2)/|a|, and let ¢ be a complex number.

If
L p*2
=t Rep |a| ’ (2.15)
If(z)l <1
forall z € U, then the function
z 1/a 1/p
Gap(z) = { ﬂJ; tﬂ-1<@> dt} (2.16)

is in the class S.

Proof. In Corollary 2.4, we consider M = 1. O
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Theorem 2.6. Let M > 1, let the functions f; € Ty, fori € {1,...,n}, satisfy the condition (1.4), let
a;, P be complex numbers, let Re p > 1L, (((1 + pi) M + 1) /|ai), and let ¢ be a complex number.

If

=1- Reﬂ; lai] 7 (2.17)
|fi(z)| <M

forall z € U, then the function Fy, a,,.. a,p defined in (1.11) is in the class S.

Proof. Define a function

h(z )—f ] (f’ft)y/mdt, (2.18)

then we have h(0) = h'(0) — 1 = 0. Also a simple computation yields

. ﬁ(@)wi,

i=1

(2.19)
zh"(z) _ 1 <Zf 1)
W(z) £ fi(2) '
From (2.19), we have
zh'(2)| _ & 1 (|2fi(2) - 1 (|Z2fi@)fi2)] ,
H(z) Z' < fi(z) > Z| < f2(z = > (2.20)

From the hypothesis, we have |fi(z)| < M (z € U,i = 1,2,...,n), then by the general
Schwarz lemma, we obtain that

lfiz)| <Mlz| (zeU,i=1,2,...,n). (2.21)

From (2.20), we obtain

Zh'(z)| &1 [| 22 fl(z)
=2 — M+1
1w (z) s < a |< (Fi(2))? + >
n 2 ¢
SZL< Zfi(z)2_1 M+M+1>
il \| (fi(2) (2.22)
LI
s;m(yiM+M+1)
(1 ‘ui)M+1.

i1 I’xil
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We have
26 2p 26 NR zfi(z) )
clz|T+ (1-|z +(1- <
2 + ( ||)ﬁh, ‘II ( ||>Z 7
1)) 152 (2.23)
c i(z)
<l + Z < 5 e 1>‘
|ﬂ| e NI f; (z) ER
We obtain
2 25 2h"(2) 1+,u1)M+1
clz|? + (1 - <le
27+ (=12 5 |||ﬂ|Z y
(1 M1 (2.24)
1 + Ui +
<le|+
Repd Tl
So, from (2.17) we have
zh"(z
cal? + (1= 2P 3 ((Z)) < (2.25)
Applying Theorem 1.2, we obtain that Fy, 4,,. 4, is univalent. O

Corollary 2.7. Let M > 1, let the functions f; € Ty, fori € {1,...,n}, satisfy the condition (1.4),
let a, B be complex numbers, let Re p > n((1 + p;) M + 1) /|a|, and let ¢ be a complex number.

If
1 n((1+um)M+1)

Re s |a ' (2.26)
|fitz)| <M

le| <1-

forall z € U, then the function

Fap(z) = { ,BJ‘ - 1H<f i) >1/udt} (2.27)

is in the class S.
Proof. In Theorem 2.6, we consider a; = ap =--- = a, = a. ]

Corollary 2.8. Let the functions f; € Ty, for i € {1,...,n}, satisfy the condition (1.4), let a;,  be
complex numbers, let Re p > >, ((ui + 2)/|ai]), and let ¢ be a complex number.

If

<1- -t SH*2
B Rﬂll |d1

|fiz)] <1
forall z € U, then the function Fy, a,,..a,p defined in (1.11) is in the class S.

(2.28)
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Proof. In Theorem 2.6, we consider M = 1. ]

Corollary 2.9. Let M > 1, let the function f € T, satisfy the condition (1.4), let a, p be complex
numbers, let Re p > ((1 + u) M + 1) /|a|, and let ¢ be a complex number.

If
] <1- 1 (1+y)M+1’
Refp  la (2.29)
[f(2)] <M
forall z € U, then the function
z t 1/« 1/p
Gup(z) = { ﬁf tﬂ‘1<¥> dt} (2.30)
0
is in the class S.
Proof. In Theorem 2.6, we consider n = 1. O

Corollary 2.10. Let the function f € Ty, satisfy the condition (1.4), let a, p be complex numbers, let
Ref > (u+2)/|a|, and let ¢ be a complex number.

If
1 pu+2
<l - ———,
i Ref |a] (2.31)
[f2)] <1
forall z € U, then the function
z t 1/a 1/p
Gap(z) = { ﬁf tﬂ‘1<¥> dt} (2.32)
0
is in the class S.
Proof. In Corollary 2.9, we consider M = 1. O
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