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1. Introduction

The stability problem of functional equations originated from a question of Ulam [1] in 1940,
concerning the stability of group homomorphisms. Let (G1,-) be a group and let (Gy, *,d)
be a metric group with the metric d(-,-). Given € > 0, does there exist a 6 > 0 such that if a
mapping h : G; — G; satisfies the inequality d(h(x - y), h(x) x h(y)) < 6 for all x,y € Gy,
then there exists a homomorphism H : G; — G, with d(h(x), H(x)) < € for all x € G;? In
other words, under what condition does there exists a homomorphism near an approximate
homomorphism? The concept of stability for functional equation arises when we replace the
functional equation by an inequality which acts as a perturbation of the equation. Hyers [2]
gave a first affirmative answer to the question of Ulam for Banach spaces. Let f : E — E' be
a mapping between Banach spaces such that

If(x+y) - f) - f(W)ll <6 (1.1)

for all x, y € E and some & > 0. Then there exists a unique additive mapping T : E — E' such
that

|f(x)-Tx)| <6 (1.2)
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for all x € E. Moreover, if f(tx) is continuous in t € R for each fixed x € E, then T is R-linear.
In 1978, Rassias [3] provided a generalization of Hyers’ theorem which allows the Cauchy
difference to be unbounded. In 1991, Gajda [4] answered the question for the case p > 1,
which was raised by Rassias. This new concept is known as Hyers-Ulam-Rassias stability of
functional equations (see [5-12]). The functional equation

flx+y)+ f(x-y) =2f(x) +2f () (1.3)

is related to a symmetric biadditive mapping. It is natural that this equation is called
a quadratic functional equation. In particular, every solution of the quadratic functional
equation (1.3) is said to be a quadratic mapping. It is well known that a mapping f between
real vector spaces is quadratic if and only if there exits a unique symmetric biadditive
mapping B such that f(x) = B(x, x) for all x (see [5, 13]). The biadditive mapping B is given
by

Bxy) = 3 (f(x+y) - f(x-)). (14

The Hyers-Ulam-Rassias stability problem for the quadratic functional equation (1.3) was
proved by Skof for mappings f : A — B, where A is a normed space and B is a Banach space
(see [14]). Cholewa [15] noticed that the theorem of Skof is still true if relevant domain A is
replaced an abelian group. In [16], Czerwik proved the Hyers-Ulam-Rassias stability of the
functional equation (1.3). Grabiec [17] has generalized the results mentioned above.

In [18], Park and Bae considered the following quartic functional equation

flx+2y) + f(x-2y) =4[f(x+y) + f(x ~y) +6f(v)] - 6f(x). (1.5)

In fact, they proved that a mapping f between two real vector spaces X and Y is a solution
of (1.5) if and only if there exists a unique symmetric multiadditive mapping M : X* — Y
such that f(x) = M(x,x, x, x) for all x. It is easy to show that the function f(x) = x* satisfies
the functional equation (1.5), which is called a quartic functional equation (see also [19]). In
addition, Kim [20] has obtained the Hyers-Ulam-Rassias stability for a mixed type of quartic
and quadratic functional equation.

The Hyers-Ulam-Rassias stability of different functional equations in random normed
and fuzzy normed spaces has been recently studied in [21-26]. It should be noticed that in all
these papers the triangle inequality is expressed by using the strongest triangular norm Ty,.

The aim of this paper is to investigate the stability of the additive-quadratic functional
equation in random normed spaces (in the sense of Sherstnev) under arbitrary continuous
t-norms.

In this sequel, we adopt the usual terminology, notations, and conventions of the
theory of random normed spaces, as in [22, 23, 27-29]. Throughout this paper, A" is the space
of distribution functions, that is, the space of all mappings F : RU{-o0, 0} — [0,1] such that
F is left-continuous and nondecreasing on R, F(0) = 0 and F(+oo) = 1. Also, D* is a subset of
A* consisting of all functions F € A* for which ["F(+o0) = 1, where I f(x) denotes the left
limit of the function f at the point x, that is, I” f(x) = lim;_, - f(t). The space A* is partially
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ordered by the usual point-wise ordering of functions, that is, F < G if and only if F(t) < G(t)
for all t in R. The maximal element for A* in this order is the distribution function ¢ given by

0, ift<0,
go(t) = (1.6)
1, ift>0.

Definition 1.1 (see [28]). Amapping T : [0,1] x[0,1] — [0, 1] is a continuous triangular norm
(briefly, a continuous t-norm) if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(c) T(a,1)=aforalla € [0,1];

(d) T(a,b) <T(c,d) whenever a<cand b <dforalla,b,c,de[0,1].

Typical examples of continuous t-norms are Tp(a,b) = ab, Ta(a,b) = min(a,b) and
Tr(a,b) = max(a + b —1,0) (the Lukasiewicz t-norm). Recall (see [30, 31]) that if T is a t-

norm and {x,} is a given sequence of numbers in [0, 1], then T}, x; is defined recurrently by

Tl.1=1xi =xyand T}, x; = T(Ti’:llxi,xn) for n > 2. T x; is defined as T, xp4i-1. It is known [31]

that for the Lukasiewicz t-norm, the following implication holds:

lm ()7 Xnsi1 = 1= D (1 - x,) < 0. (1.7)
n—oo

n=1

Definition 1.2 (see [29]). A random normed space (briefly, RN-space) is a triple (X, u, T), where
X is a vector space, T is a continuous t-norm, and g is a mapping from X into D* such that
the following conditions hold:

(RN1) py(t) = eo(t) for all t > 0 if and only if x = 0;

(RN2) pax(t) = px(t/|al) for all x € X, a #0;

(RN3) prysy(t +8) > T(px(t), py(s)) forall x,y € X and t, s > 0.

Every normed space (X, || - ||) defines a random normed space (X, y, Tp1), where

t
px(t) = P ] (1.8)

forall t > 0, and Ty is the minimum ¢-norm. This space is called the induced random normed
space.

Definition 1.3. Let (X, u, T) be an RN-space.

(1) A sequence {x,} in X is said to be convergent to x in X if, for every ¢ > 0 and A > 0,
there exists a positive integer N such that pty,_x(€) > 1 - X whenever n > N.

(2) A sequence {x,} in X is called a Cauchy sequence if, for every € > 0 and A > 0, there
exists a positive integer N such that piy,—x, (€) > 1 -\ whenever n > m > N.
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(3) An RN-space (X, u, T) is said to be complete if and only if every Cauchy sequence in
X is convergent to a point in X.

Theorem 1.4 (see [28]). If (X, pu,T) is an RN-space and {x,} is a sequence such that x, — x, then
limy, -, oo ph, (t) = px(t) almost everywhere.

Recently, Gordji et al. establish the stability of cubic, quadratic and additive-quadratic
functional equations in RN-spaces (see [32, 33]).
In this paper, we deal with the following functional equation:

fQx+y)+ f2x-y) =4[f(x+y) + f(x —y)] +2[f(2x) - 4f (x)] - 6f (y) (1.9)

on RN-spaces. It is easy to see that the function f(x) = ax* + bx? is a solution of (1.9).

In Section 2, we investigate the general solution of the functional equation (1.9) when
f is a mapping between vector spaces and in Section 3, we establish the stability of the
functional equation (1.9) in RN-spaces.

2. General Solution

We need the following lemma for solution of (1.9). Throughout this section, X and Y are
vector spaces.

Lemma 2.1. If a mapping f : X — Y satisfies (1.9) for all x,y € X, then f is quadratic-quartic.

Proof. We show that the mappings g : X — Y defined by g(x) := f(2x)-16f(x)and h: X —
Y defined by h(x) := f(2x) —4f(x) are quadratic and quartic, respectively.

Letting x = y = 0in (1.9), we have f(0) = 0. Putting x = 0in (1.9), we get f(-y) = f(y).
Thus the mapping f is even. Replacing y by 2y in (1.9), we get

fQx+2y) + f(2x -2y) = 4[f(x +2y) + f(x - 2y)] +2[f(2x) —4f ()] -6f(2y) ~ (21)
for all x,y € X. Interchanging x with y in (1.9), we obtain
fQRy+x)+fQy-x) =4[f(y+x) + f(y-x)] +2[f2y) -4f(y)] -6f(x)  (22)
for all x,y € X. Since f is even, by (2.2), one gets
flr+2y) + f(x-2y) =4[f(x+y) + f(x-y)] +2[f 2y) -4f (y)] -6f(x)  (23)
for all x,y € X. It follows from (2.1) and (2.3) that

[f @0 +y)) —16f(x +y)] + [f(2(x ~y)) ~16f (x - y)]

(2.4)
=2[f(2x) = 16f(x)] +2[f (2y) - 16f ()]
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for all x, y € X. This means that
glx+y) +g(x-y) = 28(x) +28(y) (25)

for all x, y € X. Therefore, the mapping g : X — Y is quadratic.
To prove that h : X — Y is quartic, we have to show that

h(x+2y) +h(x-2y) =4[h(x+y) + h(x —y) + 6h(y)] — 6h(x) (2.6)

for all x, y € X. Since f is even, the mapping h is even. Now if we interchange x with y in the
last equation, we get

h(2x+y) + h(2x - y) =4[h(x +y) + h(x - y) + 6h(x)] - 6h(y) (2.7)

for all x, y € X. Thus, it is enough to prove that h satisfies (2.7). Replacing x and y by 2x and
2y in (1.9), respectively, we obtain

f2Qx+y)) + f2(2x-y)) =4[f 2(x +y)) + f(2(x ~y))] +2[f (4x) = 4f (2x)] - 6f((22y§)

for all x, y € X. Since g(2x) = 4g(x) forall x € X,
f(4x) =20f(2x) — 64f(x) (2.9)
for all x € X. By (2.8) and (2.9), we get

f2Qx+y)) + f2(2x-y)) =4[f 2(x +y)) + f(2(x ~y))] +32[f (2x) - 4f ()] - 6f((22¥3)

for all x, y € X. By multiplying both sides of (1.9) by 4, we get
4[f(x+y) + fx-y)] =16[f(x+y) + f(x ~y)] +8[f (22) ~4f ()] - 24 (y) ~(211)
for all x, y € X. If we subtract the last equation from (2.10), we obtain

h(2x+y) +h(2x-y) = [f(2(2x +y)) —4f 2x+y)] + [f(2(2x - y)) - 4f (2x - y)]
=4[fQ2(x+y)) -4f (x+y)] +4[f2(x-y)) - 4f (x - y)]
+24[f(2x) - 4f ()] - 6[f (2y) - 4 (v)]
=4[h(x+y) + h(x - y) + 6h(x)] - 6h(y)

(2.12)

forall x,y € X.
Therefore, the mapping h : X — Y is quartic. This completes the proof of the lemma.
O
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Theorem 2.2. A mapping f : X — Y satisfies (1.9) for all x,y € X if and only if there exist a
unique symmetric multiadditive mapping M : X* — Y and a unique symmetric bi-additive mapping
B: X x X — Y such that

f(x) = M(x,x,x,x) + B(x,x) (2.13)

forall x € X.

Proof. Let f satisty (1.9) and assume that g, h : X — Y are mappings defined by
() = f2x) —16f(x),  h(x) = f(2x) ~4f () (2.14)

for all x € X. By Lemma 2.1, we obtain that the mappings g and h are quadratic and quartic,
respectively, and

f) = 5hx) - 580 2.15)

forall x € X.

Therefore, there exist a unique symmetric multiadditive mapping M : X* — Y and a
unique symmetric bi-additive mapping B : X x X — Y such that (1/12)h(x) = M(x, x, x, x)
and (-1/12)g(x) = B(x, x) for all x € X [5, 18]. So

f(x) = M(x,x,x,x) + B(x, x) (2.16)

for all x € X. The proof of the converse is obvious. O

3. Stability

Throughout this section, assume that X is a real linear space and (Y, y, T) is a complete RN-
space.

Theorem 3.1. Let f : X — Y be a mapping with f(0) = O for which thereis p : X x X — D*
(p(x,y) is denoted by px,,) with the property:

L 2x4y)+f (2x—y)—4f (x+y)~4f (x—y)-2f (2x)48f () +6f (y) (£) = Py (£) (3.1)

forall x,y € X and all t > 0. If

) . D2n+iy D2n+iy
nlgroloTicfl <T <p2n+i—1 x,2n+i-1x (22n+1+1 t) >, T <p2n+i—1 x,2:2m+i-1x < 1 > 7 Po2m+i-1x < 3 > > > = 1,

Tim pon ony (227) =1

(3.2)
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forall x,y € X and all t > O, then there exists a unique quadratic mapping Q1 : X — Y such that

. 2it 2it
Hfx)-16f(x)-Q1(x) (t) > ﬂfl <T <P2i1x,2i1x <2H1t> , T <P2“x,2~2“x <Z > 7 P0,2i"1x <?> > > >

(3.3)
forall x € X andall t > 0.
Proof. Putting y = x in (3.1), we obtain
Hf(G3x)-6f(2x)+15f(x) (£) = prx(t) (3.4)
forall x € X and all t > 0. Letting y = 2x in (3.1), we get
HF (4x)—4f (Bx) +4f (2x) 48 (x)—4f (—x) (£) > Pc2xc () (3.5)
forall x € X and all t > 0. Putting x = 0 in (3.1), we obtain
H3f()-3f(-y) (£) 2 poy (t) (3.6)
for all y € X and all t > 0. Replacing y by x in (3.6), we see that
H3f(x)-3f (-x) (£) = pox(t) (3.7)
for all x € X and all ¢ > 0. It follows from (3.5) and (3.7) that
L f (4x) -4 f (Bx)+4f ) +4f (x) () 2 T <Px,2x (%) , P0,x <%>> (3.8)
for all x € X and all ¢ > 0. If we add (3.4) to (3.8), then we have
Hf(ax)-20f 2x)+64f (x) (8) 2 T <Px,x(2t)/ T <Px,2x (2)' P0.x <§> ) ) . (3.9)

Let

Prx(t) = T<Px,x (2t), T<Px,2x ( i) Pox (é) )) (3.10)

for all x € X and all t > 0. Then we get

HF(ax)-20 £ 2x)+64f (x) (£) = @ (E) (3.11)
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forallx € X and all t > 0. Let g : X — Y be a mapping defined by g(x) := f(2x) — 16 (x).
Then we conclude that

Hg2x)-4g(x) (£) 2 @xx (£) (3.12)
for all x € X and all £ > 0. Thus we have
Hgx)/2-g(x) (E) 2 @xx (22t) (3.13)
forall x € X and all £ > 0. Hence
Hg(2k1x) /2201 _g (2K x) 22k (£) 2 ok o <22(k+1)t> (3.14)

forall x € X, all t > 0 and all k € N. This means that

t
Hg(2k+1x) /22041 g (2K x) / 22 <2k+1 > 2 ok ok <2k+1t> (3.15)

forall x € X, all t > 0 and all k € N. By the triangle inequality, from 1 > 1/2+1/22+---+1/2",
it follows that

t .
He(@nx)/221-g(x) (t) > T,zlzl <//£g(2kx)/22k,g(2k71x)/22(k—1) <2_k>> > Tiil <(I)'21'71x,2i—1x <21t>> (3.16)

for all x € X and all t > 0. In order to prove the convergence of the sequence {g(2"x)/2?"},
we replace x with 2"x in (3.16) to obtain that

/lg(zmmx) /220m+m) _g(2mx) /22m (t) > Tiil <(P'2i+m—1 x,2im=1x <2i+2mt> > . (317)

Since the right-hand side of the inequality (3.17) tends to 1 as m and n tend to
infinity, the sequence {g(2"x)/2?"} is a Cauchy sequence. Thus we may define Q;(x) =
lim,, o, (g(2"x) /2%") for all x € X.

Now we show that Q; is a quadratic mapping. Replacing x,y with 2"x and 2"y in
(3.1), respectively, we get

H((g(2" 2x+y))+g(2" 2x-y))-4g(2" (x+y))-4g (2" (x-))-2g (2"*1x)+8g (2"x)+6 (2"y)) /4") ()

(3.18)
2 Py (271).

Taking the limit as n — oo, we find that Q; satisfies (1.9) for all x, y € X. By Lemma 2.1, the
mapping Q1 : X — Y is quadratic.
Letting the limitas n — oo in (3.16), we get (3.3) by (3.10).
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Finally, to prove the uniqueness of the quadratic mapping Q; subject to (3.3), let us
assume that there exists another quadratic mapping Q] which satisfies (3.3). Since Q; (2"x) =
22" (x), Q) (2"x) = 22"Q (x) for all x € X and all n € N, from (3.3), it follows that

HQ1 (0-Q; () (28)
= o, (221E)

>T (#Ql (22)-g(21) <22"t> + Hg(2n2)-Q) (2mx) (22"f>)

X D2ntip D2ntip
T <Ti0_01 <T <p2n+i1 x,2m+i-ly (22n+l+1 t) , T <p2n+i1 x,2:2m+i-1x <T> 7 P0,2m+i-1x <T> > > > ,
. D2n+iy Q2n+iy
Ticfl <T <p2n+i—1x’2n+i—1x <22n+1+1t>, T <p2n+i—]x’2n+i—1x < 1 > 7 P0,2m+i-1x < 3 > ) > > >

(3.19)

v

forall x € X and all t > 0. Letting n — oo in (3.19), we conclude that Q; = Q}, as desired. [

Theorem 3.2. Let f : X — Y be a mapping with f(0) = O for which thereis p : X x X — D*
(p(x,y) is denoted by p,,) with the property:

L @x+y)+f Qx—y)—Af (x+y)-4f (x—y)-2f 2x)+8f (1) +6£ () (£) = Py (£) (3.20)

forall x,y € X and all t > 0. If
nlglgoTlfl <T <p2n+i—1x,2n+i—lx <24n+3i+1 t> ,

2411+3it 24n+3it 21
T <p2n+il x,2,2n+i71x <T> ’ po/znﬂ'—lx < 3 > > > > = 1, (3 )

Tim pony ny (27) =1

forall x,y € X and all t > O, then there exists a unique quartic mapping Q, : X — Y such that

. 23it 23it
HF(2x)-4f (x)-Qa(x) (t) > Tiofl <T <p2i—1x,2i—1x <23l+1 t> ,T <p2f—1x,2~2i‘1x <T > 7 P02 x <T> ) > >

(3.22)

forall x € X and all t > 0.

Proof. Putting y = x in (3.20), we obtain

HfBx)-6f2x)+15f(x) (£) = pax(t) (3.23)
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forall x € X and all t > 0. Letting iy = 2x in (3.20), we get
Hf (4)-4f (3) +4 22)48f (0)-4f () (£) 2 P (F) (3.24)
for all x € X and all > 0. Putting x = 0 in (3.20), we obtain
Hafw)-37(-y) (£) 2 poy () (3.25)
for all y € X and all t > 0. Replacing y by x in (3.25), we get
H3f(x)-3f (-x) (£) 2 pox(t) (3.26)

for all x € X and all t > 0. It follows from (3.5) and (3.26) that

t 2t
HLf (4x)-4f Bx)+4f 2x)+af () (£) 2 T <Px,2x <§> ,Pox <§> > (3.27)
for all x € X and all £ > 0. If we add (3.23) to (3.27), then we have
t t
Hf (dx)-20F 2x)+64f (x) (£) 2> T <Px,x(2t)/ T <Px,2x (Z) /P0x <§> ) ) . (3.28)

Let

Prx(t) = T(px,x(Zt), T(Px,Zx <;i) Po,x (%) )) (3.29)

for all x € X and all t > 0. Then we get
P f (4x)-20f 2x)+64£ (x) () = @ x () (3.30)

forall x € X and allt > 0. Let h : X — Y be a mapping defined by h(x) = f(2x) — 4f(x).
Then we conclude that

Hh(2x)-16h(x) () > @xx () (3.31)
for all x € X and all t > 0. Thus we have

P@x) /24 -h(x) (B) 2 Prx (24t) (3.32)
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forall x € X and all t > 0. Hence
(k1 x) /241 _py (k) /23 (£) > oy pkx <24(k+l)t> (3.33)

forall x € X, all t > 0 and all k € N. This means that
t
Hh(2k+1 x) / 24(Kk+1) _py (2K x) / 24K <2kﬁ) 2 Wokx ok <23(k+1)t> (3.34)

forall x € X, all t > 0 and all k € N. By the triangle inequality, from 1 > 1/2+1/2%+---+1/2",
it follows that

t
Hh@rx) /24 -h(x) (8) 2> T, (ﬂh(ka)/ZM‘—h(Z"’lx) /246D (ﬁ) >

> T2 (g2 (27) )

(3.35)

for all x € X and all ¢ > 0. In order to prove the convergence of the sequence {h(2"x)/24"},
we replace x with 2"x in (3.35) to obtain that

‘Llh(zrﬁ»mx) /24(msm) _p(m ) /94m (t) > Tiil <(,U'2i+m—1x,2i+m,1x <23i+4mt> ) . (336)

Since the right-hand side of (3.36) tends to 1 as m and n tend to infinity, the sequence
{h(2"x)/2%"} is a Cauchy sequence. Thus we may define Q>(x) = lim, _,,(h(2"x)/2*") for
all x € X.

Now we show that Q; is a quartic mapping. Replacing x, y with 2"x and 2"y in (3.20),
respectively, we get

K (h(27 Qx+y))+h (27 2x-y))~4h(27 (x+1))~4h(27 (x—1))~2h(271 x) +8h(27x) +6h(27y)) /167 (E)

o <24"t>. (3.37)

Taking the limit as n — oo, we find that Q, satisfies (1.9) for all x,y € X. By Lemma 2.1 we
get that the mapping Q, : X — Y is quartic.
Letting the limitas n — oo in (3.35), we get (3.22) by (3.29).
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Finally, to prove the uniqueness of the quartic mapping Q. subject to (3.24), let

us assume that there exists a quartic mapping Q;, which satisfies (3.22). Since Q»(2"x) =
24, (x) and Q4 (2"x) = 2*"Q),(x) for all x € X and all n € N, from (3.22), it follows that

HQu(0)-Qy(x) (28)
4n+1
= posm-gynn) (2471t

>T (#Qz(znx)—h(znx) <24"t> s Bh(2nx)-Q) (27x) <24nt> ) ,

. D4n+3iy D4n+3iy
> T <Ti°—01 <T <p2n+i1 x, 21y (24n+31+1t> ’ T <‘02n+i1 x,2:2m+i-1x <T> , ‘Do’znﬂ‘—lx < 3 P
. 24n+3it 24n+3it
Tl.ozol <T <p2n+il x,2m+-1x <24n+31+1 t) T <p2n+il x,2:2n+i-1x <T > 7 P0,2n+i-1x < 3 > > > > >

(3.38)

forall x € X and all £ > 0. Letting n — oo in (3.38), we get that Q> = Q;, as desired. O

Theorem 3.3. Let f : X — Y be a mapping with f(0) = 0 for which thereis p : X x X — D*
(p(x,y) is denoted by p. ) with the property:

Hf (24y)+f (2x—y)—4f (x+y)-4f (x—y)-2f (2x)+8f () +6£ () (£) = Py (£) (3.39)

forall x,y € X and all t > 0. If
nlgroloTiiol <T <p2n+i—1 x/2n+i—1 x <24n+3i+1 t) P

24n+3it 24n+3i t
T <P2n+i1x,2_2n+i1x <T> 7 P0,2m+-1x < 3 > > > > = 1, (340)

T ooy <22"t) -1

forall x,y € X and all t > O, then there exist a unique quadratic mapping Q1 : X — Y and a unique
quartic mapping Qp : X — Y such that

Hf (2)-01 (x)-Qa ) (F)

21t th Z’t
>T <Ti°_01 <T <p2i1x,2i1x <E> T <p2i1x,2‘2i1x <m> sPo2x <3 . 24> > > > !
3 23t 251t
(oo (oo () (D))
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forall x € X and all t > 0.

Proof. By Theorems 3.1 and 3.2, there exist a quadratic mapping Q} : X — Y and a quartic
mapping Q) : X — Y such that

, 2it 2it
Hf@o-16f(0-Q,(x) (F) 2 TZ (T <P2i1x,zi1x <21+1f> ,T <sz1x,2-2f1x <Z> /P02 1x <?> > > >,
) 23it 23it
Hf@x)-4f (x)-Qy (x) (£) 2 T2 <T <;02i1 x2i1x <23H1 t) T <p2“x,2‘2"1x <T> s P02 1x <?> > > >

(3.42)
for all x € X and all t > 0. It follows from the last inequalities that

L (x0)+(1/12)Q, (x)-(1/12)Q% (x) (£)

t t
2T (ﬂf(Zx)—16f(x)—Q’1 (x) (2—4 ) s B @x)-4f (-5 ) <2—4> >

21t th 21t
>T <Ti°_°1 <T <p2i1x,zi1x <E> ,T <P2i1x,2-2i1x <m> s P02 1x <m> > > > ’
3i it 23t
Ti:1 <T <p2i—1x,2i—1x <ﬁ> ’ T <p2i—1x12.2i—1x <4 ; 24>/p0,2i—1x <3 . 24 > > > > >

(3.43)

for all x € X and all t > 0. Hence we obtain (3.41) by letting Q;(x) = —(1/12)Q;(x) and
Q2(x) = (1/12)Q5(x) for all x € X. The uniqueness property of Q; and Q; is trivial. O
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