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1. Introduction

Let C be a subset of real normal linear space X. A mapping T : C — C is said to be
asymptotically nonexpansive on C if there exists a sequence {r,} in [0, o0) with lim,,_, .7, = 0
such that for each x,y € C,

|T"x -T"y|| < QA+ r)||x-y|, Vn>1 (1.1)

If r, = 0, then T is known as a nonexpansive mapping. T is called asymptotically
nonexpansive in the intermediate sense [1] provided T is uniformly continuous and

limsupsup (||T"x - T"y|| - ||x - v]||) <O. (1.2)

n—oo x,yeC
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From the above definitions, it follows that asymptotically nonexpansive mapping
must be asymptotically nonexpansive in the intermediate sense.

Let C be a nonempty subset of normed space X, and Let T; : C — C be m mappings.
For a given x; € C and a fixed m € N (N denotes the set of all positive integers), compute the

iterative sequences x,..., x{" defined by

0 = aOT x4 O, + 7O,

(2 (Z)Tk a @)

,B Xn +Yn un ’
@ = a®T @ 1+ g0z, + yPu®,
(1.3)

x'(qm—l) (m 1)Tk (m-2) +,ﬁ m— 1)xn +Yr(1m 1)u£lm 1)/

Xt = 2" = ay TR+ B, M, Wn2 1,

where n = (k — 1)m + i, {un }, {uﬁlz)},. {un )} are bounded sequences in C and {as)},

{ (1)} {yn } are appropriate real sequences in [0,1] such that (x,(f) + S) + v, = 1 for each
Y pprop q Y

€{1,2,...,m}.

The purpose of this paper is to establish a strong convergence theorem for common
fixed points of the multistep iterative scheme with errors for asymptotically nonexpansive
mappings in the intermediate sense in a uniformly convex Banach space. The results
presented in this paper extend and improve the corresponding ones announced by Plubtieng
and Wangkeeree [2], and many others.

2. Preliminaries

Definition 2.1 (see [1]). A Banach space X is said to be a uniformly convex if the modulus of
convexity of X is

X+
6x(e) = inf{l - ”2—]/” xll =yl =1 ||x-v]| = e} >0, Vee(0,2]. (2.1)

Lemma 2.2 (see [3]). Let {ay}, (b,}, and {y.} be three nonnegative real sequences satisfying the
following condition:

an+1 < (1 + Yn)an +b,, VYn2>1, (2.2)

where 37 1y < 0o and >,771b, < co. Then

(1) lim,, _, na,, exists;

2) Ifliminf, _, a, = 0, then lim,_, ,a, = 0.



Journal of Inequalities and Applications 3

Lemma 2.3 (see [4]). Let X be a uniformly convex Banach space and 0 < a < t, < B < 1 for all
n > 1. Suppose that {x,} and {y,} are two sequences of X such that

lim sup||x,|| < a,
n—oo

limsup||y.|| < a, (2.3)

n— oo

nlgrc}O”tnxn + (1 - tn)yn” =a,

for some a > 0. Then

lim ||x, — ya|| = 0. (2.4)

n—oo

3. Main Results

Lemma 3.1. Let X be a uniformly convex Banach space, {x,}, {y,} are two sequences of X, a, p €
(0,1) and {a,} be a real sequence. If there exists ny € N such that

()0<a<a,<p<1foralln>ny
(i) limsup, , _|lx.l| < a;
(iii) limsup,, _, _[lyall < a;
(iv) im, - ollanxy + (1 = an)yull = a,
then limy, _, »||x, — vl = 0.
Proof. The proof is clear by Lemma 2.3. O

Lemma 3.2. Let X be a uniformly convex Banach space, let C be a nonempty closed bounded convex
subset of X, and let T; : C — C be m asymptotically nonexpansive mappings in the intermediate
sense such that F = (", F(T;) #0. Put

Gik = ;;15:<||Tikx - Tiky” = ||x- y||> v0, Vk>1, (3.1)

so that 372 Gix < co. Let { ay, (B, and {y,(f)} be real sequences in [0, 1] satisfying the following
condition:

(i) aff) +ﬁ,(f) +y,§i) =1forallie {1,2,..., m}andn >1;

(ii) Z;’f:ly,(,i) <ooforallie {1,2,...,m}.

If {x,} is the iterative sequence defined by (1.3), then, for each p € F = (" F(T;), the limit
limy, _, o ||x, — pl| exists.
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Proof. For each g € F, we note that

g = |a T + B s - |
< al ||k - q| + B Nl - qll + v q||
< ) [l = ql] + a G + 1 [l = all + 72" |1 - (32)
= (@ + A7) 1 - gll + @Gt + 7" fz)—q”

< [lxa —all + d2”,

(1 1)”u(1)

where dill) =a, )Gik + Yn qll. Since

ZGIk = ZZGIk < oo, (3.3)

iel k=1
we see that
< (1
del) < oo. (3.4)
n=1

It follows from (3.2) that

R
<o (o=l + ") e G all 0 o]
3.5
= (af) (2)>||x —g|| +aPdl) +aP Gu + 7P| ul - q”
< |lxu - qll + a7,
where dilz) =a, )d Dy a,, )le +Yn )||u(2) q||. Since
(o) (oo}
NGiu<ow,  Ddy <oo, (3.6)
n=1 n=1

we see that

NdP < co. (3.7)
n=1
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It follows from (3.5) that

b ol
< a ([len = qll +d) + @) Gac + B | — qll + 17| - 4| .
3.8
= (aS) (3)>||xn q|| + ad? + ald G + v q”
< [l —qll + 42,
where d(3) = an d @ aS)le + y(3) ||u(3) qll, and so
My < co. (3.9)
By continuing the above method, there are nonnegative real sequences {d} such that
S < oo
n=1 (310)

”xﬁlk) —q” < ||xn — 4| +d,(1k), Vk e {1,2,...,m}.

This together with Lemma 2.2 gives that lim,, _, .|| x, — gl| exists. This completes the proof. [J

Lemma 3.3. Let X be a uniformly convex Banach space, let C be a nonempty closed bounded convex
subset of X, and let T; : C — C be m asymptotically nonexpansive mappings in the intermediate
sense such that F = "\, F(T;) #0. Put

Gk—JCSIy1€pC<||Tkx ry| - lx-yl) vo, vk=1, (3.11)

s0 that ¥, Gy < oo. Let the sequence {x,} be defined by (1.3) whenever {3}, {BP ), {y} satisfy

the same assumptions as in Lemma 3.2 for each 1 € {1,2,...,m} and the addztzonal assumption that

there exists ng € N such that 0 < a < al™™", al™ < p< 1for all n > ngy. Then we have the following:

(1) Timy - oo | TR = ]| = 0;
(2) limy, | T2 = x| = 0.

Proof. (1) Taking each g € F, it follows from Lemma 3.2 that lim,,_, ., ||x, — g|| exists. Let

lim ||x, —g|| = a, (3.12)

n— oo
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for some a > 0. We note that

“xflm_l) ” < ||xn — 4| +d™D wyn>1,

where {d" 7V} is a nonnegative real sequence such that

< 1
Zd,&m_ ) <o
n=1

It follows that
lim sup g < lim sup||x, ~ q]|
= lim ||, - q]
_a
which implies that
——— q||<hmfup< e

= lim

|

<a.

Next, we observe that

R G E E R I

Thus we have

k ,.(m-1) (m)

hmsup”T q+yn <un xn> <a.
Also,
0= q+ 0" (" = ) || < flen = qll + 3l -
gives that

lim sup ”x —g+y” (uf,m) xn>

n— oo

<a.

<u£,m) xn> )

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Note that

a= lim ”x,(qm) —q”

n—oo

= lim

n—oo

= lim ”a,(qm)Tikx,(qm_l) + <1 - a,‘{“’)xn - )’r(lm) Xy

n—oo

" - (1-al™)q - alq|

= lim ||a

n—oo

«(

= lim ”aflm) (Tikx,(imfl) -q+ y,(lm) (uflm) - xn>>

(m), (m)_ (m)

;m)TikxT(:n—l) - aﬁtm)q + &y Yn Un

(), (m) _  (m)
n

1 —ai’”)>q—y,§m)xn+rn Uy %

n—oo

«(

1- ailm)> <xn -q+ y,(lm) (uﬁ,m) - xn>>

This together with (3.18), (3.20), and Lemma 3.1, gives

This completes the proof of (1).
(2) Foreachn > 1,

Since

we obtain

Y |

(m) _ (m)

ém)u(m) (m)_ (

n T an

lim ”Tikx;"’*” — x|l =o0.
n— oo
-1 -1
O e
< |lx, — Tikxflmfl)“ + xf,mfl) - q” + Gik.

lim ”x,, —Thx{" || - 0= lim Gy,

n—oo n—oo

a=lim ||x,—q| < lirninf”xﬁlm_1
n— oo n—oo

)

-]

—ay Yn Xn

m)
Yn Xn

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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It follows that

a< liminf”x,(lm*l) - q”

n—oo
< limsup|x"™" - q”
n—oo
<a,
which implies that
lim ||V - q” =a.
n—oo

On the other hand, we note that

x;m—Z) _

g < llxu—all +d">, vn21,
where {d"?}isa nonnegative real sequence such that

< 2
Zd,?m ) < 0.
n=1

Thus we have

lim sup|[x{"? - q” < limsup||x, — q]|
n—oo n—oo
= a/
and hence
lim supnTikx;m_D - q” <lim sup( X - q” + Gik>
n—oo n— oo
<a.

Next, we observe that

T E Lt [

Thus we have

lim sup ” Trx

n—oo

-2 -1
2 gy )(

ulmy xn> ” <a.

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)



Journal of Inequalities and Applications 9

Also,
_g ey <u§{n—1> x ) || < lxn -l + 718 - xn” (3.34)
gives that
—q+ ) (ur — x| < 2 (3.35)
Note that
a= Jim [l - q]
= lim Koty + B Vo + " VY q”
e (3.36)
4 )
#(1-a) (=g e (" - ) )|
Therefore, it follows from (3.33), (3.35), and Lemma 3.1 that
Tim |75~ x, | = 0. (3.37)
This completes the proof. O

Theorem 3.4. Let X be a uniformly convex Banach space and let C be a nonempty closed bounded
convex subset of X. Let T; : C — C be m asymptotically nonexpansive mappings in the intermediate
sense such that F = (\,F(T;)#0 and there exists one member T in {T;};Z;which is completely
continuous. Put

le_?;;%(”T x-T, y”— [l - y||> , Yk >1, (3.38)

so that 3,72, Gix < oo. Let the sequence {x, } be defined by (1.3) whenever {a 0y 19y (l) } satisfy
the same assumptions as in Lemma 3.2 for each i € {1,2,...,m} and the additional assumptlon that

there exists ng € N such that 0 < a < a" ", al™ < p < 1 forall n > ng. Then {x,(ik)} converges
strongly to a common fixed point of the mappmgs { .

Proof. From Lemma 3.3, it follows that

=0= lim

n— oo

lim

n—oo

_xn

1
|Tikx§,m ) - X

|Tk (m-2)

, (3.39)
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which implies that

(m)

lxns1 = xull = | Xp = Xp
(3.40)
< aflm) ||Tikx£1m—1) _ xn” 4 Yr(lm—l) u)(qm—l) _ xn” —0, (n— ),
and so
|xps1 — xnl] — 0, (1 — o0). (3.41)
It follows from (3.22), (3.37) that
TFx, — x| < ”Tikxn - Tikxilm_l) ” + ||Tikx£lm_1) -,
< loen = 20 H +Gix + ||Tikx,(1m_1) - Xy,
(3.42)
<almV ”Tikx,(,m_z) — X, || + Gix + y,(,m_l)| ™y,
+ ||Tikx,(1m_1) —x,|| —0, (n— o).
Leto, = ||Tikxn — x| for all n > ng. Then we have
[, = Tyl < | Xy — Tnkxn + Tnkxn —Thx,
< | Xy — Tikxn +L Tnk_lxn - Xy (3.43)
<o, + L[ TFlx, - Tnk_‘,}lxn_m” + | TF L = Xnm ” + || X — xn||].
Notice that n = (n — m)(modm). Thus T,, = T,,_,, and the above inequality becomes
llxn — Tpxyl| < 04 + L2||xn = Xp-ml|| + LOp—m + || Xn-m — Xnl|, (3.44)
and so
lim ||x,, — Tpx,|| = 0. (3.45)
n—oo
Since
”xn - Tn+l-xn|| < ||xn - xn+l|| + ||xn+l - Tn+lxn+l|| + ||Tn+lxn+l - Tn+lxn|| (3 46)

< (1 + D)llxn = xnall + 1041 = Tnsrxnall,  VI€{1,2,...,m},
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we have

lim ||x;, — Tpuxul| =0, VIe({1,2,...,m}, (3.47)
n—oo

and so

lim [|x, - Tixal| =0, Yl€({1,2,...,m). (3.48)

Since {x,} is bounded and one of T; is completely continuous, we may assume that T} is
completely continuous, without loss of generality. Then there exists a subsequence {T1x,, } of
{T1x,} such that Tyx,, — g€ Cask — oo. Moreover, by (3.48), we have

Tim [, = Ty, || = 0, (3.49)

which implies that x,, — gask — oo. By (3.48) again, we have

llg - Tug|| = r}ijr;o||xnk -Tix, || =0, VIe{1,2,...,m}. (3.50)

It follows that g € F. Since lim,, _, .||, — g|| exists, we have

Ji_r}r;”xn -q|| =0, (3.51)
that is,
lim X = lim x, = g. (3.52)
Moreover, we observe that
| P q” < ||lxn—ql| + a®, (3.53)
forallk=1,2,...,m-1and
lim d® =o0. (3.54)
Therefore,
lim x,” = g, (3.55)

forall k =1,2,...,m— 1. This completes the proof. O
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Remark 3.5. Theorem 3.4 improves and extends the corresponding results of Plubtieng and
Wangkeeree [2] in the following ways.

(1) The iterative process {x,} defined by (1.3) in [2] is replaced by the new iterative
process {x,} defined by (1.3) in this paper.

(2) Theorem 3.4 generalizes Theorem 3.4 of Plubtieng and Wangkeeree [2] from
a asymptotically nonexpansive mappings in the intermediate sense to a finite family of
asymptotically nonexpansive mappings in the intermediate sense.

Remark 3.6. If m = 3 and T; = T, = Tz = T in Theorem 3.4, we obtain strong convergence
theorem for Noor iteration scheme with error for asymptotically nonexpansive mapping T in
the intermediate sense in Banach space, we omit it here.
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