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1. Introduction, Definitions, and Notations

After Carlitz [1] gave g-extensions of the classical Bernoulli numbers and polynomials, the
g-extensions of Bernoulli and Euler numbers and polynomials have been studied by several
authors. Many authors have studied on various kinds of g-analogues of the Euler numbers
and polynomials (cf., [1-39]).T Kim [7-23] has published remarkable research results for
g-extensions of the Euler numbers and polynomials and their interpolation functions. In
[13], T Kim presented a systematic study of some families of multiple g-Euler numbers
and polynomials. By using the g-Volkenborn integration on Z,, he constructed the p-adic
g-Euler numbers and polynomials of higher order and gave the generating function of
these numbers and the Euler g-¢-function. In [20], Kim studied some families of multiple
g-Genocchi and g-Euler numbers using the multivariate p-adic g-Volkenborn integral on Z,,
and gave interesting identities related to these numbers. Recently, Kim [21] studied some
families of g-Euler numbers and polynomials of N6lund’s type using multivariate fermionic
p-adic integral on Zj,.
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Many authors have studied the Apostol-Bernoulli polynomials, the Apostol-Euler
polynomials, and their g-extensions (cf., [1, 6, 25, 27, 28, 33—41]). Choi et al. [6] studied some
g-extensions of the Apostol-Bernoulli and the Apostol-Euler polynomials of order n, and
multiple Hurwitz zeta function. In [24], Kim et al. defined Apostol’s type g-Euler numbers
and polynomials using the fermionic p-adic g-integral and obtained the generating functions
of these numbers and polynomials, respectively. They also had the distribution relation for
Apostol’s type g-Euler polynomials and obtained g-zeta function associated with Apostol’s
type g-Euler numbers and Hurwitz type g-zeta function associated with Apostol’s type g-
Euler polynomials for negative integers.

In this paper, we will present new g-extensions of Apostol’s type Euler polynomials
using the fermionic p-adic integral on Z,, and then we give interpolation functions and the
Hurwitz type zeta functions of these polynomials. We also give g-extensions of Apostol’s type
Euler polynomials of higher order using the multivariate fermionic p-adic integral on Z,.

Let p be a fixed odd prime number. Throughout this paper Z,,Q,, C, and C, will,
respectively, denote the ring of p-adic rational integers, the field of p-adic rational numbers,
the complex number field, and the completion of algebraic closure of Q,. Let N be the set
of natural numbers and Z, = N U {0}. Let v, be the normalized exponential valuation of

Cp with |p|, = p™ (r) = p~!. When one talks of g-extension, g is variously considered as an
indeterminate, a complex number g € C, or a p-adic number g € C,,. If g € C, one normally
assumes |g| < 1.1f g € C, then one assumes |g - 1|, < 1.

Now we recall some g-notations. The g-basic natural numbers are defined by [n] q=
(1 -4")/(1 - q) and the g-factorial by [n],! = [n],[n-1],---[2],[1],. The g-binomial
coefficients are defined by

) = = (see [20]). (1.1)

(2) [l [nlgln =1l -k + 1,
, KL=k [k],!

Note that lim,_.1(%) q = (1) = n!/(n - k)!'k!, which is the binomial coefficient. The g-shift
factorial is given by

by =1 (B;g), = (1-b)(1-bg)--- (1-bg""). (1.2)

Note that lim, 1 (b; q), = (1 - b)k . It is well known that the g-binomial formulae are defined
as

k
i=0

(b;9), = (1-b)(1-bg)--- (1 _ bqk—1> _ Z(I;) v,

(1.3)

1 °°<k+i—1

(b;q)k:§ . )bl, (see [20]).

q

Since () = (-1)'(¥*-1), it follows that

-t =S (e -3 (T (1.4)

(1- Z)k 1=0 1=0
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Hence it follows that

n=0 q

which converges to 1/(1 - z)* = X2, ("*1)z"as g — 1.
For a fixed odd positive integer d with (p,d) =1, let

Z,
X=Xg=lim——, X;=2,
N dapNZ
X* = U (a + dp Zp), (16)
O<a<dp
(ap)=1

a+dpNz, = {x€X|an <mod de>},

where a € Z lies in 0 < a < dp™. The distribution is defined by

H(a+dpNz,) = T (1.7)

Let UD(Z,) be the set of uniformly differentiable functions on Z,,. For f € UD(Z,), the
p-adic invariant g-integral is defined as

R =
) = [ st = i o5 5, g (18)

The fermionic p-adic invariant g-integral on Z, is defined as

g ;
L) = [ i) = fim = 50" 19)

where [x],q = (1-(-9)")/(1+ q). The fermionic p-adic integral on Z, is defined as

I.(f) = ;ig}I—q(f ) = IZ f)dp(x). (1.10)
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It follows that I_1(f1) = —I_-1(f) +2f(0), where fi(x) = f(x+1). Forn € N, let f,(x) = f(x+n).
we have

n-1
Li(fa) = ()" (f) + D (D" F ). (1.11)
1=0

For details, see [7-21].
The classical Euler numbers E, and the classical Euler polynomials E,(x) are defined,
respectively, as follows:

2 &t 2 4 = "
m = Z)Enal m@ = z:‘)En(X)m (112)
n= n=l

It is known that the classical Euler numbers and polynomials are interpolated by the Euler
zeta function and Hurwitz type zeta function, respectively, as follows:

¢e(s) = Z(_nls) , Ce(s,x) = Z(;i ))S, seC, (see [10]). (1.13)
n=1 n=0

In Section 2, we define new g-extensions of Apostol’s type Euler polynomials using
the fermionic p-adic integral on Z, which will be called the g-A-Euler polynomials . Then we
obtain the interpolation functions and the Hurwitz type zeta functions of these polynomials.
In Section 3, we define g-extensions of Apostol’s type Euler polynomials of higher order using
the multivariate fermionic p-adic integral on Z,. We have the interpolation functions of these
higher-order g-1-Euler polynomials. In Section 4, we also give (h, g)-extensions of Apostol’s
type Euler polynomials of higher order and have the multiple Euler zeta functions of these
(h, g)-A-Euler polynomials.

2. g-Extensions of Apostol’s Type Euler Polynomials

First, we assume that g € C, with [1 - g|, <1.In C,, the g-Euler polynomials are defined by
Epq(x) = fZ q" [x + yladua(y), (2.1)
P

and E, 4(0) = E, 4 are called the g-Euler numbers. Then it follows that

2 c I _Ix
Eug) = o= o (1) V' 22)

1=0

The generating functions of E, ;(x) are defined as

= t" X+
Folt,x) = 2 Enq(0) 7 = f el dun (y). (2.3)
n=0 : p
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By (2.3), the interpolation functions of the g-Euler polynomials E,,(x) are obtained as
follows:

~ ) 2 Ly ; qlx m
F‘?(t/x) = nzo(l _q)n%<l>(_l) (1 +ql+1>a
NI R <’[> (1)qmis

m=0 n= 0(1 1=0 . (24)
= 22 1)”’qu X +m] t'
m=0

( )m m [x+m]qt‘

m=0

Thus, we have the following theorem.

Theorem 2.1. Assume q € Cp with |1 - g|, < 1. Then one has
< t x m
Fy(t,x) = ZEn,q(x) = 22( D"q"e™ (2.5)
n=0

Differentiating F,(t, x) at x = 0 shows that

Eyq(x) = % _22( D"q"[x +m]j. (2.6)

t=0

In C, we assume that q € C with |q| < 1. The g-Euler polynomials E, 4(x) are defined by
< m_m ,|[X+m < tn
2%(—1) qrel¥ it = Z()En,q(x)a. (2.7)
By (2.7), we have

Enq(x) = ZZ (-D"q" [x + m]g

m=0

_ 2 E n _1\ 4x 1
- (1—(,])"2(1)( 1)q 1+q1+1'

1=0

(2.8)

For s € C, the Hurwitz type zeta functions for the g-Euler polynomials E, 4(x) are given as

GaE(s,X) = iﬂ, x#0,-1,-2,.... (2.9)

—lx+m q
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For k € Z,, we have from (2.9) that

0

SE(=k,x) = > [x + m]5(=1)"q"™ = Eg 4(x). (2.10)

m=0

Now we give new g-extensions of Apostol’s type Euler polynomials. For n € N, let C,n = {w |
wP" =1} be the cyclic group of order p". Let T,, be the p-adic locally constant space defined by

TP = Ucpn = lim Cpn. (211)

n— oo
n>1

First, we assume that q € C, with [1-q|, < 1. For A € T,, we define g-Euler polynomials of
Apostol’s type using the fermionic p-adic integmlp as follows:

Enga(x) = fz q' N [x + y]dpa (y), (2.12)

and we will call them the g-A-Euler polynomials. Then Ey g (0) = Ey 4,1 are defined as the q-A-Euler
numbers. From (2.12), we have

1

_L - [N 1\ Ix
Eng(x) = (1_,7)"%(1)( 1)'q T g (2.13)

Let Fy(t,x) = X770 Enga(x)(t"/n!). From (2.12), we easily derive

Fy(t,x) =j g’ Ve iy (y). (2.14)
ZP
On the other hand, we have
= 2 2 /n 1 "
Y \velvlit g, _ < ) —Dig -
fzpq Fa(y) nzzo(l—q)"g ) g (2.15)

s e tn
= ZZ (—1)mq’”AmZ[x + m];‘m
m=0 n=0 :

From (2.14) and (2.15), we obtain the following theorem.

Theorem 2.2. Assume that q € C, with |1—q|p < 1. For A € Ty, let Fy(t,x) =
S0 Enga () (t"/n!). Then one has

Fyu(t, x) = f gAY dp () = 23 (1) g A, (2.16)
ZP

m=0
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In C, we assume that g € C with |q| < 1. Let A € C with |\| < 1. We define the q-A-Euler
polynomials E, 4, (x) to be satisfied the following equation:

[ee] [ee] tn
Fou(t,x) =2 (-1)"g¥\Yel* ™t = ZEn,q,)L(x)m. (2.17)
n=0 :

m=0
When we differentiate both sides of (2.17) at t = 0, we have

d"F,\(t, x)

i =23 (-1)"q"\"[x + m]}; = Epg1(x). (2.18)

=0 m=0

Hence we have the interpolation functions of the g-A-Euler polynomials as follows:

Eygi(x) = 2§ (=1D)"g"™\" [x + m]. (2.19)

m=0

For s € C, we define the Hurwitz type zeta function of the g-A-Euler polynomials as

e (_1)mqm)tm
CaEl(S,x) =2 ) —— -, 2.20
q mZ:O [m+ x]q ( )
where x #0,-1,-2,.... For k € Z,, we have
Saa(—k,x) =2 (<1)"q" A" [x + m]} = Ex g (x). (2.21)

m=0

3. g-Extensions of Apostol’s Type Euler Polynomials of Higher Order

In this section, we give the g-extension of Apostol’s type Euler polynomials of higher order
using the multivariate fermionic p-adic integral.

First, we assume that g € C, with [1-g|, < 1. Let X € T,. We define the g-A-Euler
polynomials of order r as follows:

EG@ = [ o[ ey ey ) dpa (). G)

Note that Ei:;, 1(0) = Ef;)% , are called the g-A-Euler number of order r. Using the multivariate

fermionic p-adic integral, we obtain from (3.1) that

(r) _ 2 . n _1\ 4Ix 1
Enga (0 = (1 —q)"z<l>( g (1+Ag1)" (3.2)

1=0
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Let F;K (t, x) be the generating functions of Ef:;, 1 (x) defined by

F(’>(t x) = ZE“) (x ) (3.3)

By (2.12) and (3.3), we have

T B xoo -1 mym . (I+ mtn
F()(t x) = 2(1_ 5 z(;( >(—1)’q’ Z<r+Z >(_1) Aty .

n=0 m=0

_ r+m-1 mym m c L dGesmy B
23 (e S S () e e
:zrz<r+1::l—l> (_1)m)tmqmnz_0[x+m];l%

m=0
Thus we have the following theorem.

Theorem 3.1. Assume that q € C, with |1 —q|p <1 Forr € Nand A € T, let F;Irl)(t,x) =
S0 Ey)  (x)("/nl). Then one has

[ee)
) B r+m-1 ¢

m=0

E(r) _ kOo r+m-1 mym m n (35)
O @ =2 ZO( D) g m;

In C, we assume that q € C with |q| < 1 and A € C with \ = e*™/f for f € N. We define the
g-\-Euler polynomial Ef;)], \(x) of order k as follows:

(7”) (t x) Z <T + Z - 1) (_1)mj\mqme[x+m]qt

o (3.6)
_NEO (o
- Z n,q,).(x) )
n=0
From (3.6), we have
d*F) (¢, x) w
AN r , r+m-1 mom
thk = E;(;)L(x) =2 mZQ( m )(—1)'")» q [x+m]§, (3.7)
£=0 =

For s € C, we define the multiple Hurwitz type zeta functions for g-A-Euler polynomials as

e _ _1 m)tm m
§,(;I)51(s, x)=2"3" (r +1:: 1> ()—Z (3.8)

fovar [m + x]q
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where x #0,-1,-2,.... In the special case s = —k with k € Z,, we have
G (k) = B | (x). (3.9)

4. (h, q)-Extension of Apostol’s Type Euler Polynomials of Higher Order

In this section, we give the (h, g)-extension of g-A-Euler polynomials of higher order using
the multivariate fermionic p-adic integral.

Assume that g € C, with |1 - g, < 1. For h € Z, we define (h, 4)-A-Euler polynomials
of order r as follows:

Ep (%) = f qERTDINERY [ty 4ty () - dpe (ye)
ZP

or " n (_1)lqlx (4.1)
B (1- @”%(l) H;l(l + Agh-ri+) '
Note that E, (h r) 1(0) = h r) 1 are called the (h, q)-A-Euler numbers.
When h =r, the (h q)-A-Euler polynomials are
2" L 1
E(’ 1) () = < > L x
)L() 1-— "; ( ) 1+ Agkt) .o (1 + Agit!
q) =0 q q
2" L < > ) 1
= D7) DG
1- n ~ 1 l+1,.
(1-9)"15 (-Ag"'q), 12)

<r+Z—l> (1) m(l_r n%( > 1)/ gltxem

q
rOQ r+m-1 mym m n
=2 Z( " (=1)"A"q" [x + m]g,

m=0 q

where (7+m-1 )q is the Gaussian binomial coefficient. From (4.2), we obtain the following
theorem.

Theorem 4.1. Assume that g € C, with |[1-q|, < 1. For r € Nand \ € T, let F(T) (t,x) =
P a
> E(r ri (x)(#*/n!). Then one has

P(r‘r)(t ) =2rZ<T+Z—1> (_1)mimqme[x+m]qt. (4.3)
q

m=0
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In C, assume that q € C with |q| < 1and A € Cwith || < 1. Then we can define (h, q)-A-Euler
polynomials E r r) 2 (x) for h =1 as follows:

(r,r) _ & T+m—l [ ]t
qu\ (t,x) _ 2rz< " ) (—1)m)tmqm€ x+m],

oOm:O " q (44)
_ (rr)
= En,q,)t (x) E .

n=0

Differentiating both sides of (4.4) at t = 0, we have

dkF(TT)(t x) - ~
| = 2,Z<r+m 1> (—1)'”)Lmq"‘[x+m]’q<

dtk m
{0 m=0 q (45)
E(rrz\( )
From (4.5), we have
23 (7T ot = SEC () (46)
m=0 m q n=0
Then we have
nr r r+m-1 mym m
E ;(x) 2 Z( . ) (=1)"™A"g" [x + m]k. (4.7)
m=0 q

For s € C, we define the Hurwitz type zeta function of g-A-Euler polynomials of order r as

(r,r) Y < r+m-—1 (_1)m)tmqm
Gopn(x,8) =2 Z()( o ) e a (4.8)
m= q q
where x #0,-1,-2,....
From (4.4) and (4.8), we easily see that
g ") (x, k) = E7\(x), keN. (4.9)
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