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1. Introduction

Variational inequality was initially studied by Stampacchia [1] in 1964. Since then, it has been
extensively studied because of its crucial role in the study of mechanics, physics, economics,
transportation and engineering sciences, and optimization and control. Thanks to its wide
applications, the classical variational inequality has been well studied and generalized in
various directions. For details, readers are referred to [2-5] and the references therein.

It is known that one of the most important and difficult problems in variational
inequality theory is the development of an efficient and implementable approximation
schemes for solving various classes of variational inequalities and variational inclusions.
Recently, Huang [6-8] and Cho et al. [9] constructed some new perturbed iterative
algorithms for approximation of solutions of some generalized nonlinear implicit quasi-
variational inclusions (inequalities), which include many iterative algorithms for variational
and quasi-variational inclusions (inequalities) as special cases. Inspired and motivated by
recent research works [1, 9-19], we prove an existence theorem for solution of generalized
strongly nonlinear implicit quasi-variational inequality problems and convergence of
iterative sequences with errors, involving Lipschitzian, generalized pseudocontractivity and
generalized g-pseudocontractive mappings in Hilbert spaces.
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2. Preliminaries

Let H be a real Hilbert space with norm || - || and inner product (-, -). For a nonempty closed
convex subset K C H, let Px be the projection of H onto K. Let K : H — 2H be a set valued
mapping with nonempty closed convex values, F,g,G,A: H — Hand N: HxHxH — H
be the mappings. We consider the following problem.

Find x € H, such that g(x) € K(x) and

(g(x) - N(Ax,Gx,Fx),y - g(x)) >0, Vy e K(x). (2.1)

The problem (2.1) is called the generalized strongly nonlinear implicit quasi-variational inequality
problem.

Special Cases

(i) If K(x) = m(x) + K, for all x € H, where K is a nonempty closed convex subset of H and
m : H — H is a mapping, then the problem (2.1) is equivalent to finding x € H such that
g(x) —m(x) € K and

(g(x) - N(Ax,Gx,Fx),y - g(x)) >0, VyeK+m(x), (2.2)

the problem (2.2) is called generalized nonlinear quasi-variational inequality problem.
(ii) If we assume A, G, F as identity mappings, then (2.1) reduces to the problem of
finding x € H such that g(x) € K(x) and

(g(x) - N(x,x,x),y - g(x)) >0, VyeK(x), (2.3)

which is known as general implicit nonlinear quasi-variational inequality problem.
(iii) If we assume N (x, x, x) = N(x, x), then (2.3) reduces to the following problem of
finding x € H such that g(x) € K(x) and

(g(x) = N(x,x),y-g(x)) >0, VyeK(x), (2.4)

which is known as generalized implicit nonlinear quasi-variational inequality problem, a
variant form as can be seen in [20, equation (2.6)].

(iv) If we assume g(x) — N(x,x) = x — N(x,x), then (2.4) reduces to the following
problem of finding x € H such that g(x) € K(x) and

(x-N(x,x),y—g(x)) >0, VyeK(x). (2.5)

The problem (2.5) is called the generalized strongly nonlinear implicit quasi-variational
inequality problem, considered and studied by Cho et al. [9].

(v) If g = I, I an identity mapping, then (2.5) is equivalent to finding x € K(x) such
that

(x-N(x,x),y-x) >0, VyeK(x). (2.6)
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Problem (2.6) is called generalized strongly nonlinear quasi-variational inequality problem,
see special cases of Cho et al. [9].

(vi) If K(x) = K, K a nonempty closed convex subset of H and N (x,x) = Tx for all
x € H, where T : H — H a nonlinear mapping, then the problem (2.6) is equivalent to
finding x € H such that

(x-T(x),y-x)>0, Vyek, (2.7)

which is a nonlinear variational inequality, considered by Verma [17].
(vii) If x - Tx = Tx, for all x € H, then (2.7) reduces to the following problem for
finding x € H such that

(Tx,y-x)>0, Vyek, (2.8)

which is a classical variational inequality considered by [1, 4, 5].

Now, we recall the following iterative process due to Ishikawa [13], Mann [14], Noor
[15] and Liu [21].

(1) Let K be a nonempty convex subsetof H and T : K — X a mapping. The sequence
{x}, defined by

x0 €K, (2.9)
Xn+l = (1 - an)xn + lanyn
Yn= (1= Pn)xn + PuTzn (2.10)
zn = (1= yn)Xn + ynTxn,
n > 0, is called the three-step iterative process, where {a,}, {f.}, and {y,} are three real
sequences in [0,1] satisfying some conditions.
(2) In particular, if y;, = 0 for all n > 0, then {x,}, defined by
xo € K,
X1 = (1 = ay)x, + 2, Ty, (2.11)
Yn = (1 - ﬂn)xn + ﬁnTxn/
n > 0, is called the Ishikawa iterative process, where {a,} and {f,} are two real sequences in

[0,1] satisfying some conditions.
(3) In particular, if 8, = 0 for all n > 0, then {x,} defined by

xg € K
(2.12)
X1 = (1 —ay)xy, + a,Tx,,

for n > 0, is called the Mann iterative process.
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Recently Liu [21] introduced the concept of three-step iterative process with errors
which is the generalization of Ishikawa [13] and Mann [14] iterative process, for nonlinear
strongly accretive mappings as follows.

(4) For a nonempty subset K of a Banach spaces X and a mapping T : K — X, the
sequence {x,}, defined by

xg € K,
Xne1 = (1= an)xn + a, Ty, + uy,
(2.13)
Yn=(1=Bn)xn+ PuTzn + vn,
zn = (1= ¥n)Xn + YuTXn + wh,
n > 0, is called the three-step iterative process with errors. Here {u,}, {v,}, and {w,} are three
summable sequences in X (i.e., Doy [|ttnll < +00, Do [|Uall < +00 and X2 [|wyl| < +00), and
{an}, {Bn}, and {y,} are three sequences in [0,1] satisfying certain restrictions.
(5) In particular, if y,, = 0 for n > 0 and w,, = 0. The sequence {x,} defined by
x0 € K,
Xne1 = (1= an)xn + 0, Ty, + uy, (2.14)
Yn=(1=Pn)xn + PnTzn + vy,
n=0,1,2,..., is called the Ishikawa iterative process with errors. Here {u,} and {v,} are two
summable sequences in X (i.e., >,72 ||un|| < +o0 and 3o ||vn]l < +00); {a,} and {B,} are two
sequences in [0,1] satisfying certain restrictions.
(6) In particular, if 8, = 0 and v, = 0 for all n > 0. The sequence {x,}, defined by
xp €K, (2.15)
Xne1 = (1= an)xy + a, Ty, + uy (2.16)
forn=0,1,2,..., is called the Mann iterative process with errors, where {u,} is a summable
sequence in X and {a,} a sequence in [0,1] satisfying certain restrictions.
However, in a recent paper [19] Xu pointed out that the definitions of Liu [21] are
against the randomness of the errors and revised the definitions of Liu [21] as follows.
(7) Let K be a nonempty convex subset of a Banach space X and T : K — X a
mapping. For any given xy € K, the sequence {x,}, defined by
xp €K, (2.17)
Xn+l = ApXp + ,ﬁnTyn + Ynln,

Yn = AXp + ﬁTzn + ¥nUn, (2.18)

Zy = ax, + P, Tx, +7,w,
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forn =0,1,2,...,1s called the three-step iterative process with errors, where {u,}, {v,}, and

{w,} are three bounded sequences in K and {a,}, {f}, {ya}, (@), {B,}, (¥}, {@n}, {Bn}, and
{7y« } are nine sequences in [0,1] satisfying the conditions

U+ Pt n=1, Au+P,+V,=1, An+PutTu=1 forn>0. (2.19)

(8) If Bn =y,=0forn=0,1,2... the sequence {x,}, defined by

X9 € K,
Xn+l = ApXp + ,ﬁnT]/n + Ynln, (220)

Yn = AXpy + ﬁTxn + ¥nUn

forn=0,1,2,...,1is called the Ishikawa iterative process with errors, where {u,} and {v,} are
two bounded sequences in K, {a,}, {Bn}, {yn}, {2}, {Bn}, and {},} are six sequences in [0,1]
satisfying the conditions

A+ Pn+Yn=1, Gn+Pu+Tu=1 forn>0. (2.21)

(9) If ﬁn =¥n=0forn=0,1,2..., the sequence {x,} defined by

x0 € K,
(2.22)
Xn+1 = ApXy + ﬂnTxn + YnUn,

forn=0,1,2,...,is called the Mann iterative process with errors.
For our main results, we need the following lemmas.

Lemma 2.1 (see [3]). If K C H is a closed convex subset and x € H a given point, then z € K
satisfies the inequality

(x-z,y-x)>0, Vyek, (2.23)
if and only if
x = Px(z), (2.24)

where Pk is the projection of H onto K.

Lemma 2.2 (see [10]). The mapping Pk defined by (2.24) is nonexpansive, that is,

||Pk (1) — Px(0)|| < |lu—-vl|, VYu,veH. (2.25)
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Lemma 2.3 (see [10]). If K(u) = m(u) + K and K C H is a closed convex subset, then for any
u,v € H, one has

Pxwy (v) = m(u) + Px (v - m(u)). (2.26)
Lemma 2.4 (see [21]). Let ay,, b, and c,, be three nonnegative real sequences satisfying

ans1 = (1—ty)an+by+c,, forn>0,

o +o0 (2.27)
€[0,1], Ditn=00, by=0(ty), > cn < +o0.
n=0 n=0

Then

lim a, = 0. (2.28)

n—oo
By Lemma 2.1, we know that the generalized strongly nonlinear implicit quasi-
variational inequality (2.1) has a unique solution if and only if the mapping Q : H — H

by

Q(x) = x - g(x) + Px(x) [g(x) — t(g(x) — N(Ax, Gx, Fx))] (2.29)

has a unique fixed point, where t > 0 is a constant.

3. Main Results

In this section, we establish an existence theorem for solution of generalized strongly
nonlinear implicit quasi-variational inequality problems and convergence of the iterative
sequences generated by (2.18). First, we give some definitions.

Definition 3.1. A mapping T : H — H is said to be generalized pseudo-contractive if there
exists a constant r > 0 such that

ITx - Ty|* < Pllx -yl + [Tx - Ty - r(x-y)|°, Vx,yeH. (3.1)
It is easy to check that (3.1) is equivalent to
(Tx -Ty,x - y) <rlx -yl (3.2)

For r = 1in (3.1), we get the usual concept of pseudo-contractive of T, introduced by
Browder and Petryshyn [10], that is,

ITx = Ty|* < [lx - yI* + [Tx - Ty - (x - y)II" (33)
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Definition 3.2. Let A: H — Hand N : H x H x H — H be the mappings. The mapping N
is said to be as follows.

(i) Generalized pseudo-contractive with respect to A in the first argument of N, if there
exists a constant p > 0 such that

(N(Ax,z,z) - N(Ay,z,z),x - y) <pllx - y|* Vx,y,z€H. (3.4)

(ii) Lipschitz continuous with respect to the first argument of N if there exists a
constant s > 0 such that

IN(x,z,2z) - N(y,zz)|| <s||x-y| Vx,y,zeH. (3.5)

In a similar way, we can define Lipschitz continuity of N with respect to the second
and third arguments.

(iii) A is also said to be Lipschitz continuous if there exists a constant 77 > 0 such that

|[Ax - Ayl <nllx-y|| VxyeH. (3.6)

Definition 3.3. Let g,G : H — H be the mappings. A mapping N : H x H x H — H is said
to be the generalized g-pseudo-contractive with respect to the second argument of N, if there
exists a constant g > 0 such that

(N(z,Gx,z) - N(z,Gy,2),8(x) - g(y)) < qlig(x) ~gWI* Vx,y,zeH. (37

Definition 3.4. Let K : H — 2H be a set-valued mapping such that for each x € H, K(x) is a
nonempty closed convex subset of H. The projection Pk y) is said to be Lipschitz continuous
if there exists a constant ¢ > 0 such that

IPx(x)(2) = Pxy) (D) < éllx—yll, Vx,y,z€ H. (3.8)
Remark 3.5. In many important applications, K (u) has the following form:
K(x) =m(x) + K, (3.9)

where m : H — H is a single-valued mapping and K a nonempty closed convex subset of
H. If m is Lipschitz continuous with constant y > 0, then from Lemma 2.3, Pk is Lipschitz
continuous with Lipschitz constant ¢ = 2.

Now, we give the main result of this paper.

Theorem 3.6. Let H be a real Hilbert space and K : H — 2H a set-valued mapping with nonempty
closed convex values. Let A,G,F : H — H be the Lipschitz continuous mappings with positive
constants 1, 0, and d, respectively. Let g : H — H be the mapping such that I - g and g are Lipschitz
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continuous with positive constants A and p, respectively. A trimapping N : H x H x H — H is
generalized pseudo-contractive with respect to A in the first arqument of N with constant p > 0 and
generalized g-pseudo-contractive with respect to G in the second argument of N with constant q > 0,
Lipschitz continuous with respect to the first, second, and third arquments with positive constants
s, 6, ¢, respectively. Suppose that Py is Lipschitz continuous w1th constant§ > 0. Let {un} {vn}
and {w,} be the three bounded sequences in H and {a,}, {Pn}, {a,}, { ﬁ LAY, ﬂn
and {y,} are sequences in [0, 1] satisfying the following condztzons

(1) ap +Pu+Yn=An+ P+, =B+ Pu+Vn=1, 120,
(2) hmn—man = hmn—mo?n = hmn—mo?n = 0/
(3) X020 Bn =0, 205 Yn < +00.

If the following conditions hold:

\V@Q-p - - (212 - 12)Q(2 - Q)
S22 — W2

hQ-p-h
B 22 — 2

(3.10)

hQ>p+h+/(sn-h)(sn+h)QQ2-Q), hQ>p+h, h<sy

where Q =21 +¢ h=@+¢d, and 0 = Q+1/1 +2pt + 2s’n> + th < 1.
Then there exists a unique x € H satisfying the generalized strongly nonlinear implicit quasi-

variational inequality (2.1) and x, — x asn — oo, where {x,} is the three-step iteration process
with errors defined as follows:

x9 € H,

Xni1 = @nXp + PulYn — 8(Yn) + Pr(y) [§(Yn) = t(§(Yn) = N(AYn, GYn, Fyn))]} + Ynttn,

Yn = AnXp + ﬁn{zn - 8(zn) + Pr(z,) [8(zn) — 1(8(20) = N(Azy, Gzy, F24))] } + Yn0n,

Zn = AnXn + P {Xn = §(xn) + Pix,) [§(2n) = £(8(xn) = N (Axn, Gty Fxn))] } + ¥,
(3.11)

forn=0,1,2,....

Proof. We first prove that the generalized strongly nonlinear implicit quasi-variational

inequality (2.1) has a unique solution. By Lemma 2.1, it is sufficient to prove the mapping
defined by

Q(x) = x — g(x) + Px(x) [g(x) — t(g(x) — N(Ax, Gx, Fx))] (3.12)

has a unique fixed point in H.
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Let x, y be two arbitrary points in H. From Lemma 2.2 and Lipschitz continuity of
Pk and I — g, we have

1Q(x) - Q)
= [|lx - 8(x) + Px( [§(x) — t(g(x) - N(Ax, Gx, Fx))]
—y+8() - Pew[8(y) —t(g(y) - N(Ay, Gy, Fy))]||
<lx-g@) =y -gW))ll
+ || Pro [(x) = #(8(x) = N (Ax, Gx, Fx))] - P [8(y) —t(8(y) - N(Ay, Gy, Fy))]||
+ [P [8(v) - t(g(v) - N(Ay, Gy, Fy))] - Px [8(v) - t(g(v) - N(Ay, Gy, Fy))] ||
<2flx-g(x) = (v = g@)|| + [lx - y + t(N(Ax, Gx, Fx) - N(Ay, Gx, Fx)) |
+tlg(x) - g(y) - (N(Ay, Gx, Fx) - N(Ay, Gy, Fx))|
+t||N(Ay, Gy, Fx) - N(Ay, Gy, Fy) || + &llx - yl|
<20|lx = y|| + |lx - y + t(N(Ax, Gx, Fx) - N(Ay, Gx, Fx)) |
+t8(x) - g(y) — (N(Ay, Gx, Fx) - N(Ay, Gy, Fx))|
+H|N(Ay, Gy, Fx) - N(Ay, Gy, Fy)|| + &lx - |
< 24+ §)llx —yl + lx — y + H(N(Ax, Gx, Fx) - N(Ay, Gx, Fx))|
+tg(x) - g(y) - (N(Ay, Gx, Fx) - N(Ay, Gy, Fx)) |

+t|N(Ay, Gy, Fx) - N(Ay, Gy, Fy)]|.
(3.13)

Since N is generalized pseudo-contractive with respect to A in the first argument

of N and Lipschitz continuous with respect to first argument of N and also A is Lipschitz
continuous, we have

lx — y + t(N(Ax, Gx, Fx) - N (Ay, Gx, Fx))||2
= |l — y|I* + 2t{x — y, N(Ax, Gx, Fx) - N(Ay, Gx, Fx))
+1?||N(Ax, Gx, Fx) - N(Ay, Gx, Fx)|)?
(3.14)
< llx =yl + 2tpllx - y|I* + 57| Ax - Ay||®
< llx =yl + 2tpllx - yII* + £ |x - I

< <1 +2tp + t252q2> lx — y||2.
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Again since N is generalized g-pseudo-contractive with respect to G in the second
argument of N and Lipschitz continuous with respect to second argument of N and G is
Lipschitz continuous, we have

lg(x) - g(v) - (N (Ay, Gx, Fx) - N(Ay, Gy, Fx))

= lI3(x) = gW)I* - 2(3(x) - g (), N (Ay, Gx, Fx) - N(Ay, Gy, Fx))

+|IN(Ay, Gx, Fx) - N(Ay, Gy, Fx) ||2

2 2 2 2 2 (3.15)
<pllx = yll” —24lig(x) - gW)II” + 6°(|Gx - Gyl
<l = yl* - 294 |x ~ yII* + 6% |x ~ yI*
< (1 (1-29) +80%)Ix - yI,
IN(Ay, Gy, Fx) - N(Ay, Gy, Fy)|l < §lIFx - Fy|| < ¢dllx - yl. (3.16)
It follows from (3.13)—(3.16) that
1Q(x) - Q) <Olx-yl, Vx,yeH, (3.17)
where
0 =Q+1/1+2pt+12s>n> + th,
9 =\12(1-29) + 5%, (3.18)

h=¢+{d.

From (3.10), we know that 0 < 8 < 1 and so Q has a unique fixed point x € H, which is
a unique solution of the generalized strongly nonlinear implicit quasi-variational inequality
(2.1).

Now we prove that {x,} converges to x. In fact, it follows from (3.11) and x € Q(x)
that

||xn+1 —XH
= ||anxn + Buyn — §(Yn) + Py (8 (Wn) — (8 (Yn) = N (AYn, G¥n, Fyn)) }] + yuthn — x||
< |Janxn + Bulyn = §(Yn) + Py (§(Wn) = t(§(Yn) = N (AYn, GYn, Fyn)) }] + yuttn
—anx + Pu{x = g(x) + Px(x) [g(x) — £(g(x) = N(Ax, Gx, Fx))] } = yux||

< ey — x| + BullQ(yn) — QO + yullun — xII.
(3.19)
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From (3.17) and (3.19), it follows that
[n1 = x| < anllxn = x[[ + OBnllyn = x| + yullten — x]|. (3.20)
Similarly, we have

I3~ |
- |
- |

XXy + ﬁn [zn — §(2n) + Px(z,) {(2n) — t(g(2n) = N(Azpn, Gz, Fzp)) }] + Yn0n — x”

(X, — x) + ﬁn [Zn - g(Zn) + PK(zn){g(zn) - t(g(zn) - N(Az,, GZmFZn)) }]

—ﬁ[x - g(x) + Pxx{g(x) = t(g(x) - N(Ax, Gx, Fx)) }] + ¥n(vn — x) ”

< @ploen = x| + BallQ(2n) = Q)| + Fullwn — ||

< nllxn = x| + PubBllzn = x| + Yullon — x]l.

(3.21)

Again,
120 = Il < Full s = xI| + 6110 = x]| + 7,0 = . (3.22)

Let
M = max{sup”un - x| ,supllo, — x|| ,supllw, — x|| ,n > 0}. (3.23)
n n n
Then M < oo and

120 = xI| < @ullxn = xI| + B0l — xI[ + T, M. (3.24)

Similarly, we deduce from (3.21) the following:
||]/n - x” < &n”xn - x” + ﬁneanllxn - x” +3nﬁn92”xn - x” + ,B\nG?nM + ?nM/ (325)
l2¢ns1 = x| < anllxxn = x|| + BuBllyn — x|l + My, V¥n >0. (3.26)
From the above inequalities, we get
ar = Il < s = xI| + POl — x| + 6Bl —
+ B8 BB |0 — x|| + B0’ By, M + BOMFy, + My,

< [an + 0B, (@ + 0B, (@ + 6B,,) )| I1xn - xIl + MOB, (7 + Bu¥,0) + My,

< apllx, = x|| + by + ¢y,

(3.27)
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where
an =y + 0B (an+ 0P (2, +0B,)),  bu=0MB,(Tu+Bu7,0), =My (3.28)

Since 0 < 0 < 1, it follows from conditions (1) and (3) that

@ = an+ Oy (@n + Pu0 (@ + 0B, ) ) < 1= Pu+60ps <1 (1-0)py, (3.29)
OMp, (T + BuT,0) < M (T +7,,) P (3.30)

Therefore,
st = >l < (1= (=)o)l = x| + M(Fu +T,) + 7 M. (3.31)

From (3.29)-(3.31) and Lemma 2.4, we know that {x,} converges to the solution x.
This completes the proof. O

Remark 3.7. We now deduce Theorem 3.6 in the direction of Ishikawa iteration.

Theorem 3.8. Let H be a real Hilbert space and K : H — 2H a set-valued mapping with the
nonempty closed convex values. Let A, G, F, g, and N be the same as in Theorem 3.6. Suppose that
Px (x) is Lipschitz continuous with constant & > 0. Let {u, } and {v,} be the two bounded sequences
in H and {ay,}, {Bn}, {yn}, {@n}, {ﬁn}, and {¥n} be six sequences in [0,1] satisfying the following
conditions:

(1)an+ﬂn+Yn:1/ an"',B\n"'?n::l/ n>0
(2) hmn—moﬂn = limnémﬁn = limn—mo?n =0,
(3) 350 Pn = 0, 35 Y < +o0.

If the following conditions holds:

0=Q+\/1+2pt+2s’n2+th<1, h=¢+¢d, Q=21+,

o =\p2(1-29) + 502

(3.32)

V(1@ -p— ) - (st - )Q(2 - Q)
521,[2 _ hZ 4

hQ-p-h
B 22 — h?

hQ>p+h+\/(sn—h)(s11+h)£2(2—£2), hQ>p+h, h<sn.
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Then there exists a unique x € H satisfying the generalized strongly nonlinear implicit quasi-
variational inequality (2.1) and x, — x asn — oo, where {x,} is the Ishikawa iteration process
with errors defined as follows:

xo € H,

X = @ + Pu{ Yn = § () + Py [§ (W) = 18 (yn) = N (Ay, Gy, Fya))] | + vt

Yn = @ + Pu{ X0 = §(xn) + Pic(a) [§(n) = H(g(x) = N(Ax, G, FX,)) ]} + F0n
(3.33)

forn=0,1,2,....
Remark 3.9. We can also deduce Theorem 3.6 in the direction of (2.16).

Theorem 3.10. Let H,K,N,G, A, F, g, and Px(x) be the same as in Theorem 3.6. Let {u,} be a
bounded sequence in H and {a,}, {fn}, and {y.} be three sequences in [0, 1] satisfying the following
conditions:

WD an+Pn+yn=1forn>0,
(2) hmn—woﬂn =0,

(3) XnZo P = 00 and 3%y < oo.

If the conditions of (3.10) hold, then there exists a unique x € H satisfying the generalized
strongly nonlinear implicit quasi-variational inequality (2.1) and x,, — xasn — oo, where {x,} is
the Mann iterative process with errors defined as follows:

xg € H
(3.34)
Xn+1 =Xy + ﬁn{xn_g(xn) + PK(xn) [g(xn) - t(g(xn) - N(Axn/ erl/ Fxn))] } + Ynln

forn=0,1,2,....
Our results can be further improved in the direction of (2.25).

Theorem 3.11. Let H be a real Hilbert space and K : H — 2H a set-valued mapping with nonempty
closed convex values. Let A,G,F : H — H be the Lipschitz continuous mapping with respect
to positive constants v, o and d, respectively. Let g : H — H be the mapping such that I — g
and g be Lipschitz continuous with respect to positive constants A and p, respectively. A trimapping
N :HxHxH — H is generalized pseudo-contractive with respect to map A in first argument of N
with constant p > 0 and generalized g-pseudo-contractive with respect to G in the second argument of
N with constant q > 0, Lipschitz continuous with respect to first, second, and third arquments with
positive constants s, 6, ¢, respectively. Suppose that m : H — H is a Lipschitz continuous with
positive constant y > 0. Let {u,}, {v,}, and {w,} be three bounded sequences in [0, 1] satisfying
the conditions (1)—(3) of Theorem 3.6. If the conditions of (3.10) hold for ¢ = 2y, then there exists a
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unique x € H satisfying (2.2) and x, — xasn — oo, where {x,} is the three step iteration process
with errors defined as follows:

xo € H

Xn+1 = AnXy

+B [Yn=g (Yn) +m(yn) + Pic{ g (Yn) = t(8(Yn) = N (AYn, GYn, Fyn)) = m(yn)}] + yuttn

Yn = anxn
+ ﬁn [Zn - g(zn) +m(z,) + PK{g(Zn) - tg(zn) +tN(Az,, Gz,, Fz,) — m(z,) }] +¥nUn

Z, = ApX

+Bn [xn — g(xn) + m(x) + P {g(x) — tg(xy) + tN(Axy, Gxp, Fxy) — m(x,) }] +7,wn
(3.35)

forn=0,1,2,....

Now, we deduce Theorem 3.6 for three step iterative process in terms of (2.10).

Theorem 3.12. Let H, K, N, G, A, F, gand Px(x) be the same as in Theorem 3.6. Let {a,}, {Bn},
{an}, {ﬁn}, {an}, and {B,} be six sequences in [0, 1] satisfying conditions:

D ap+pn=1, &n+ﬁn:1, En+ﬁn:1,forn20,
(2) limy, ooy = lim,, oo, = limy, o3, = 0,

(3) X% Pn = 0.

If the conditions of (3.10) hold, then there exists x € H satisfying (2.1) and x, — x as
n — oo, where the three-step iteration process {x,} is defined by

x9 € H,

Xus1 = @ + Pu[yn = §(Un) + P (3,) (§(n) =18 (vn) = N (Ayn, Gy, Fyn)) )], 56
Yn = BnXn + Pu[2n — 8(21) + Piz) (8(20) = £(8(20) = N(Azy, Gz, F2)) ],

Zn = OpXy + Bn [xn - g(xn) + PK(x,,){g(xn) - t(g(xn) - N(Axnr Gxp, Fxn)) }]

forn=0,1,2,....
Next, we state the results in terms of iterations (2.10) and (2.25).

Theorem 3.13. Let H,K, N, g,G, A, F, and m be the same as in the Theorem 3.11. Let {a,}, {Bn},

{a,}, {ﬁn}, {a,}, and {ﬁn} be six sequences in [0, 1] satisfying conditions (1)—(3) of Theorem 3.6. If
the conditions of (3.10) hold for & = 2y, then there exists x € H satisfying the generalized strongly
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nonlinear implicit quasi-variational inequality (2.2) and x, — x as n — oo, where the three-step
iteration process {x,} is defined by

xo € H
Xni1 = AnXn + P [Yn = §(Yn) + m(yn) + Pic{g(Yn) = t8(Yn) + tN (AYn, Gy, Fyn) } = m(yn)]
Yn = A Xy + ,Bn [Zn - g(zn) +m(zy) + PK{g(Zn) - tg(zn) +tN(Azy, Gzy, an)} - m(zn)]

Zp = OpXy +ﬁn [xn — g(xn) + m(xy) + P {g(xn) — tg(x) + tN (Axy, Gxn, Fxn) } — m(xn)]
(3.37)

forn=0,1,2,....

Remark 3.14. Theorem 3.13 can also be deduce for Ishikawa and Mann iterative process.
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