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1. Introduction

Let Q be an open bounded subset of RN, N >2. Let gi>1,i=1,...,N. Denote

= maxg; = ming; sl 1lg1 (1.1)
1= 2R PEERT 1°FTN g '
Throughout this paper, we will make use of the anisotropic Sobolev space
wii@) = {verl @ Zerl @,vi=1,..,N 12
loc( )— v € loc( )a_xle loc( )/ t=14..., . ()

Let xp € Q and t > 0, we denote by B; the ball of radius ¢ centered at xy. For functions u and

k>0,let Ay = {x € Q: |u(x)| > k}, Akt = Ax N B;. Moreover, if p > 1, then p’ is always the real

number p/(p — 1), and if s < N, s* is always the real number satisfying 1/s* =1/s -1/N.
This paper mainly considers the functions u minimizing the anisotropic functionals

I(u; Q) = jgf(x, u,Du)dx, uée Wllo’j"(Q) (1.3)
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and weak solutions of the anisotropic equations

loc

_di o 1,4
dive#(x, u,Du) = Zax , ueWw Q). (1.4)
i=1 O

We refer to the classical books by LadyZenskaya and Ural’ceva [1], Morrey [2], Gilbarg and
Trudinger [3], and Giaquinta [4] for some details of isotropic cases.

For isotropic cases, global L*-summability was proved in the 1960s by Stampacchia [5]
for solutions of linear elliptic equations. This result was extended by Boccardo and Giachetti to
the nonlinear case in [6]. For anisotropic cases, Giachetti and Porzio recently proved in [7] the
local L*-summability for minima of anisotropic functionals and weak solutions of anisotropic
nonlinear elliptic equations. Precisely, the authors considered the minima of functionals whose
prototype is (1.3), f is a Carathéodory function satisfying the growth conditions

N N
Y [&|" < fx,5,8) <BY 8" + i), (15)
i=1 i=1

where the function ¢; € L (Q) with 1 < r < N/g. The authors also considered the local

solutions u € Wll‘a’cqi(Q) of the anisotropic equations (1.4), where &/ : Q x R x RN — RN is a
Carathéodory function satisfying the following structural conditions:

N
°4(x/ u, (‘:)é 2 mOZ |§i|qir
- (1.6)

N 1-1/g;
|4 (x,1,¢)| §m1<h(x)+Z|§i|fii> , j=1,...,N,
i1

where my;, I = 0,1 are positive constants, the function h is in LlloC () and the functions f; belong,

respectively, to the spaces Ll(gé)l (). Under the above conditions, the authors obtained some
local regularity results.

The aim of the present paper is to prove the local regularity property for minima of the
anisotropic functionals of type (1.3) with the more general growth conditions than (1.5), that
is, we assume the integrand f satisfies the following growth conditions:

N N
&~ blul® - po(x) < fx,1,8) <@ |&|" + blul® + g1 (x), (17)
i=1 i=1

where
poeL!' (Q), ¢ eL?

loc loc

(Q)/ r, 12 > 1/ az 1/ b > 0/
(1.8)

p<a<p’, q<q°, q<N, 1<min{r1,r2}<%.

We also consider weak solutions of the type (1.4) with more general growth conditions than
(1.6), that is, we assume the operator « satisfies the following coercivity and growth condi-
tions:

N
A, u,8) &2 b 3 |&| T~ bilul™ - ga(x), (19)
i=1

N
|4, 1,8)] <bo >0 |87 + bsful® + k(x), (1.10)
i=1
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whereby > 1,b;>0,i =1,23,g<q, < N,p<ay <p,p-1<a < Np-1)/(N-p),
g2 € L (Q) withrg> 1,k € LN (Q), fi € LI (Q),i=1,...,N.

loc loc

Remark 1.1. Notice that we have confined ourselves to the case § < N because when such
inequality is violated, every function in Wll()’gi(Q) is trivially in L] (€2) (for every fixed s < co)
by [7, Lemma 3.2].

Remark 1.2. Since we have assumed in (1.7), (1.9), and (1.10) that the integrand f and the
operator f satisfy some growth conditions depending on u, in the proof of the local regularity
results, we have to estimate the integral of some power of |u| by means of |Du|. To do this, we
will make use of the Sobolev inequality that has been used in [8].

2. Preliminary lemmas

In order to prove the local L*-integrability of the local unbounded minima of the anisotropic
functionals and weak solutions of anisotropic equations, we need a useful lemma from [7].

Lemma 2.1. Let u € Wllo’qi (Q), ¢po € L7 _(Q), where q,7q, and r satisfy

C loc

N, q<q°, g<N. (2.1)

l<r<—
q

Assume that the following integral estimates hold:

J< N
Ak,‘r i=1

forevery k € Nand Ry < T <t < Ry, where cy is a positive constant that depends only on N, qi, 1, Ro,
Ry and |Q| and y is a real positive constant. Then u € L; (£2), where

ou |7

6xi

N
dx < cg [J‘ $odx + (t-1)7" I Zlul""dx] (2.2)
Akt A

kt i=1

s:_ﬁ—q. (2.3)
qg-q (1-1/r)

One will also need a lemma from [8].

Lemma 2.2. Let f(t) be a nonnegative bounded function defined for 0 < Ty <t < Ty. Suppose that for
To<t<s<T,

f(H)<A(s—t)T +B+0f(s), (2.4)

where A, B, v, 0 are nonnegative constants, and @ < 1. Then there exists a constant ¢, depending only
on y and 0 such that for every ¢, R, Ty < ¢ < R < Ty, one has

f(Q) <c[A(R-¢) +B]. (2.5)



4 Journal of Inequalities and Applications
3. Minima of anisetropic functionals
In this section, we prove a local regularity result for minima of anisotropic functionals.

Definition 3.1. By a local minimum of the anisotropic functional I in (1.3), we mean a function
ue Wllo’gi (Q), such that for every function ¢ € W4 (Q) with supp ¢ CC Q, it holds that

I(u; supp @) < I(u + ¢; supp ). (3.1)

Theorem 3.2. Assume that the functional I satisfies the conditions (1.7). If u is a local minimum of I,
then it belongs to L} (<), where

a4
= . 3.2
) g-q"(1-1/min{r,1}) (5-2)

Proof. Owing to Lemma 2.1, it is sufficient to prove that u satisfies the integral estimates (2.2)
with y = gand ¢o = ¢ + 1. Let Bg, CC Q and 0 < Ry < 7 < t < Ry be arbitrarily but fixed. It is
no loss of generality to assume that Ry — Ry < 1. For k > 0, let

AL ={xeQ:u(x) >k}, AL ={xeQ:u(x) <-k}. (3.3)

It is obvious that Ay = A U A, Denote A;,t = A NB;and AE,: = A NB:. Let w = max(u -k, 0).
Choose ¢ = —qw in (3.1), where 7 is a cut-off function such that

suppn CB, 0<n<1,n=1inB,;, |Dy<2(t-7)" (3.4)

We obtain from the minimality of u that

f(x,u, Du)dx < j f(x,u+ ¢, Du+ Dy)dx
B B;

(3.5)
= f(x,u-nw,Du - D(qw))dx + ’[ f(x,u, Du)dx.
AL Bin{u<k}
This implies that
f(x,u, Du)dx < I f(x,u—nw, Du - D(qw))dx. (3.6)
AL, ALy

By (1.7), we obtain

qi

ou |l

[

kt 1=

ou O(nw)|*

axi ax,-

dx + bf (u—nw)dx + prdx.
A A7
(3.7)

N
u“dx+f (podx+aj Z
A Ay i=1

+
kit
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We first estimate the 3rd term on the right-hand side of (3.7). Using the elementary inequality

(a+b)7<27(a+b%), a,b>0, g>1, (3.8)
we obtain
N 0 ai N 0 ai
”f Za—u— (nw) dx:aJ‘ Za_u_ (o) |
Ay, =10x X aap, Sloxi Oxi
N r qi on |9
< 24—1aj Z (1-n)% a_u ‘_Tl wq:]dx
A\ A L 0x; 0x;i
T N (3.9)
qi 2q-1
< 2‘7"1aj Z a_u dx + 2—62_ I qu"dx
ap\ay, 10 =" Jas 4, 5
N qgi 2g-1 N
SZq_laI S| 24| e + 2—‘ﬂif uidx
A\, S10%i t=1)" Jap\a, &

since w? < uf in A}, and t — 7 < 1. The summation of the 1st and the 4th terms on the right-
hand side of (3.7) can be estimated as

'],

Substituting (3.9) and (3.10) into (3.7) yields

N
[ >
Kt =1

Sj ((p0+(p1)dx+2bf u“dx+2‘7’1aJ’
A *

Ak A\ i=1

(u—nw)*dx < ZbI udx. (3.10)

+
Ak,t

u“dx + bf
ot Ay

qi

ou dx

ox;

N | du

ox;

gi 22q—1a N
dx + r— j Zuq"dx.
t=7)" Jas ;S

(3.11)

We know from [8] that if L € W'#(B;) and |suppii| < (1/2)|Bs|, we then have the Sobolev
inequality

N p/p
<f u? dx> <ci(N,p) | |DulPdx. (3.12)
B B;

Let

B u, xée€ A;lt,
u= (3.13)
0, xeQ)\ A;,t.
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By assumption, p < a < p*, which implies

~ ~ap 1-a/p* . p/p*
utdx = | a%dx < ||@ll,." | B P dx
+ By B;

<ailll? |5~ | Dapax
B;
o —a/p* ou |
< (:1||u||pﬂp|Bt|1 a/p max {1,2//%71} —| dx
P B i=1 aXi
N .
g —a/p" ou |
= 01||u||Z*p B|' “/P max {1,2¢/271} —| dx,
A, =10

provided that |supp #i|p,| < (1/2)|B|. We can choose T so small that for t < T we get

cl||ﬁ||::p|Bt|17u/p* max {1,2P/271} < ﬁ

It is obvious that

K| AL] < Nl

and therefore, there exists a constant kg, such that for k > ky, we have

1
|43 < 31Brs|.

For such values of k we then have [supp #i| < (1/2)|Br/2| and therefore, if T/2 <t < T,

N qi
J u”‘alx<l Za—u| dx.
A

ke T b g 50X
Thus, from (3.11) and, we get
N .
ou |
j Z i dx
a;, 571 0xi
N ; N i
ou |7 2%g q
gzj o + 1dx+2qaj — dx+—f u| dx.
AL (o) A Oxi (t-7) Az,t\Az,,gll

o \Akr i=1

Supposenow T/2<9<7<t<R<T,weget

>

< ZI (o + p1)dx + anf
A+

kR Ap\Aig i=1

ou |¥

N | ou

ox;

qi zzqa N 4
dx + m J‘A+ Zlul dx.

kR =1

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Adding to both sides 29a times the left-hand side, we get eventually

ou |4

N
[, 25
ko 1=

Xi

dx

ou |7 2244 N .
o | T 21 (- T)qf+ 2 lul"dx,

KR =1
(3.21)

2 29q N
<= dx+ 2%
_an+1J‘A;R((PO+(p1) x+2‘7a+1J'AL§

we can now apply Lemma 2.2 to conclude that

ou |

N
I, 2l

Xi

i 2
< i .
dx_c{z%H_1 J‘AL (o +¢p1)dx + an+1 T)qj ,;M dx}, (3.22)

where ¢ depends only on g and a.
Since —u minimizes the functional

F(;Q) = L f(x,0, Dv)dx, (3.23)

where f (x,v,p) = f(x,—v,—p) satisfies the same growth conditions (1.7), inequality (3.22)
holds with u replaced by —u. We then conclude that

jk i=1

Adding (3.22) and (3.24) yields

- 2%g
qi
c{zanL;t(%Hm)dx T f § Ju| dx}. (3.24)

6xl o i=1

ou |

N
J‘1‘\1<,T ; a_

Xi

i N
ai
dx < {27a+1f (o +¢p1 )dx + an+1 T)q L Z|u| dx}. (3.25)

kt i=1

This shows that u satisfies estimates (2.2) with y = g and ¢y = o + ¢1. Theorem 3.2 follows
from Lemma 2.1. O

4. Local solutions of anisotropic equations

In this section we prove a local regularity result for weak solutions of anisotropic equations.

Letu € W i - (Q) be alocal solution of the anisotropic equation (1.4), where o/ : QxRxR" — R"
isa Caratheodory function satisfying the structural conditions (1.9) and (1.10).

Definition 4.1. By a weak solution of (1.4) we mean a function u € Wllo’zi (), such that for every
function ¢ € W4 (Q) with supp ¢ cC Q it holds

j A (x,u, Du)-Dy dx = J f-Dy dx, (4.1)
supp ¢ supp ¢

where f = (f1, f2,..., fN)
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Theorem 4.2. Under the previous assumptions (1.9) and (1.10), if one assumes that ¢, € L’ (Q),

loc

fieLl!(Q),i=12,...,N, ke LX"(Q),andr;,i=0,...,N + 1 satisfy
i N
1<r:min{1’,,r0,rN—fl}<:, (4.2)
1<isN | g p q
then u € L} (), where
9q
= —— 11 43
7-3°(-1/n ()

Proof. By virtue of Lemma 2.1, it is sufficient to prove that u satisfies the integral estimates (2.2)
withy = gand ¢o = o+ [k + X, |fl-|q:'. Let B, cC Qand 0 < Ry < 7 <t < Ry be arbitrarily but
fixed. Assume again that R; — Ry < 1. Let w = max{u—k, 0}. Choose ¢ = qw as a test function in
(4.1), where the cut-off function 7 satisfies the conditions (3.4). We obtain from Definition 4.1

that
J

We now estimate the integrals in (4.4). Applying the assumption (1.9), we deduce from (4.4)
that

A (x,u, Du)-D(nw)dx = j f-D(qw)dx. (4.4)
AL

+
kt

ou |%

N
b
], 25

¥
k,

Xi

debl-[

+
Ak,t

2
+— |4 (x, 1, Du)|w dx.
P=7 a4,

|u|a1dx+f (pzdx+f f-Dudx+iI | flw dx
AL AL b= la,
’ ’ ’ (4.5)

The 3rd term on the right-hand side of the above inequality can be estimated as

N ou N ou qi N g
B f-Dudx = B Zlfi.a—xidxgg N Zl o, dx+§C(£, q:) N | fi|"dx. (4.6)
kt kt 1= kt 1= 1= kt

By Young's inequality, the 4th term on the right-hand side of inequality (4.5) can be estimated
as

2 24 N i N ’
—f |flw dx < > (u-k)1 dx+zf | f:|%dx. (4.7)
E=7Ja, i1 YA

t-7)7" )y, 5

By (1.10), the last term on the right-hand side of (4.5) can be estimated as

2 2 N -1
e |4 (x,u, Du)|w dx < —— bZZ

[ ou
E=7 Jap\a;, E=7Jaa, LS

axi

+ b3|u|“2 + k]Zde =L+ +Is.

(4.8)
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By Young's inequality, we derive that

du )
ax,-

idx+ ﬂf i(u—k)q"dx (4.9)
t=7)" Jag\ar, S ' .

N
L < sz >
AL\, =1

Holder’s inequality and Young’s inequality yield

/ C ’ 2p
I, < ngI |u|™P dx + (E—p)p f (u—k)Pdx
ALNAL, (=) Japar,
o Cle,p)2” (4.10)
< bgej | dx + — P22 f Z(u K)iidx,
+t\A+ N(t - T) kt\AkT i=1
where ¢ is a positive constant to be determined later. Further,
I; < f k|P'd 2! f i( k)%id (4.11)
< X+ — u—k)dx. .
3 + \A* N(t - T)q A;,t\A;,T i1
Combining (4.6)—(4.11) with (4.5) yields
by f
G axz
<[ (riwre Z(C(a @)+ DIA ) dxvby [ fuftdxs b | a7 dx
A A;t A;t
' ' (4.12)
ql
+£f Z Ou dx+b2f 6_u dx
b =1 A\AY, 1 0%

+ (by + C( 8,p)+2)(t )qf Z(u—k)”’idx.

kzll

Since p < a1 < p*, then as in the proof of Theorem 3.2, we know that there exist a sufficiently
small T and a sufficiently large ko, such that for all T/2 <t < T and k > ko, we have

1
aqd
'[Ak,f |u| x - Zbl A+ i

ou |

ou |7 . 4.1
|5 dx (4.13)

Similarly, sincep -1 < a, < N(p-1)/(n-p), then p < ap’ < p*, therefore

J- |u|®" dx < CI
Ak ktll

kt

a” (4.14)
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Thus, from (4.12)—(4.14) we can derive that

N ou |% , N ;
" fA* Z1 ox; drs J-A* <<P2 + IR +§(C(5/qi) +1)|fil '>dx
kT 1= o =
L | ou | N [ oy |9
+ <§ + (Cb3+1)€) J‘ . Zl a dx + by J‘N > Zl o dx  (4.15)
ot 1= o A i=
2+ Clem Do [ St
+ (b, +Cle,p) +2)—— = KV o
2 ’ (t_T)q AZ,: i=1
Adding to both sides
N
ou
ox;| (4.16)
nf 35

we get eventually

1 - ,
X< — P . |9
J.+ z axl T b+ b IAL <(P2+|k| +,-:Zl(c(£,ql)+1)|fl| )dx
1 1 | ou | b ou |
+<§+(Cb3+1)£>b0+b2J‘Azt§a_xl‘ +b0+b2,[+zaxl dx
2+ Clep) + D s [ Sk
+ (b +C(e,p) +2) ———— u—k)"dx.
2 p b0+b2 (t—T)q AZ,t i-1
(4.17)
Choosing € small enough, such that
1/2+ (Cbs+1)e+b
_ 12+ (Chs+1)e by (4.18)

b0+b2 <

(4.17) implies that

ou 3 C
J‘A+ Z a— deCf <(P2+|k|p +Zl|fl|qx>dx+9J‘ Zl axl m '[ Zl(u k)q dx.
i= k,t 1= k[ i=
(4.19)
Suppose now that T/2 <o <7 <t<R<T,weget
N | ou X
f > e dx<Cf <tp2+|k|” +Z|f,-|%->dx
o i=1 AL, i=1
e " . (4.20)
ou |* I .
+6 — (u—k)Tdx.
A a 0x; (R-9)1 [é



Gao Hongya et al. 11
Applying Lemma 2.2, we conclude that

ou

J4 N
A;,T i-1 ax i

Since —u is a weak solution of

ai . , cC N A
dech <(p2+|k|p + E |fi|q’>dx+—qf E (u-k)%dx. (4.21)
AL i=1 (t=1)7 Ja

Kkt 1=1

N ;
~div A (x,u, Du) = -’ %, (4.22)
= 0xi

where of (x,s,¢&) = #(x,—s,—¢) satisfies the same conditions (1.9) and (1.10), inequality (4.21)
holds with u replaced by —u. We then conclude that

N |k|p/ N q/ d CC N k qd
+ + il )dx + u—k)hdx. 4.23
LM > (o s Jax+ 5 LM Sw-H) (423)

Adding (4.21) with (4.23) yields

ou |7

6xi

kt

dXSCCI

ou |%

N
f Akr ; axi

Thus, u satisfies (2.2) with ¢ = ¢, + k|’ + 31| f,-|q:' and a = g. Theorem 4.2 follows from
Lemma 2.1. O

decCJ

Akt

. ! C N _
<(P2+|k|p +§|fi|ql>dx+ﬁL > (u-k)idx. (424

kt i=1
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