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We introduce and study a new system of random nonlinear generalized variational inclusions
involving random fuzzy mappings and set-valued mappings with H(-,-)-monotonicity in two
Hilbert spaces and develop a new algorithm which produces four random iterative sequences.

We also discuss the existence of the random solutions to this new kind of system of variational
inclusions and the convergence of the random iterative sequences generated by the algorithm.

1. Introduction

The classic variational inequality problem VI(F, K) is to determine a vector x* € K C R",
such that

<F(x*)T,x - x*> >0, VxeKk, (1.1)

where F is a given continuous function from K to R" and K is a given closed convex subset
of the n-dimensional Euclidean space R". This is equivalent to find an x* € K, such that

0€ F(x*) + N.(x"), (1.2)

where N is normal cone operator.
Due to its enormous applications in solving problems arising from the fields of eco-
nomics, mechanics, physical equilibrium analysis, optimization and control, transportation
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equilibrium, and linear or nonlinear programming etcetera, variational inequality and its
generalizations have been extensively studied during the past 40 years. For details, we refer
readers to [1-7] and the references therein.

It is not a surprise that many practical situations occur by chance and so variational
inequalities with random variables/mappings have also been widely studied in the past
decade. For instance, some random variational inequalities and random quasivariational
inequalities problems have been introduced and studied by Chang [8], Chang and Huang
[9, 10], Chang and Zhu [11], Huang [12, 13], Husain et al. [14], Tan et al. [15], Tan [16], and
Yuan [7].

It is well known that one of the most important and interesting problems in the theory
of variational inequalities is to develop efficient and implementable algorithms for solving
variational inequalities and its generalizations. The monotonic properties of associated
operators play essential roles in proving the existence of solutions and the convergence of
sequences generated by iterative algorithms. In 2001, Huang and Fang [17] were the first
to introduce the generalized m-accretive mapping and give the definition of the resolvent
operator for generalized m-accretive mappings in Banach spaces. They also showed some
properties of the resolvent operator for generalized m-accretive mappings. Recently, Fang
and Huang, Verma, and Cho and Lan investigated many generalized operators such as H-
monotone, H-accretive, (I, 7)-monotone, (H,1)-accretive, and (A, 17)-accretive mappings.
For details, we refer to [6, 17-22] and the references therein. In 2008, Zou and Huang
[23] introduced the H(:,-)-accretive operator in Banach spaces which provides a unified
framework for the existing H-monotone, (H,7)-monotone, and (A, 7)-monotone operators
in Hilbert spaces and H-accretive, (H, 7)-accretive, and (A, 7)-accretive operators in Banach
spaces.

In 1965, Zadeh [24] introduced the concept of fuzzy sets, which became a cornerstone
of modern fuzzy mathematics. To explore connections among VIs, fuzzy mapping
and random mappings, in 1997, Huang [25] introduced the concept of random fuzzy
mappings and studied the random nonlinear quasicomplementarity problem for random
fuzzy mappings. Later, Huang [26] studied the random generalized nonlinear variational
inclusions for random fuzzy mappings. In 2005, Ahmad and Bazén [27] studied a class of
random generalized nonlinear mixed variational inclusions for random fuzzy mappings and
constructed an iterative algorithm for solving such random problems. For related work in
this hot area, we refer to Ahmad and Farajzadeh [28], Ansari and Yao [29], Chang and Huang
[9, 10], Cho and Huang [30], Cho and Lan [31], Huang [25, 26, 32], Huang et al. [33], and the
references therein.

Motivated and inspired by recent research work mentioned above in this field, in this
paper, we try to inject some new energy into this interesting field by studying on a new kind
of random nonlinear variational inclusions in two Hilbert spaces. We will prove the existence
of random solutions to the system of inclusions and propose an algorithm which produces a
convergent iterative sequence. For a suitable choice of some mappings, we can obtain several
known results [10, 11, 21, 23, 31, 34] as special cases of the main results of this paper.

2. Preliminaries

Throughout this paper, let (2, /) be a measurable space, where Q is a set and +/ is a o-algebra
over Q. Let X; be a separable real Hilbert space endowed with a norm || - ||x, and an inner
product (-,-)x, . Let X, be a separable real Hilbert space endowed with a norm || - [|x, and an
inner product (-, )y, .
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We denote by D(:,-) the Hausdorff metric between two nonempty closed bounded
subsets, where the Hausdorff metric between A and B is defined by

D(A,B) = max{satelf iegd(a, b), sbtepr ;gl‘f\d(a,b) } (2.1)

We denote by B(X;), 2X1 and CB (X1) the class of Borel o-fields in X;, and the family
of all nonempty subsets of X;, the family of all nonempty closed bounded subsets of X;.

In this paper, to make it self-contained, we start with the following basic definitions
and similar definitions can also be found in [26, 32, 34].

Definition 2.1. A mapping x; : Q — X is said to be measurable if for any B € B(Xj),

{teQ:x(t) e B} € A. (2.2)

Definition 2.2. A mapping T; : Q x X; — X is called a random mapping if for any x € Xj,
z1(t) = Ty (¢, x) is measurable.

Definition 2.3. A random mapping T7 : Q x X; — X is said to be continuous if for any ¢ € €,
Ti(t,-) : X1 — Xj is continuous.

Definition 2.4. A set-valued mapping V; : Q — 2% is said to be measurable if for any B €
B(X1),

V7i(B) = {veQ:Vi(v)NB#£0} € A. (2.3)

Definition 2.5. A mapping u : Q — X; is called a measurable selection of a set-valued
measurable mapping U : Q — 2% if 1 is measurable and for any t € Q, u(t) € U (t).

Definition 2.6. A set-valued mapping Wi : Q x X; — 2% is called random set-valued if for
any x1 € X1, Wi(,x1) : Q — 2%1 is a measurable set valued mapping.

Definition 2.7. A random set-valued mapping Wi : Q x X1 — CB(Xj) is said to be ¢g(t)-D-
continuous if there exists a measurable function g : Q — (0, +00), such that

D(Wi(t, x1(t)), Wi(t, x2(t))) < Se(®)[|x1(E) = xa(B) I, , (2.4)

forallt € Q and x(t), x2(t) € Xj.

Definition 2.8. A set-valued mapping A : X; — 2%1 is said to be monotone if for all x;, y1 € X3
and u; € A(x1), v1 € A(y1),

(w1 —v1,x1 = y1)y, 20. (2.5)

Definition 2.9. Let f1, 41 : X1 — Xy and H; : X5 x X3 — X be three single-valued mappings
and A : X; — 2% be a set-valued mapping. A is said to be Hj (-, -)-monotone with respect to
operators f1 and g; if A is monotone and (H1(f1,g1) + LA)(X1) = Xj, for every A > 0.
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Definition 2.10. The inverses of A : X; — 2Xi and B : X — 2% are defined as follows,
respectively,

Al(y)={xeXi:ye Ax)}, YyeXi,
(2.6)
B'(y)={xeX,:yeB(x)}, YyeX.

Definition 2.11. p: Q x X; — X; is said to be

(1) monotone if

(p(t, x1()) = p(t, x2(t)), x1(t) — xz(t)>X1 >0, VteQ, Vxi(t), x(t) € Xy, (2.7)

(2) strictly monotone if p is monotone and
<P(t1 X1 (t)) - p(t/ xZ(t))/ X1 (t) - x2(t)>x1 =0 = X1 (t) = xZ(t)/ Vt e Q/ Vxl (t)/ xZ(t) € Xl/
(2.8)

(3) 6p(t)-strongly monotone if there exists some measurable function 6, : Q —
(0, +o0), such that

(p(t,x1(t) = p(t, x2(8)), 21 (8) = x2(8) ), 2 6p(t) |21 (F) — ()3, VEEQ, Vxi(t), x(t) € Xy,
(2.9)

(4) op(t)-Lipschitz continuous if there exists some measurable function o, : Q —
(0, +o0), such that

Pt x1(D) = pt, 20|y, < TpB)lIx1 () = 2By, VEEQ, Var(t), xa(H) € X1.  (2.10)

Definition 2.12. A single-valued mapping M : X; x X; x X, — Xj is said to be

(1) ¢a(t)-strongly monotone with respect to the random single-valued mapping sy :
Q x X; — Xj in the first argument if there exists some measurable function {4 :
Q — (0,+00), such that

<M(SM(t/ U (t))r r ) - M(SM(tl uZ(t))r r ')rul (t) - uZ(t)>X1 2 gA(t)”ul (t) - uZ(t)||§(1r (211)

forallt € Q and uy (), ux(t) € Xy,

(2) ¢m(t)-Lipschitz continuous with respect to the random single-valued mapping sz :
Q x X; — Xj in its first argument if there exists some measurable function ¢y :
Q — (0,+00), such that

IM(sm(t,ui(t)), ) = M(sm(t, ua(t), -, )llx, < Sm(B) [l () — uz()]|x,, (2.12)

forallt € Q and uy (), ux(t) € Xy,
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(3) pm(t)-Lipschitz continuous with respect to its second argument if there exists some
measurable function pyr : Q — (0, +00), such that

IM(, x1(8), ) = M(, x2(8), ) llx, < Bar(B)llx1 (8) = x2(B)lx, . (213)

forallt € Qand x(t), x2(¢) € Xy,

(4) nm(t)-Lipschitz continuous with respect to its third argument if there exists some
measurable function 77 : Q — (0, +00) such that

”M(/ 4! (t)) - M(/ r yZ(t)) ”X] < Hm (t) ||]/1 (t) - yZ(t) ||X2’ (214)

forallt € Qand yi(t), y2(t) € Xo;
Definition 2.13. Assume that p : Q x X; — X is a random single-valued mapping, fi : X; —

X1, g1 : X1 — Xy, and Hi(f1,81) : X1 — Xj are three single-valued mappings, Hi(f1, g1) is
said to be

(1) pa(t)-strongly monotone with respect to the mapping p if there exists some
measurable function pi4 : Q — (0,+00) such that

(Hi(fi(p(t, x1(8), &1 (p(t, x1 (1)) = Hi(fi(p(t,11.(5)), &1 (p (£, 11 (), x1 () = y1 (D),
> pa®|xa(®) =y O[3
(2.15)

forallt € Q and xi(t), y1(t) € Xy,

(2) aa(t)-Lipschitz continuous with respect to the mapping p if there exists some
measurable function a4 : Q — (0, +o0) such that

| Hi(f1(p(t, x1(8)), &1(p(t, x1(8))) = Hi(fi(p(t yi (1)), &1(p(t yi (1)) ||«
<aa®)|lx ) -y ®)]ly,,

16)

forallt € Q and xi(t), y1(t) € Xy.

(3) aa-strongly monotone with respect to fi in the first argument if there exists a
positive constant a4, such that

(Hy (fi(xr),u1) = Hy(fi(va),m), 10 = 1)y, > aalln = a5, (2.17)

for all x1,y1,u1 € X3,
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(4) pa-relaxed monotone with respect to g; in the second argument if there exists a
positive constant 4, such that

(i (1, 1e0)) — Hi (s 1)), %1 - ), = —Palln - (218)

for all x1, 1,41 € Xj.

Let #(X;) be a collection of all fuzzy sets over X;. A mapping F from Q into ¥(X;) is
called a fuzzy mapping. If F is a fuzzy mapping on Xj, then for any given t € Q, F(t)(denote
it by F; in the sequel) is a fuzzy set on X; and F;(y) is the membership function of y in F;.

Let A € F(X1), a € [0,1], then the set

(A), ={xeXg:A(x) > a} (2.19)

is called an a-cut set of fuzzy set A.

Definition 2.14. A random fuzzy mapping F : Q — ¥(Xj) is said to be measurable if for any
given a € (0,1], (F()), : @ — 2% is a measurable set-valued mapping.

Definition 2.15. A fuzzy mapping E : Q x X3 — ¥(X1) is called a random fuzzy mapping if
for any given x; € X3, E(-, x1) : Q — ¥(Xj) is a measurable fuzzy mapping.

Remark 2.16. The above is mainly about some definitions in X;. There are similar definitions
and notations for operators in Xj.

LetE: QxX; — F(Xj)and F: Q x X, — F(X7) be two random fuzzy mappings
satisfying the following condition (xx):

(*x) there exist two mappings a: X; — (0,1] and f: X, — (0, 1], such that

(Etrxl)a(xl) € CB(X;), V(t,x1)eQxXj,
(2.20)
(Ftrxz)ﬁ(xz) S CB(Xz), V(t, xz) € QxX,.

By using the random fuzzy mappings E and F, we can define the two set-valued
mappings E* and F* as follows, respectively,

E*: Qx X1 — CB(Xl), (t,xl) —_— (Et,xl) V(t, x1) € Qx Xl,

(x1)”
o 2.21)
F*:Qx X, — CB(Xz), (t,X2) — (Et:xz)u(xz)’ V(t, XQ) € QxXs.

It follows that

E*(t,x1) = (Etx)) gy = 121 € X1 1 (Etxy) (21) 2 a(x1)},

F*(t,xz) = (Ft/xz)ﬂ(xz) = {ZZ €Xy: (Ft,xz)(zz) 2 )B(xZ)}

(2.22)

It is easy to see that E* and F* are two random set-valued mappings. We call E* and F* the
random set-valued mappings induced by the fuzzy mappings E and F, respectively.
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Problem 1. Let f1, g1 : X1 — Xj be two single-valued mappings and sp;, p : Q x X1 — Xj be
two random single-valued mappings. Let f>, g : Xo — X, be two single-valued mappings
and sy, q : Q x Xo — X be two random single-valued mappings. Let H; : X; x X; — Xj,
Hy : XoxXy — Xo, M: Xy xX1xXo = Xjand N : Xp x X3 x Xp — X be four single-
valued mappings. Suppose that A : X; — 2% is an H; (-, -)-monotone mapping with respect
to f1 and g1 and B : X, — 2% is an H,(-,-)-monotone mapping with respect to f, and g.
E:QxX; — ¥F(Xi1)and F: Qx X, — F(Xy) are two random fuzzy mappings, «, , E*, and
F* are the same as the above. Assume that p(¢, u(t)) N dom(A) # 0 and g(t, v(t)) N dom(B) # 0
for all t € Q. We consider the following problem.
Find four measurable mappings u,x : Q@ — Xjand v,y : Q — X», such that

Evun (x(t)) > a(u(t)),

Fiom (y (1)) = B(o(t)),
0e M(sM(t,u(t)),x(t),y(t)) + A(p(t,u(t))),
0 € N(sn(to(t), x(t), y(t) + B(q(t, v(t)),

(2.23)

forallt € Q.

Problem 1 is called a system of generalized random nonlinear variational inclusions
involving random fuzzy mappings and set-valued mappings with H (-, -)-monotonicity in
two Hilbert spaces. A set of the four measurable mappings x, y, #, and v is called one solution
of Problem 1.

3. Random Iterative Algorithm
In order to prove the main results, we need the following lemmas.

Lemma 3.1 (see [23]). Let Hi, f1, 1, and A be defined as in Problem 1. Let Hi(f1, 1) be as-
strongly monotone with respect to f1, Pa-relaxed monotone with respect to g1, where ay > Pa.
Suppose that A : X; — 2% is an H;(-,-)-monotone set-valued mapping with respect to f1 and

g1, then the resolvent operator Rf/l)f"') = (H(f,g) + AA) " is a single-valued mapping.

Lemma 3.2 (see [23]). Let Hy, f1, g1, A be defined as in Problem 1. Let H1(f1, g1) be aa-strongly
monotone with respect to fi, fa-relaxed monotone with respect to g1, where ay > Pa. Suppose that
A : Xy — 2% is an Hy(-,-)-monotone set-valued mapping with respect to fi and g1. Then, the

resolvent operator Rfl)f.") is 1/(aa — Pa)-Lipschitz continuous.

Remark 3.3. Some interesting examples concerned with the H; (-, -)-monotone mapping and
the resolvent operator Rfl)f"') can be found in [23].

Lemma 3.4 (see Chang [8]). Let V : Q x X; — CB(Xj) be a D-continuous random set-valued
mapping. Then for any given measurable mapping u : Q — Xj, the set-valued mapping V (-, u(-)) :
Q — CB(Xjy) is measurable.
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Lemma 3.5 (see Chang [8]). Let VW : Q — CB(Xj) be two measurable set-valued mappings,

and let € > 0 be a constant and u : Q — X; a measurable selection of V. Then there exists a
measurable selection v : Q — X of W, such that for all t € Q,

[u(t) —o®)|l < (1+)DV(E), W(H)). (3.1)

Lemma 3.6. The four measurable mappings x,u : Q — Xy and y,v : Q — X, are solution of
Problem 1 if and only if, for all t € Q,

x(t) € E*(t,u(t)),

x(t) € F*(t,v(t)),
3.2
bt u(t)) = R [Hy (ot (), 1 (ot 1(6)))) ~ AM (st (8, x(0, 5],

q(t,u() = Ry2 [Ha(f2(q(t, (1)), 82(a(t,0(1)))) = pN (sn(t, 0(6), x(0), y(1))],

where R;Il)f"') = (Hi(f1, &) + XA and R?/;("') = (Hy(f2, ) + pB)‘1 are two resolvent operators.

Proof. From the definitions of Rfl)f"') and R?;("'), one has

Hi(fi(p(tu(t))), g1(p(t,u(h))) = AM (sm(t, u(t)), x(t), y(£))
€ Hi(fi(p(tu(h)), s1(p(tu(t)))) + \A(p(tu(t))), VteQ,

(3.3)
Hy(f2(q(t,0(1)), &(q(t v(1)))) = pN (sn (8, v(1)), x(1), y (1))
€ Hy(fa(q(t, (1)), 2(q(t, v(t))) + pB(q(t, (1)), VteQ.
Hence,
0 e M(sm(t u(t), x(t),y(t)) + A(p(t,u(t))), VieQ,
34
0e N(sn(t,ot),x(t),yt) +B(qt,v())), VieQ. G4
Thus, (x,y,u,v) is a set of solution of Problem 1. This completes the proof. O

Now we use Lemma 3.6 to construct the following algorithm.

Letuy: Q — Xjand vy : Q — X, be two measurable mappings, then by Himmelberg
[35], there exist xo : Q — Xj, a measurable selection of E*(-,up(-)) : Q — CB(Xj) and
Yo : Q — Xp, a measurable selection of F*(-,vy(:)) : Q — CB(X;). We now propose the
following algorithm.
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Algorithm 3.7. For any given measurable mappings up : Q — Xj and vy : Q — X, iterative
sequences that attempt to solve Problem 1 are defined as follows:

un+1(t) = un(t) - P(fr un(t))
f,l)t(',.) [Hl (fl (p(t, Uy (t)))/ 81 (p(t, un(t)))) - )‘M(SM(tf un(t))r xn(t)r Yn (t))],

Un+1(t) = On (t) - q(t/ vn(t))

+ R

+ R [Ha(f2(a(t va(8))), 84t 0n(8)))) = PN (58t 0n(), 20 (1), yu ()]
(3.5)
Choose x,41(t) € E*(t, uy+1(t)) and yp.1 (t) € F*(t, 0441 (t)), such that
||xn+1 (t) —Xn (t) “X1 < (1 + 5n+1)D(E* (t/ Un+1 (t))r E* (tr Upn (t)))r
(3.6)

”yn+1 (t) - yn(t) ”X2 < (1 + 5n+1)D(F*(tr On+1 (t))/ F*(tr Un(t)))l

foranyte€Qandn=0,1,23,....

Remark 3.8. The existence of x, and vy, is guaranteed by Lemmas 3.4 and 3.5.

4. Existence and Convergence

Theorem 4.1. Let X; and X, be two separable real Hilbert spaces. Suppose that sy, p : QxXp — X3
and sn,q @ Q x Xo — Xy are four random mappings. Suppose that fi1,q1 @ X1 — Xy, Hi :
XixXy = X1, fo,9 : Xo — Xo, Hy : Xo x Xp — Xy are six single-valued mappings. Assume
that

(1) A: Xy — 2% isan H;(-,-)-monotone with respect to operators f1 and g,
(2) B: X, — 2% isan Hs(-,-)-monotone with respect to operators fp and g,
(3) p(t, u(t)) ndom(A) #0 and q(t,v(t)) ndom(B) #0 forall t € Q,

(4) M : X x Xq x Xy, — Xy is a(t)-monotone with respect to the mapping sy in the first
argument, &y (t)-Lipschitz continuous with respect to mapping sap in the first arqument,
Pm(t)-Lipschitz continuous with respect to the second argument and #p(t)-Lipschitz
continuous with respect to the third argument,

)
)
)
)

(5) N : X5 x X1 x Xo — Xy is {p(t)-monotone with respect to the mapping sy in the first
argument, &n (t)-Lipschitz continuous with respect to mapping s in the first arqument,
PBn (t)-Lipschitz continuous with respect to the second argument and #n(t)-Lipschitz
continuous with respect to the third argument,

(6) Let E: Qx X7 — F(Xg)and F : Qx Xy — F(Xz) be two random fuzzy mappings
satisfying the condition (%), a, p, E* and F* are four mappings induced by E and F. E*
and F* are ¢g(t)-D-Lipschitz and ¢r (t)-D-Lipschitz continuous, respectively;

(7) p is Op(t)-strongly monotone with respect to its second argument, oy (t)-Lipschitz
continuous with respect to its second arqument, Hi(f1, 1) is pa(t)-strongly monotone
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with respect to the mapping p and a4 (t)-Lipschitz continuous with respect to the mapping
P,

(8) Hi(f1,81) is aa-strongly monotone with respect to f1, and Pa-relaxed monotone with
respect to g1, where a s > Pa,

(9) q is 64(t)-strongly monotone with respect to its second argument and o,(t)-Lipschitz
continuous with respect to its second argument, Hy(fa, g2) is up(t)-strongly monotone
with respect to the mapping q, and ag(t)-Lipschitz continuous with respect to the mapping

q,

(10) Ha2(f2, &) is ap-strongly monotone with respect to fo and Pp-relaxed monotone with
respect to @, where ag > Ps,

If
Alt) = fﬂAﬁM(t)ég(t) +{/1-26,0 + [0,0)’
1,
+ as—Pa \/1 —2ua(t) + [aa(t)]®
T i Ba \2/1 —208a(H) + X2[Em (D],
B(t) = “r—Fa nm()Er(t),
ct ="~ 5PN O3, (41)
DO = Lm0 + {1 -26,(0) + [oy(1)
1
+ ap — Ps \/1 = 2u5(t) + [ap(D)]*
1,
T §/1-2005() + P2 Len (),

0<A@M)+C(t) <1, VteQ,
0<B(t)+D(t) <1, VteQ,

then there exist four measurable mappings x,u : Q — Xy and y,v : Q — Xy, such
that (x,y,u,v) is a set of solution of Problem 1. Moreover,

Jimox, () =x(t),  my,) =y, Imu,®)=u@), lmo.)=o(),
(4.2)

where x, (t), Yn(t), un(t), and v, (t) are defined as in Algorithm 3.7.
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Proof. To simplify calculations, for any n € N, we let

su(t) = Hi(f1(p(t, un(t))), g1 (p(t, un(t)))) = AM (sSp(t, un(t)), xu(t), yu(t)),

(4.3)
ta(t) = Ha(f2(q(t, vn(t))), £2(q(t, vn(t)))) — pN (5N (t, 0n (1)), Xu(t), yn(t)),
Su(t) = =p(tun(®)) + Ry (su(t)),  Tult) = =q(t, (1)) + R (ta(t)). (4.4)
We use || - ||1 to replace || - ||x, and || - ||> to replace || - ||x,-
Thus,
Una1 (£) = un(t) + Su(t), (4.5)
Uns1(t) = vn(t) + Tu(t). (4.6)
By the definition of S,,(t), T,,(t), sn, and t,, we have the following
ISn(®)lly = 1Sn-1 () + Su(t) = Spa (D4
= [[[un(t) — un-1 ()] + Su(t) = Su-1(Hl;
< ” [Un(t) —up1(t)] - [P(t, u,(t)) - P(t/ un-1(t))] "1 47
+|REE sa®) = R (s 9]
1T (B)llz = Tn-1(£) + Tu(t) = Tua (D)l
= [[[on(t) = vpa ()] + Tu(t) = Ta (D1
(4.8)

< [[on(t) = vaa ()] = [q(t, va(t)) - q(t, vaa (D] |l

+ | R (1) = Rt (1)

We first prove that for the two sequences u,(t) and v,(t), there exist two sequences
{A,(t)} and {B,(t)} in [0, 1], such that

lns1 (£) = tn (D) Il < An ()|t (£) = ttn-1(B)]ly + Bu () |00 (E) = vpa (D)l (4.9)

In fact, for the first term in (4.7), from the 6,(t)-strongly monotonicity and o, (t)-Lipschitz
continuity of the function p, we have the following:

| (240 (8) = 211 (D] = [p(t (D) = Pt ttr (D] ||
= ([t (t) = Wt (DIF = 2(p(t, tn(£)) = Pt et (), thn () = thr (B)),
+ Pt un(8)) = p(t, una ()|}

< {1-26,(t) + [op(O] Hlten (t) - 01 (1)1}

(4.10)
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For the second term in (4.7), it follows from Lemma 3.2 that

IR (sn(8) = R (5008 |

1
< m”sn(t) — Sn-1 (t)Hl
< [ (F (plt (), 81 (Pt () ~ M (a0 1 160 (8), (8, 9 ()
A= Pa
~[Hi(f1(p(t a1 (1)), 81 (p (11 (D)) =AM (50 (t, o1 (1)), X1 (8), yr ()] ]
1
T as—Pa

* {[Jtn () = tna () = [Hi (f1(p(t, ua(t))), &1 (p(t, un(t))))
—Hi(fi(p(t, un1(1))), g1 (p(t, uns ()]l
|| =t (t) =ttn-1 () = A [M (sm (t, tn (1)), X (8), Y () = M (Sma (t, -1 (1)), % (), yn (D) ][I
+ M| M(spm(t, un-1(8), Xu(t), Y (£)) = M(spma(t, thn-1(£)), X1 (8), yu (D) ||

MM (s (1 (8)), %1 (8), Y () = M (spa(t 11 (8)), X (8), Yua (8) ||}
(4.11)

There are four terms in (4.11). Since Hi(f1,g1) is pa(t)-strongly monotone and ax(t)-
Lipschitz continuous with respect to the mapping p, then for the first term in (4.11), we can
obtain the following

[l () =101 ()= Hi (f1 (p(t, un (1)), 81 (P(E, 1 (6))) + (1 (p(t a1 (D)), &1 (Pt 1nr (D)) |
= lun(t) = un1 (D17 = 2(H1 (fi(p(t, ua (1)), g1 (p(t, un(£))))
—Hi (i (p(t, un1 (1)), 81 (Pt tn1 (1)), () = 101 (),
+ [ Hi(f1 (p(t un(®))), &1 (p(t, un (D)) = Hi (f1 (p(t, n1 (1)), 81 (p(t s (D)) 13

< {1-2pa(t) + [aa®)) Hun () - una (1)
(4.12)

For the second term, Since M is {4 (t)-monotone with respect to the mapping sy in the first
argument and ¢,z (t)-Lipschitz continuous with respect to mapping s in the first argument,
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50
42 (8) = 11 (8 = A[M (51 (8, 1 (8)), X (E), Y () = M (a8, 11 (5), 2 (8), ()] I
= [t () = thna () 1T = 20 M (s p1(t, tn (£)), X (£), Y (1))
~M (spm(t, tn-1(8)), X0 (8), Y (£)), tn () = U1 (£) ),
+ X2 M (sp(t, un(8)), %0 (8), yn(6)) = M (sn(t, 1 (£)), 2 (8), YD) ||
<l (t) = una ONIF = 2084 ) [ (t) = una BT + V2 [em (D[ (8) = una (B3

< {1-2084 ) + 22O Jlun(®) = una O

(4.13)

For the third term, M is Pz (t)-Lipschitz continuous with respect to the second argument and
E* is ¢g(t)-D-Lipschitz continuous, therefore, we must have the following:

[ M (sm(t, un-1(£)), xn (£), yu(£)) = M(spm(t, tn-1(£)), Xn1 (8), yu (D) |4
< Pr®)llxn(t) = 201 (D)4
S Pm(B) (X + &) D(E*(t, un(t)), E* (¢, un-1(t)))
< Pm ) (1 + €n)8e(B)[[n (t) = tna (D)1l

(4.14)

Similarly, because 7 (t)-Lipschitz continuous with respect to the third argument and F* is
¢r(t)-D-Lipschitz continuous, so we can derive

1M (s (1 w1 (9)), %01 (1), Y () = M(spa(t en1(8)), 21 (), yua D) ]
<) ||yn () = yua (B,

(4.15)

< () (1 + e D(E* (t,0a(6)), F* (£, 001 (1))

< ()1 + e (1) [0n(H) = 01t () o
If we let
Aut) = ﬁ P () (1+ e)2e(t) + §/1-26,(8) + [0,(1)]?
5 A1-200)+ a0 (416)
+— ﬁA §/1-20¢4(0) + LM (O]
and

Ba(t) = ()1 + )4 (1), @)
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then, from (4.5) to (4.17), we can have
l[ttna (8) = un (D) |y < An()[[n () = un-1 (B[l + Bu(®)[0n(t) = vpa (Bl (4.18)

Under the assumptions of this theorem, in a similar way, we can also show that, for
the other two sequences {v,(t)} and {u,(t)}, there exist two sequences {C,(t)} and {D,(t)}
in [0, 1], such that

[0n:1(8) = vn (D)l € Ca(O)l|1n(t) = ttn-1(D)]ly + Dy (][0 (£) = Op-1 ()]l (4.19)

We now can claim easily that u, (), x,(t) are two Cauchy sequences in X; and v,(t),
Ya(t) are two Cauchy sequences in X,. In fact, from (4.18) and (4.19), we can obtain the
following inequalities:

[tni1 (t) = un(D)l; + |01 (B) — () [l
< (An(®) + Cu) lun(t) — un-1()[l; + (Bu(t) + Du(t))[0n(t) = vn-1 (Bl (4.20)
< max(An(t) + Cu(t), Bu(t) + Du(t)) ([un(t) — ttn-1 (B)|ly + [|0n(t) = Va1 (D) l5)-

If we let

On(t) = max(A,(t) + Cpu(t), Bu(t) + Dy(t)),

(4.21)
0(t) = max(A(t) + C(t), B(t) + D(t)),
then we have the following:
lim A, () = A®), lmB,(t) = B(t), limC,(t) = C(b),
n o n [ee] n [ee] (422)

lim D, (£) = D(t), ~ lim 8,,(t) = 61(¢).

n—oo

It follows from the assumptions of Theorem 4.1 that 0 < 6(t) <1, for all t € Q, and so
{un(t)} and {v,(t)} are both Cauchy sequences. For sequences {x,} and {y,}, since

”xn+1(t) - xn(t)”1 < (1 + 5n+1)D(E*(t/ Un+1 (t))/ E*(t, un(t))) < zéE(t)”unH(t) - un(t)lllx
||yn+1 (t) - yn(t)nz < (1 +&n1) D(F*(t, 01 (), F*(t, 00 (1)) < 28r (B)[[Ons1 (t) = vn(B)|l2,

thus, {x,(t)} and {y,(t)} are also Cauchy sequences in Hilbert spaces X; and X», respectively.
We now show that there exist four measurable mappings x,u : Q — X; and y,v :
Q — X, such that (x, y,u,v) is a set of solution of Problem 1 and

lim x, () = x(t),  limy,(H) =y, limu,) =u®), limo. )=o),  (424)
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where {x,(t)}, {y.(t)}, {u.(t)}, and {v,(t)} are four iterative sequences generated by
Algorithm 3.7.

Because X;,X> are two Hilbert spaces and {x,(t)},{y.(t)},{u.(t)}, and {v,(t)} are four
Cauchy sequences, thus, there exist four elements {x(t)}, {y(t)}, {u(t)}, and {v(t)} such that

lim x,(t) = x(t), limy,(t) =y(t), limu,(t)=u(t), limov,(t)=ov(t). (4.25)
Furthermore,

d(x(t), E*(t, u(t))) = inf{||x(t) - al| : a € E*(t, u(t))}
S x(®) = xn(B)lly + d(on(t), E* (£, u(t)))
< lx(®) = xn (Bl + D(E™ (¢, un (1)), E* (¢, u(t)))

<l (®) = xn(O)lly + S () ||un(t) — u(®) [l

(4.26)

Since lim, _, o, x,(t) = x(t), lim,_ ,u,(t) = u(t), and E*(t,u(t)) € CB(X;1), we have the
following:

x(t) € E*(t,u(t)). (4.27)
Similar argument leads to the fact that

y(t) € F*(t, 0(t)). (4.28)

By the continuity of p, q, H1, f1, g1, H2, f2, &, E*, F¥, Rfl)f"‘), and Rg;("'), we have the
following:

p(tu(t)) = R [Hi(fi(p(tu(t), &1 (p(tu(t))) = AM (sm(t, u(t)), x(6), y ()],

(4.29)
q(t,u(t) = R [Ha(f2(q(t, 0(1))), 82(q(t, v(1)))) = pN (sn (£, 0(8)), x(), y(8)].
So, by Lemma 3.6, (x, y, u, v) is a set of solution to Problem 1.
This completes the proof. O

Remark 4.2. By some suitable choices of mappings in Theorem 4.1, the main results in this
paper extend many existing ones, for instance, the main results in [10, 11, 21, 23, 26, 31, 34].
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