Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2009, Article ID 741923, 6 pages
doi:10.1155/2009 /741923

Research Article

Two Sharp Inequalities for Power Mean,
Geometric Mean, and Harmonic Mean

Yu-Ming Chu® and Wei-Feng Xia?

I Department of Mathematics, Huzhou Teachers College, Huzhou 313000, China
2 School of Teacher Education, Huzhou Teachers College, Huzhou 313000, China

Correspondence should be addressed to Yu-Ming Chu, chuyuming2005@yahoo.com.cn
Received 23 July 2009; Accepted 30 October 2009
Recommended by Wing-Sum Cheung

For p € R, the power mean of order p of two positive numbers a and b is defined by
M,(a,b) = ((a® + b”)/2)“”,p7£0, and M,(a,b) = \/ab, p = 0. In this paper, we establish two
sharp inequalities as follows: (2/3)G(a,b) + (1/3)H(a,b) > M_1s3(a,b) and (1/3)G(a,b) +
(2/3)H(a,b) > M_y3(a,b) for all a,b > 0. Here G(a,b) = vab and H(a,b) = 2ab/(a + b) denote
the geometric mean and harmonic mean of a and b, respectively.
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1. Introduction
For p € R, the power mean of order p of two positive numbers a and b is defined by

af +bP\ /P
(57) - wro
Mp(a,b) =

Vab, p=0.

(1.1)

Recently, the power mean has been the subject of intensive research. In particular,
many remarkable inequalities for M, (a, b) can be found in literature [1-12]. It is well known
that M (a,b) is continuous and increasing with respect to p € R for fixed a and b. If we
denote by A(a,b) = (a+b)/2,G(a,b) = vab,and H(a,b) = 2ab/(a + b) the arithmetic mean,
geometric mean and harmonic mean of a and b, respectively, then

min{a, b} < H(a,b) = M_1(a,b) < G(a,b) = My(a,b) < A(a,b) = Mi(a,b) < max{a,b}.
(1.2)
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In [13], Alzer and Janous established the following sharp double-inequality (see also
[14, page 350]):

2 1
Miog2/10g3(a,b) < 5A(a,b) + 5G(a,b) < Masa(a,b) (1.3)

forall a,b > 0.
In [15], Mao proved

Mujs(a,b) < 5 A(a,b) + 2Glab) < My a(a,b) (1.4)

for all a,b > 0, and Mj,3(a,b) is the best possible lower power mean bound for the sum
(1/3)A(a,b) + (2/3)G(a,b).

The purpose of this paper is to answer the questions: what are the greatest values p and
g, and the least values r and s, such that M, (a,b) < (2/3)G(a,b) + (1/3)H(a,b) < M,(a,b)
and M,(a,b) < (1/3)G(a,b) + (2/3)H(a,b) < M(a,b) forall a,b > 0?

2. Main Results

Theorem 2.1. (2/3)G(a,b) + (1/3)H(a,b) > M_1,3(a,b) for all a,b > 0, equality holds if and
onlyif a = b, and M_y/3(a,b) is the best possible lower power mean bound for the sum (2/3)G(a, b)+
(1/3)H(a,b).

Proof. If a = b, then we clearly see that (2/3)G(a,b) + (1/3)H(a,b) = M_1,3(a,b) = a.

If a#band a/b = t°, then simple computation leads to

2Glab) + 3H(a,b) - Mo1/3(a,b)

213 216 8o
= b 4+ -
3 3(1+t) (1+p)°

268 (2 + 1>3<t4 ~21) 4 P(P+ 1)2 ~128(H - 1)]

31+ (B - +1)
x [tw +218 117 + 10+ 1465 + 4 118 + 282 + 1]

X

(2.1)
- 2b3
31+2)°(H-12+1)

~ 2083 (t-1)*
31+2)°(H-12+1)

x <t6 + 45+ 1264 + 178 + 1262 + 4t + 1)

> 0.

Next, we prove that M_;,3(a, b) is the best possible lower power mean bound for the
sum (2/3)G(a,b) + (1/3)H(a,b).
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1
Forany0<5<gand0<x<1,onehas

— /3-€
[Mouseet w0 0] - Bt S ]

[1eaexET 214y s 215D 1o
- 2 3 3(x2+2x+2)

(2.2)

L2140 12+ @32+ 33\
1 (14+x)E 1+x+x2/2
f(x)

1 @0 s a2/2)

where f(x) = 21+ 0?32 (L+x+(2/2)"7° = [1+ 1 +2072 %1 + 2x + (4/3)x> +
x3/3)1/3—£.

Let x — 0, then the Taylor expansion leads to

fx)=2

2 —6¢ (1-3¢e)(1+6¢g) , 2
1+ 3 X - 9 x+o<x>

1-3¢  (1-3¢)* , )
x[1+ 3 X+ 13 x+o<x>

_2[1+ 1—33£x_ (1—35iél+65)x2+0<x2>]

x |1+

2 —36sx B 25(13— 3¢) 24 o<x2>] (2.3)

2
6

1+ (1-3e)x+ waf + o<x2>]

-2

1+ (1-3¢)x+ (1-30) ~10¢) 35)21 —10¢) x* + o<x2>]

_ 030 o ().

Equations (2.2) and (2.3) imply that for any 0 < € < 1/3 there exists 0 < 6 = 6(¢) < 1,
such that M_y /3. ((1 +x)%,1) > (2/3)G((1 + x)*,1) + (1/3)H((1 + x)*,1) for x € (0,6). O

Remark 2.2. For any € > 0, one has

. 2 1 . 2 2t o\ /e
Am [3600+3HALH "M‘E(l’t)] - tli?‘w[é‘ﬁ+ 30+1) (1 +t5> ] - ree

(2.4)
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Therefore, My(a,b) = G(a,b) is the best possible upper power mean bound for the
sum (2/3)G(a,b) + (1/3)H(a,b).

Theorem 2.3. (1/3)G(a,b) + (2/3)H(a,b) > M_,3(a,b) for all a,b > 0, equality holds if and
onlyifa = b, and M_,/3(a, b) is the best possible lower power mean bound for the sum (1/3)G(a, b)+
(2/3)H(a,b).

Proof. If a = b, then we clearly see that (1/3)G(a,b) + (2/3)H(a,b) = M_y/3(a,b) = a.
If a#band a/b = t°, then elementary calculation yields

Loab) + 2H(ap)| - M b)]?
[5 (a, )+§ (a, )] - [M_3/3(a,b)]

£\’ 2\’

o+ t:;'z’-t(él + 1) <t4 ’ 1>3<t6 48+ 1>2 - 72196(1!6 + 1>2]

b2t°
91+ 16)2(1+#4)]

[<t24 + 8121 + 3t%0 + 1818 + 2417 + 3410 + 8t1° + 54414 4 24413

42812 4 2481 4 54110 4 819 + 3¢5 4 2417 + 1815 + 3¢* + 8% + 1)

—(72t18 + 144412 4 72t6)]

b2t6
9(1+10)7(1+ 14)°

(t24 + 8121 43120 _ 54418 4 24417 1 3116 4 815 4 54414 4 2413 — 140412

2411 4 54110 4 812 + 3¢5 + 2417 — 5416 + 3 + 8% + 1)

o pe-1)t
9(1 +6)% (1 +#4)°

(tzo + 4119 + 1018 + 28t + 70¢1° + 148¢1° + 220¢'* + 268t13

+ 27782 4 240" + 24010 + 2408 + 27718 + 268t + 220£°

+14815 + 708* + 2813 + 1012 + 4t + 1) > 0.
(2.5)

Next, we prove that M_,,3(a, b) is the best possible lower power mean bound for the
sum (1/3)G(a,b) + (2/3)H(a,b).
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Forany 0 <e <2/3and 0 < x <1, one has

1 ) 2 ) 2/3-¢
§G(1, 1+x)%) + §H(l, (1+x)°)

[M—2/3+g(1, (1+ x)z)]z/e,fg )

2(1+ x)(4’65)/3 i (1 +2x + (7/6)x% + (1/6)x3)(2—3£)/3

1+ (1) (1+x+(1/2)x2) 23/

- f()
[1 +(1+ x)(4—65)/3] (1+x+ (1/2)x2)(2_35)/3,

(2.6)

where f(x) = 2(1+x)4 %31 +x+x2/2)% _ (142x+ 7/6)x + (1/6)x3)*° 1 +

(1 + x)(4—6£)/3].
Let x — 0, then the Taylor expansion leads to

1+

Flx) =2 4 - 6¢ +(2—35)(1—65)x2+0<x2>]

3 ¥ 9

2-3¢ (2-3¢)? , )
x[1+ 3 X+ 13 x+o<x>

BN G

w1 2 (2‘3?é1‘65)x2+o(x2)] (2.7)
=2[1+(@-3e)x+ wx%o(ﬁ)]

—2[1+(2-3e)x + —(2‘35)24‘ 106) 2 +o(x2)]

_£2-3) ; 392, o<x2>.

Equations (2.6) and (2.7) imply that for any 0 < € < 2/3 there exists 0 < 6 = 6(¢) < 1,
such that

M_2/3+£<1, 1+ x)2> > (1 /3)(;(1, 1+ x)2> + (2/3)H(1, 1+ x)2> (2.8)

for x € (0,6). O

Remark 2.4. For any € > 0, one has

. 1 2 . 1 4¢ D€ 1/e
Am [3600 +3HALH "M‘E(l’t)] - tli?‘w[é‘ﬁ+ 30+1) (1 +t5> ] - ree

(2.9)
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Therefore, My(a,b) = G(a,b) is the best possible upper power mean bound for the
sum (1/3)G(a,b) + (2/3)H(a,b).
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