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We model and analyze antagonistic stochastic games of three players, two of whom form a coalition
against the third one. The actions of the players are modeled by random walk processes recording
the cumulative damages to each player at any moment of time. The game continues until the
single player or the coalition is defeated. The defeat of any particular player takes place when
the associated process (representing the collateral damage) crosses a fixed threshold. Once the
threshold is exceeded at some time, the associated player exits the game. All involved processes
are being “observed by a third party process” so that the information regarding the status of all
players is restricted to those special epochs. Furthermore, all processed are modulated (with their
parameters being modified in due course of the game). We obtain a closed form joint functional of
the named processes at key reference points.
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1. Introduction

Antagonistic games are those with two players A and B having totally opposite interests. In
our game-theoretic setting, we have a group of three players, A, B, and C, of whom A and
B form a coalition against C. The game is modeled by three stochastic processes, namely,
generalized random walk processes with drifts that at random times strike each other causing
random casualties. Each of the three players “accumulates” damages totaling successful strikes
of random magnitudes and each player is assumed to have his own threshold of tolerance.
Once the total damage to player A, B, or C exceeds its respective threshold, the inflicted player
is defeated and exits the game. In the beginning of the game, players A and B strike player C,
each at different times. Correspondingly, player C strikes players A and B at different times.
Player C wins the game if each of his adversaries is defeated and then the game is over. The
game also ends if player C is defeated by A or B. In this special case, one of them, say A, can
be defeated by player C followed by the defeat of player C by player B.
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In this particular game setting, we are interested in the event that player C defeats the
coalition of players A and B. At the core of the game are four marked modulated Poisson
random measures

X $ 4 1
Ma=>xies, Hs=>ye, Tea=dwie,, Ies= D wpe, (1.1)
i=0 720 k=0 =0

on a probability space (€2, F(2), P) (¢, is the point mass) that will describe the respective
casualties to players A and B by player C and to player C by players A and B. Before we
turn to specifics of (1.1), we assume that there is a third-party point process

T:= ng 7 >0, (1.2)

i>0

over which the game is observed, and thus the information on the status of the players will
not be continuously available but upon the epochs of time from T only. The Poisson processes
of (1.1) are conditionally independent in each interval [7_1, 7;) given the status of the players
at ;1 and, furthermore, their respective parameters (i.e., intensities of marks) will depend
on the game status at Tj1. This makes perfect sense because if one of the players, say A, is
defeated at some point known at 7, his upcoming actions against player C can be reduced or
completely halted. Perhaps player C will care little about player A either and concentrate his
attention on player B. Consequently, we will say that the parameters of (1.1) are as follows. In
interval [7j_1,7}), the r.v.’s x, ¢, ¢, 77 are independent Poisson with parameters )L]A, )Lé, )Lé A7 )LéB
and measures (1.1) are specified by their respective transforms

Ee™Ma0) = A HIgA-1], gl(u) = Ee™, Re(u) 20,

Ee00) = MHIsi®-1 ol () = Ee™, Re(u) >0,

. . ) (1.3)
EeMer0) = ghealllsea®l], gl () = Ee™™t,  Re(u) 20,
EeMles() = pMshlisy@)-1], gls(w) = Ee™™, Re(u) >0,
where | - | is the Borel-Lebesgue measure. We set sp = tp = uy = vy = 0. A more rigorous

formalism on modulated measures as per Dshalalow [1] is not mandatory, because, as we will
see it, the “automodulation” of (I, Ilg, I1ca, I1cg) will be restricted to a few reference points
from T.

The assumption is that random measures (1.1) are positive and the game natural settings
require the respective marks in (1.1) to be nonnegative. The interpretation of (1.1) is as follows.
Player A receives strikes of magnitudes xy, x1, . .. upon times sy, s, . . ., respectively, from player
C. Player B received strikes 19, 11,... upon ty,ti,... from player C. Similarly, Ilca and Ilcp
formalize the damages exerted to C by players A and B.

Now, relative to T of (1.2), we form the four-dimensional “embedded” marked random
measure

(#4,B,C,T) = D er (X, Y;, WH W) (1.4)
>0
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with modulated position dependence, where

X =Ta((tj1,731),  Y; =TIs((7j-1, 751),
W]A =Tca((7j-1,771), WJB = e ((7j-1, 771), (1.5)
Zi=WH+WpP, j=0,1,...,71=0.

Now, given thresholds M, N, R (positive reals), we define the exit indices

p=inf{m>0:A,=Xo+ -+ Xy > M},
vi=inf{n>0:B,=Yp+---+Y,> N}, (1.6)
p=inf{k>0:Cx=Zy+ -+ Z; > R}.

Hence, players A, B, C are doomed to exit the game at 7, 7, 7, (exit times or first passage
times), respectively; of course, it is not yet specified in which order. Informally, the game in our
case, is the stochastic process (¢4, B, C, C) of (1.1)-(1.6) on the trace o-algebra #(Q) N ({u <v <
plU{v < u < p}), implying that only those paths of (4, B, C, C) will be included which lead
player C to defeat the coalition of players A and B. Consequently, we are interested in the joint
functional

q)‘uvp —E [e—ﬂoA;H—ulAy—uzAwl—asAv e_b[)B‘ufl_blB‘u_bZvil_bSBv
(1.7)

—c0Cj-1—¢1C,—2Cy-1—c3Cy—c4Cpo1—c5C, ,—00T-1-017,—02T,-1-037,—04T,_1 6
X e CoLp-1—C1 =130, =01 =C5 re 0Tu-1—1 T =027y 1 03T, U4 Tp1 5Tp1{ﬂ£v<p}u{v</d<p]]/

providing the key information upon major reference points of the game lasting until player
C wins. The way how the “modulated” point process T functions will be described in
the upcoming sections. Section 3 contains the main result of the paper, Theorem 3.3, which
provides a closed form expression for functional (1.7).

It is observed that in this paper we focus entirely on probabilistic analysis of the conflict
rather than on an optimal strategy for winning the game. The tools for the investigation
we use are also different from those in most literature, concentrating on fluctuation analysis
specifically designed and embellished for these types of games. We also notice that the game
we formalize and study is strictly antagonistic as far as the parties of players A and B and
player C. Consequently, the primary application of our game will be economics and warfare,
with the main emphasis on economics. We believe that most actions among competitors in any
specific branch of industry, banking, recreation, and so forth are hostile in nature, which agrees
with the free market principles. Among them, we mention acquiring or selling large quantities
of shares of stocks of a competitor, merging with another competitor, hostile commercials,
political lobbying, and outsourcing the labor.

All pertinent work related to antagonistic games are concerned with two players with
opposite interests. Of course, each player can represent a group of other players, but they are
not noticeably distinguishable within the game [2, 3]. In this paper, we make a first attempt
to bring a coalition into the game, where the actions of the players differ for each player, and
defeating the coalition means to defeat each player, possibly at different times. We also plan
another work for coalition games where a coalition ruins a single player and a coalition defeats
another coalition.

Game-theoretical work most commonly applies to economics, although it stemmed from
warfare during the second world war. The literature on games is vast and a good portion of
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it is on cooperative games [4-6]. Others are on noncooperative (antagonistic) games [2, 3, 7—-
12] of which many relate to economics [5, 7, 10, 11] and some to warfare [8, 12]. The primary
tools explored in this paper are on the theory of fluctuations related to the random walk and
occurring in economics [13, 14], physics [15], and other areas of engineering and technology.
Article [2] by the first author contains a more detailed bibliography regarding fluctuations and
games. Article [3] is somewhat related to our present paper, as it also models a noncooperative
game by random walk processes, but with two active players only. The literature on coalition
games is quite populous. We mention a few related papers [8, 16-21] which all use different
techniques and settings.

2. Preliminaries

We will begin with the description of the observation process C. We assume that T is a delayed
renewal process with

Ee 9 = 6,(0), Re(6) >0,

Ee % =6,(0), Re(0)>0,j=1,2,..., @D
where
Aj=Tj—Tj1. (2.2)
Next, from (1.5) followed by (1.3), wefind
Yi(x,y,2,0)

= Ee XXj—yYj=2Z;-04;
— E[e_eAjE[e_an((ijllTj]) | Aj]E[e—yHB((T;—th]) | A].]E[e_Z{HCA*‘HCB]((ijl/Tj]) | A].]]
= E[e 0% 8 A4 800111, 8l (1114 s 2)-11)]

=610+ M [1-gl@)] + [ -gf )] + A, [1 - gls @] + 1 [1 - gLy}, j=12,...,
(2.3)

and analogously,

Yo(x,, 2, 0) = Ee~*Xoy¥o-2Zo-0m
= 60{0+ A3 [1- gR (0)] + A5 [1 - g5()] + Aea[1 - 8ea ()] + A [1 - 825(2)] }-
(2.4)
Throughout the rest of the paper, we will be using the following abbreviations:
Yi=vi(ao+---+az+x,bg+---+bs+y,co+---+c5+2,600+---+65), i=0,1, (2.5)
Ti=yi(m+a+az+x,bi+by+bs+y,c1+---+cs+2,01+---+65), i=0,1, (2.6)
Il=yi(a1+ax+as,by+by+bs+y,ci+-+c5+z01+--+0s5), i=0,1, (2.7)
=yi(a+ar+az+x,by+by+by,c1+--+c5+2,0;+---+05), i=0,1, (2.8)
gi=Yi(a+ar+x,bp+bi+y,co+---+cs+z,600+---+65), i=0,1, (2.9)
Gi=vYi(m+xbi+y,ci+c+ca+cs+2,00+03+0,+65), i=0,1, (2.10)
G =yi(ar,bi,c1+c3+ca+tes+z,01+03+05+05), i=0,1, (2.11)
Gl =yi(a,bi+y,ci+cs+ca+cs+2z,01+0;+0:,+05), i=0,1, (2.12)
G} =yi(a1 +x,bi,c1+c3+ca+cs+2,01+0;+0:,+65), i=0,1. (2.13)
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3. Main results

We recall that the game is over when player C beats the coalition of players A and B
by defeating both of them. The o-algebra of the paths of the process (+4,B,C,T) can be
analogously rewritten as F(Q) N {u < v < p}U{u =v < p} U {v < pu < p}. We break the
functional @, of (1.7) accordingly in three parts below.

Part 1. Player C knocks down player A and then player B. Before we further proceed, we would
now like to focus on the specifics of the automodulation mentioned in Section 1. Consider the
o-subalgebra ¥ (Q) N{u < v < p} of the paths of the game, with player A losing first, followed
by player B. Subdividing the time axis into five intervals

[0, 70] U (70, 7] U (T30, 7] U (70, 7] U (7, 0), (3.1)

we specify the parameters of the Poisson processes in (1.1) as follows. We assume they will
not alter within these five intervals, only upon transition from one to another. Counting these
intervals as Iy, I1, I», I3, I+, we will assign the corresponding parameters and functionals in
(1.3), now indexed from 0 through 4.

The corresponding subfunctional will look as

ch - E [e—aUAﬂ,l—a1AM—aZAV,l—a3A‘,—bUBW1—b1BM—bZBv,l—b3BV
wvp
x e—CoCﬂq—ClCM—CZCv—l—CSCv_CLLCpfl_CSCp (32)
—90T ,1—91T —92T ,1—93T —947.' ,1—95T
X e # ® v v 4 Pl{#<v<P]].

Now, we extend the indices of (1.6) to the random families:

up) =inf{m>0:A,, =Xo+---+Xm>p}, p=0,
v(q) =inf{n>0:B,=Yo+---+Y,>q}, g=0, (3.3)
p(r) =inf{k>0:Cp=Zo+---+Zx>r}, r>0.

Correspondingly, the functional (3.2) will turn to a parametric family of functionals:

(p,q,7)— q)}l,l(p)v @pr) = E [ %0Au-1=01Aup =82 Avg-1-03Av0)

x e 00Bup)-1-b1Bu(p) ~b2Bu(g)-1-b3Bu(g)
34
% e C0Cup-1=61Cup) =2Cu(g-1-63Cu(p=€4Cp(r)-1-¢5Cpir) G4
—907‘ ( )_1—91T ( )—92T (. )_1—93T it )—94’1' ( )_1—95’1' (r)
e i R TR B eT] B

Now, we define a Laplace-type operator

L, ()%, 2) = xyz L_O L_O f T, o5

Re(x) >0, Re(y) >0, Re(z) >0,
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which we apply to {1{,p)=j,v(q)=k,p(r)=n); P 2 0, ¢ 2 0, r > 0} arriving at

Lyar (L up)=j, ()=, p(r)=n) ) (¥, Y, 2) = (€71 = e™¥A)) (e7¥Prt — e ¥Br) (e75Cr1 — e72Cr),
(3.6)

Equation (3.6) is not difficult to prove (cf. [3] for a related formula). With the notation

Wi(x,y,2) = Ly (@L(p)m( 0 W))(x, v,z), i=1,23, (3.7)
we have, after the use of Fubini’s theorem,

‘qj‘l (x y Z) — E [e—lloA]‘q—ulA]'—llek,l —a3Ak—b0Bj,1 —blBj—szkfl—b:;Bk
r Y E § §
720 k>j n>k

x e*CoC,‘-rﬁ Cj=c2Ck-1-c3Ck—c4Cy1-¢5Cp e*GOTj—l ~017j-027k-1-03 Tk~ 047, -1-057,

x (e—xA,-,l _ e—xA]-) (e_yBk’l _ e—yBk) (B_ZC"’I _ e"ZC")].

(3.8)
A further regrouping of the random factors yields
'lP'l (x, y, Z) — Z Z ZE [e—(ag+---+a3)A]-,1—(al+a2+a3)X]-7(a2+a3)(X]-+1+---+Xk,1)—ang
720 k>j n>k
x e_(b0+"‘+b3)Bj—l_(b1+b2+b3)yj_(b2+b3)(Yj+l+"‘+Yk—l)_b3Yk
x e—(c0+~~-+cs)CH—(c1+~--+C5)Z]-—(cz+»~+cs)(ZM+-~+Zk,1)—(C3+C4+C5)Zk
% e*(C4+C5)(Zk+]+"-+Zn,1)*CsZn (3.9)

x @~ (O0F-+05)Tj-1=(B1+405) Aj=(Or+65) (Ajsr+4+Ak-1) = (03+05+65) Ax
x e_(64+95)(Ak+l+"'+An—l)_65An
x e—xA,-,l (1 _ e—ij)e—yB/-,le—ije—y(Y,-+1+---+Yk,1) (1 _ e—ka)

X e*ZC/'_] e*ZZ]‘ e*Z(Zj.H +~--+Zk_])e*ZZk e*Z(Zk+]+---+Zn_1) (1 _ e*ZZn)] .

Under our assumptions on independence of the increments of the process (¢4, 3,C, C) in
intervals Iy, ..., I, we have after straightforward arguments,

11;1 (x, v, Z) — Z Z ZE [e—(u0+~~~+u3+x)A,-,1—(b0+~~~+b3+y)Bj,1—(c0+~~+C5+z)C,~,1—(90+~~+65)T}-,1]
j20 k>j n>k
x E [e*(aq +a2+a3)Xj (1 _ e*xX]')e*(b]+b2+b3+y)Yj*(C1+-~+C5+Z)Z]’*(91+~~~+95)A]‘]

« E [e—(a2+a3)(Xj+1+“'+Xk71)—(b2+b3+y)(yj+l+'“+Yk—l)
x e_(52+"'+c5+z)(Zj+1+"'+Zk—1)_(62+"'+65)(Aj+1+"'+Ak—1)]
“aXibae (1 _ g YYe) p(estertesta) Zim(0y+0u05) 0] (3.10)

xE[e
< E [e*(CﬁCs*Z)(Zm+-~~+Zn-1)*(94+95)(Ak+1+~--+An-1)]
x E

[e—C5Zn (1 _ e—zZn)e—95An]

= > > > RijRyjRajk RaxRoicnRon,
720 k>j m>k
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where

le — E [e—(ao+-~~+a3+x)A]-,1—(bg+-»~+b3+y)B,-,1—(c0+---+z:5+z)Cl-,1—(90+--»+95)T]-,1]

{L i=0
= i1,
Yoy, j>0,

sz — E[e—(a1+a2+u3)Xj(1 _ e—xX]-)e—(bl+b2+b3+y)Y]-—(cl+~~+cS+z)Z]-—(61+~~~+95)Aj]

[ri-To, j=0
r'-Ty, j>0,

y’s and I”’s are defined in (2.5)—(2.7), and

(3.11)

R3]’k = E [e’(aeraS)(Xj-v-]+"‘+Xk—1)’(b2+b3+y)(yj+1+“'+Yk—1)e’(CZ+'“+CS+Z)(Zj+1+“'+zk—1)’(62+“'+95)(A]’+1+'"+Ak—1)]

:yfflf"(az+a3,b2+b3+y,cz+---+c5+z,92+---+95), k>j>0,

R4k — E [e—ag,Xk—bg,Yk (1 _ e—ka)e—(C3+C4+C5+Z)Zk—(93+94+95)Ak]

= Yg(a3,b3,C3+C4+C5+Z,93+94+95) —yg(a3,b3+y,03+04+05+z,93+94+95),

R = E[e_(c4+55+z)(Zk+1+“'+zn71)_(64+95)(Ak+1+'“+An71)]

=yr17%(0,0,cs + c5 + 2,00+ 05), n>k,

Ren = E[e™5%" (1 - e‘ZZ")e‘95A"] =74(0,0,¢5,05) —y4(0,0,c5 + z,05).
(3.12)

The summation Y, k>]-R3]-kR4k yields the expression

Y3(a3,b3,C3+C4+C5+Z,93+94+95) —Y3(a3,b3+y,C3+C4+C5+Z,63+94+65)

(3.13)
1-y(az+as,by+bs+y,co+--+c5+2,0,+-+65)

The summation ;. Rsk, Ren yields the expression (y4(0,0, ¢s,05) —74(0,0, c5+2,05)) / (1-
¥4(0,0, c4+c5+2,04+05)). Therefore, completing the rest of the summations, we have altogether

Yo
1 -Nn

¥l(x,y,z) = |Tj-To+ (T} -Ty)

)’3((13, b3, C3+C4+Cs5+2Z, 93+94+95)—Y3(113, b3 t+Y,C3+C4+C5+2, 93 + 94 + 95)

1—y2(a2+a3,b2+b3+y,02+~~~+C5+z,92+---+65)

% Y4<0/ O/CS/ 95) - Y4(0/O/C5 + 2z, 95)
1 —}’4(0,0,C4 + C5 + z,04 + 95) ’

(3.14)

Finally, for the convergence of the above series, we need the following.
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Lemma 3.1. Let h(x,vy,z,60) = Ee”*X7¥¥i72Z=98; with Re(x) > 0, and Re(y) > 0,Re(z) > 0, and
Re(0) > 0. Then, the norm ||h|| is strictly less than 1 for all (x,y, z,0) € C* such that

Re(x) >0, Re(y) 20, Re(z) >0, Re(0) >0, (L.1)
[Re(x)]” + [Re(v)]” + [Re(z)]” + [Re(6)]” > 0. (L.2)

For the proof of Lemma 3.1, see the appendix.

Remark 3.2. The convergence of >, j>oyij B (and other similar series) is valid in light of Lemma
3.1 applied to the norm of the functional

Yi(ao+ a1 +x,bo+---+bs+y,co+---+c5+2,00+---+65), (3.15)

which is strictly less than 1 if Re(ag+- - -+az+x) > 0, Re(by+- - -+bz+y) > 0, Re(cp+-- - +c5+2) > 0,
and Re(6p + - - + 65) > 0, or even replacing one of the four inequalities with >. The rest of the
series can be adjusted correspondingly.

Part 2. The automodulation of Part 1 is modified as follows. Consider the o-subalgebra F(£2)N
{u = v < p} of the paths of the game, where players A and B perish simultaneously before
player C does. Subdividing the time axis into four intervals

ILywLULUIz = [O,To] U (T(), T‘u] U (Tﬂ,Tp] U (Tp, OO), (316)

we specify the parameters of the Poisson processes in (1.1) as follows. We assume they will not
alter within these five intervals, only upon transition from one to another. The corresponding
subfunctional will read as

(I)Z — E [e_aOA/kl_alAy_bOB/kl —blBﬂ—CQCﬂq—Clcll—CzCVq—C3CV—C4CP,1—C5CP

e 3.17
X e—eoT#q—91T‘M—92T‘;,1—93TV—64TP,1—65T/71[ﬂ=v<p]] . ( )

Proceeding further analogously, we again have the extended family of functionals

2 =0 Au(p)-1=21Au(p) ~boBy(p)-1=b1By(p)
(Dﬂ(p) E [e

v(@)p(r) ~
x e~ 0Cu(p)-1=61Cu(p) =2Co(g)-1=3Cr(g =€4Cp(r)-1=65Cpir) (3.18)

x e~ 00Tup-1=61Tu(p) =02T(g)-1=03T(g) =04 Tp(r)-1=05Tp() 1

(p=v@<p)}] -

Applying operator £, to the family {1(,p)=j=v(q)=kp(r)=n); P = 0,9 > 0,7 > 0}, we
arrive at

Lpar (Uptpy==via=k pirry=nm)) (X, Y, 2) = (€747 = ™4 (70 — e™VP) (70 — e75).
(3.19)

Then, by Fubini’s theorem and (3.19), it holds that

‘[P'Z (x/ y/ Z) — —qur <Z ZE [e—lloA];1—121A]'—b(]B/;1 —blB]'—C[]Cl;1—Clcl'—CzC];l—C3C7—C4Cn,1—65cn

j>0 n>j

—007;_1-01Tj—0Tj_1~03T—04Ty 1057,
X @ T TR TR 1{/4(P)—f—v(4)—k,ﬂ(r)—n}]>(x’]//Z)
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— Z ZE [e—aQA]‘,1 —alAj—bgB]-,l—blB,-—con,l —ClCj-Cijq—C3C]‘—C4Cn,1—C5Cn
j>0 n>j
X e*@oTj-]*91T]’*ez‘rj_17637']'7941',,_17657',, (320)

x (e—xA]',1 _ e—xA,-) (e—yB]‘,1 _ e—yBl) (E—chq _ e—zC,,)] .

After a straightforward algebra and using similar independence arguments regarding
the automodulation through intervals Iy, I, I, I3, we have

1P2 (xl v, Z) — Z ZE [e—(u0+u1+x)A,-,1—(b0+b1+y)B,-,1—(c0+~~+cS+z)Cj,1—(90+~~~+95)-r]-,1]

j>0 n>j
x E [e—ﬂ]X]‘ (1 _ e—xX]‘)e—b1Y]' (1 _ e—ij)e—(C1+C3+C4+65+Z)Zi—(91+93+94+95)A/']
x E [ef(C4+C5+Z)(Z;+1+~~-+Zn_1)*(94+95)(A,-+1+~~~+An_1)] (3.21)

x E[67C5Zn (1 _ 6722")6795&’]

= Z ZleRZjRSjnR4n/

j>0 n>j

where

R1] =E [e—(ag+a1 +x)A]~_1—(b0+b] +y)Bj_17(C0+---+C5+Z)Cl’_]*(60+---+95)T/'_1]

{L j=0
= i1 .
Q8 j>0,

3.22
RZ] — E[e—ij(l _ eixxj)eihyj(l _ e*le’)e*(C1+C3+C4+C5+Z)Zj7(6]+93+64+65)A]'] ( )
|G -Gy-Gi+Go, j=0
G?-G-Gi+Gy, j>0,
g’s and G’s are defined in (2.9)-(2.13), and
R3jn — E[e*(ﬂ4+65+2)(Z;’+1+---+Zn—1)*(94+95)(Aj+1+"-+An—1)]
n-1-j .
= 0,0,C4+C5+Z,94+95 , n>j,
o ( ) j (323)

Ryy = E[e7% (1 — e7%4n) e™%4]
=73(0,0,¢5,05) —3(0,0,¢5 + z,65).

The summation Zn>7-R3jnR4n yields the expression (y3(0,0, ¢s5,05) —y3(0,0,¢c5+2,65)) / (1 -
12(0,0, c4 + ¢5 + 2,04 + 05)). Therefore, completing the rest of the summations, we finally have

Wixy,2) =[G - Gh -G+ Go+ - ngl (G2-Gl -G+ Gl)]

B (0,0,¢5,65) —y3(0,0,¢5 + z,05)
1- Yz(0,0,C4 + C5 + z,04 + 65) .

(3.24)

The needed convergence everywhere we go is due to Lemma 3.1.
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Part 3. Player C defeats player B and then player A, being expressed through the functional

cD3 =E [e—aoAvq—a1AV—azAﬂ,1—a3A,‘—boBv,l ~b1B,~b2B,,1-b3B,
Hvp
x e—cva,l—clCv—czC,l,l—csC,,—a;Cp,l—cst (325)
—00Ty-1—617,—0,7,-1-037,—04T,_1—05T,
x e 00mv-1=017y=027, 1 =057, =047y Spl{v<ﬂ<P]].

This case is literally identical to Part 1 by interchanging the roles of A and B yielding the

3 .
transform of (Dw, o

¥(x,y,2) = [ -To+ 7 IOYl (I2-Ty)

y3(a3, b3, C3+Ci+Cs5+2Z, 93+64+95) —)/'3(613 + X, b3, C3+C4+C5+Z, 93 + 94 + 65)

1—Yz(az+a3+x,b2+b3,c2+...+C5+z,92+.._+95)

% Y4(0/0/C5/95) - Y4(O/0/ Cs + 2195)
1 —}’4(0,0,64 +Cs5 + 2,94 +95) ’

(3.26)

where I'?’s are due to (2.8).
Finally,
¥(x,y,2) =¥ (xy,2) + ¥ (x,y,2) + ¥ (x,y,2)

Y3<a3,b3,C3+C4+C5+Z,93+94+95) —Y3(a3,b3+y,C3+C4+C5+Z,93+94+95)

1-y(ar+as,by+bs+y,co+---+c5+2,60,+---+65)

% Y4(0/ OI Cs, 95) - Y4(O/ O/ C5+ 2z, 95)
1- Y4(0,0,C4 + Cs5 + 2,64 + 65)

x [rg—r0+ 1IOY1 (I -Ty) +rg—r0+1f—°ﬁ(r§—r1)]

+

G})Z—Gg—cg+co+1g°g (G}2—G§—G§+Gl)]
— &1

% Y3(0/01C5/65) - Y3(O/0/ Cs + 2165)
1- Yz(0,0,C4 + Cs5 + 2,94 +95) ’

(3.27)
Setting
C4 =C5 = 64 = 95 = O, (3.28)

(i.e., dropping the information past the exit of the second defeated player) and relaxing some
of modulation with

R=" (3.29)
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simplifies (3.27) to

W(x,y,z) = |[h=To+ — (I = Ty) + T2 - Ty + —°— (12 - Ty)
1-1 1-y

Y2(as, bz, c3+ 2,03) —y2(as, by +y,c3+ z,05)

(3.30)
1- Yz(az +as, by + bs t+Y,CtC3+ z,0, + 93)
+GP -Gy -G} +Go+ 1g°g (G2 -Gl-G+G).
- &1
Using the tensor-like index operators
i i "o i
Q (R,T) = RO - RO + 1_—1’1(R1 — Rl),
‘ ' oo (3.31)
2'(R°,r) =Ry - R+ 1—(Ri‘ -R)),
-1
and specifying them as linear, we can rewrite (3.28) in a more compact form:
Y(x,y,z)
y2(as, b3, c3+2,03) —y2(as, bz +y,c3 + 2,03 (3.32)
_ (' + A ) L2(G5) - G0

1—Yz(az+a3,b2+b3+y,Cz+Cg+Z,92+93)

The targeted functional @, can be restored from ¥ by applying the inverse of £ to ¥,
which is the inverse Laplace operator, after the division by xyz. The main result of this section
can be summarized in the following theorem.

Theorem 3.3. In the stochastic game with coalition of players A and B against player C on the o-
subalgebra F(Q) N ({g < v < pl U {v < u < p}) (ie., with player C defeating the coalition), the
functional

(D‘uvp = E [e—agA#,l —alA,‘—azAv,l -azA, eibOBI"l *bpr*bZvil -b3B,

x eiCOCI"l —C1 CM*CZC,,q *C3C1,*C4CP,1 7C5CP e*@g‘l‘,,,] -6 Tﬂfevaq *93‘1’1,*94‘["_,,1 705TP (3'33)

X Lugvepluivapsp) |-
relative to the key reference points of the process (#,B, C, T), satisfies the formulas
Opp = L1, (¥(x,y,2)) (M, N, R) (3.34)

and (3.27). For special case (3.28)-(3.29), the functional ¥(x, y, z) in (3.27) and (3.34) takes a compact
form (3.32) with index operators (3.31) and, for this special @, in (3.33), is

(D/wp — E [e_at]A;A—l_alAy_aZAv—l_aSAve_bOBy—l_blBy_bZBv—l_bZ%Bv
(3.35)
-c0Cpy-1—c1Cy—2Cy1-¢3C,y, ,—00T,-1—6017,—60,7,,1 -6
x e~ u-1761Cu =001 =63C 500 Ty-1-017, =027 3Tv1[;4§v<p}u{v<y<p}]'

Remark 3.4. Expressions (2.3) and (2.4) are more explicit when specifying y’s, g’s, I'’s, and G’s.
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Appendix
Proof of Lemma 3.1 . Since

h(x,y,z0) = f Of OI . f 0e‘”x"”y"wz‘etij®yj®zj®Aj(du,dv,dw,dt), (A1)
u>0 Jo>0 Jw>0 Jt>
we have

|h(x,y,2,0)| < f f j le 00| Py oy o7 o (it o, duw, i)
u>0 J >0 Jw>0 Jt>0

SI f f J‘ e—Re(x)u—Re(y)v—Re(z)w—Re(Q)tPXj®)(j®Zj®Aj (du, dU, dw, dt)
u>0 J >0 Jw>0 Jt>0

—Re(0) —Re(z) —Re(z)—Re(G)aS

<ag+e a1 +e ay + e ReWp,y e Ry, 4o
+ e*Re(y)fRe(G)a6 + e*Re(x)—Re(G)a7 + e—Re(y)—Re(z)a8 + e—Re(x)—Re(z)a9

+ e—Re(Jc)—Re(y)a10 + efRe(y)fRe(z)—Re(@)a11 + e—Re(Jc)—Re(z)fRe(S)0{12

+ e—Re(x)—Re(y)—Re(G)(x13 + e—Re(x)—Re(y)—Re(z)lx14 + e—Re(x)—Re(y)—Re(z)—Re(Q)a15l
(A.2)

where

1 1 1 1
ag = j J‘ J‘ J PXj®Yj®Zj®A/' (du’ dU, dw’ dt)’
u=0 Jv=0 Jw=0 Jt=0
1 1 1
f f I f Pxev,0z,0a,;(du, dv, dw, dt),
u=0J v=0 J w=0J >1
1 1 1
u=0J v=0/ w>1/t=0
1 1 1
as = f ,[ I ,[ Pxev,ez00,(du, dv, dw, dt),
u=0 J v>1 J w=0J t=0
1 1 1
ay = J‘ f f f PX)-®Y}-®Z]'®A]' (du’ dv’ dw’ dt)’
u>1J v=0J w=0/t=0
1 1
a5 = J‘ J‘ J' J‘ PX/-®Y/-®Z/®A]' (du/ dU, dw’ dt)’
u=0 7 v=0J w>1/t>1
1 1
g = J‘ J. I J. PX]'®Y]'®Z]'®A]' (du’ dv’ dw’ dt)’
u=0 v>1J w=0/ t>1
1 1
a7 = J‘ J‘ I J‘ PX]-®Y]-®Z/®A]' (du/ dU, dw’ dt)’
u>1J =0 J w=0J 121

1 1
ag = J‘ J‘ I J‘ PX]'®Y]'®Z]'®A]' (du’ dv’ dw’ dt),
u=0 7 v>1/J w>1/t=0

241

[2%]
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1 1
a9 = I J‘ J‘ J‘ PXj@Yj@Zj@A/' (du/ d'U, dw/ dt)/
u>1J v=0J w>1/t=0
1 1
o - f f f f Py ovjoz,0n, (dut, do, dwo, dt),
u>1J v>1J w=0/Jt=0
ann = J‘ J J‘ J‘ PXj@Yj@Zj@A/’ (du/ dU, dw/ dt)/
u=0 7 v>1
ap = I j J I Pxov,0z;00; (du, dv, dw, dt), (A3)
u>1 7 v=0
1
s = f J f f Py ox;ozy0n, (dtt, dv, dw, db),
u>1J v>1J w=0Jt>1
1
a4 = f j J‘ j PX/-®Y/'®Z]'®A]' (du/ dvl dw/ dt)l
u>1lJov>1Jw>1/t=0

s = I f j f Py v z,0n, (it do, duw, db).
u>1Jo>1Jw>1Jt>1

Thus, if e Re@) < 1, e7Re) < 1 g Re(@) <1 gRe®) < 1,

f f f f e ReCIuReWoREW RO Py oy o7,0n,(du, dv, dw, db) < ag+- -+ a15 = 1.
u>0 Jov>0 Jw>0

>0
(A4)
The conditions e Re@) < 1, g7Re() < 1 ¢ Re(z) < 1 gRe®) < 1 gre equivalent to
Re(x) >0, Re(y) >0, Re(z) >0, Re(0) > 0. (A.5)
The latter also permits a weaker form allowing us to replace one of the strict inequalities
with > and still have (A.3) being held. O
Acknowledgment

This research is supported by the US Army Grant no. W911NF-07-1-0121.

References

[1] J. H. Dshalalow, “Characterization of modulated Cox measures on topological spaces,” International
Journal of Applied Mathematics & Statistics, vol. 11, no. 7, pp. 21-37, 2007.

[2] J. H. Dshalalow, “Random walk analysis in antagonistic stochastic games,” to appear in Stochastic
Analysis and Applications.

[3] J. H. Dshalalow and H.-J. Ke, “Layers of noncooperative games,” submitted.

[4] A. Bagchi, Stackelberg Differential Games in Economic Models, vol. 64 of Lecture Notes in Control and
Information Sciences, Springer, Berlin, Germany, 1984.

[5] E. J. Dockner, S. Jorgensen, N. V. Long, and G. Sorger, Eds., Differential Games in Economics and
Management Science, Cambridge University Press, Cambridge, UK, 2000.



14 Journal of Inequalities and Applications

[6] S.Jergensen and G. Zaccour, Differential Games in Marketing, vol. 15 of International Series in Quantative
Marketing, Springer, New York, NY, USA, 2004.

[7] T. Basar and G. ]J. Olsder, Dynamic Noncooperative Game Theory, vol. 160 of Mathematics in Science and
Engineering, Academic Press, Orlando, FL, USA, 1982.

[8] J. Bracken and M. Shubik, “Worldwide nuclear coalition games: a valuation of strategic offensive and
defensive forces,” Operations Research, vol. 41, no. 4, pp. 655-668, 1993.

[9] P. C. Fishburn, “Non-cooperative stochastic dominance games,” International Journal of Game Theory,
vol. 7, no. 1, pp. 51-61, 1978.

[10] R. V. Konstantinov and E. S. Polovinkin, “Mathematical simulation of a dynamic game in the
enterprise competition problem,” Cybernetics and Systems Analysis, vol. 40, no. 5, pp. 720-725, 2004.

[11] V.N. Shashikhin, “Antagonistic game with interval payoff functions,” Cybernetics and Systems Analysis,
vol. 40, no. 4, pp. 556-564, 2004.

[12] T. Shima, “Capture conditions in a pursuit-evasion game between players with biproper dynamics,”
Journal of Optimization Theory and Applications, vol. 126, no. 3, pp. 503-528, 2005.

[13] A. E. Kyprianou and M. R. Pistorius, “Perpetual options and Canadization through fluctuation
theory,” The Annals of Applied Probability, vol. 13, no. 3, pp. 1077-1098, 2003.

[14] J. Muzy, J. Delour, and E. Bacry, “Modelling fluctuations of financial time series: from cascade process
to stochastic volatility model,” The European Physical Journal B, vol. 17, no. 3, pp. 537-548, 2000.

[15] S. Redner, A Guide to First-Passage Processes, Cambridge University Press, Cambridge, UK, 2001.

[16] J. M. Alonso-Meijide and M. G. Fiestras-Janeiro, “Modification of the Banzhaf value for games with a
coalition structure,” Annals of Operations Research, vol. 109, pp. 213-227, 2002.

[17] R. Amer and ]. M. Giménez, “Modification of semivalues for games with coalition structures,” Theory
and Decision, vol. 54, no. 3, pp. 185-205, 2003.

[18] M. A. Ball, “Coalition structure and the equilibrium concept in n-person games with transferable
utility,” Proceedings of the Royal Society of London. Series A, vol. 454, no. 1974, pp. 1509-1522, 1998.

[19] E. Fukuda and S. Muto, “Dynamic coalition formation in the apex game,” Theory and Decision, vol. 56,
no. 1-2, pp. 153-163, 2004.

[20] H. A. Michener and D. J. Myers, “Probabilistic coalition structure theories: an empirical comparison
in four-person superadditive sidepayment games,” The Journal of Conflict Resolution, vol. 42, no. 6, pp.
830-860, 1998.

[21] M. E, Sdiz, E. M. Hendrix, and N. J. Olieman, “On the computation of stability in multiple coalition
formation games,” Computational Economics, vol. 28, no. 3, pp. 251-275, 2006.



	Introduction
	Preliminaries
	Main results
	Appendix
	Acknowledgment
	References

