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We present several Gronwall-Oulang-type integral inequalities on time scales. Firstly, an Oulang
inequality on time scales is discussed. Then we extend the Gronwall-type inequalities to multiple
integrals. Some special cases of our results contain continuous Gronwall-type inequalities and their
discrete analogues. Several examples are included to illustrate our results at the end.

1. Introduction

Oulang inequalities and their generalizations have proved to be useful tools in oscillation
theory, boundedness theory, stability theory, and other applications of differential and
difference equations. A nice introduction to continuous and discrete Oulang inequalities can
be found in [1, 2], and studies in [3-5] give some of their generalizations to multiple integrals
and higher-dimensional spaces. Like Gronwall’s inequality, Oulang’s inequality is also used
to obtain a priori bounds on unknown functions. Therefore, integral inequalities of this type
are usually known as Gronwall-Oulang-type inequalities [6].

The calculus on time scales has been introduced by Hilger [7] in order to unify discrete
and continuous analysis. For the general basic ideas and background, we refer to [8, 9].
In this paper, we are concerned with Gronwall-Oulang-type integral inequalities on time
scales, which unify and extend the corresponding continuous inequalities and their discrete
analogues. We also provide a more useful and explicit bound than that in [10-12].

2. Oulang Inequality

We first give Gronwall’s inequality on time scales which could be found in [8, Corollary 6.7].
Throughout this section, we fix ty € T and let ’]I‘;ro ={teT:t>t)}.
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Lemma 2.1. Let y € Crq, p € R*, p(t) 20, forall t € T;’O, and a € R. Then

y() <a+ t y(r)p(r)AT VteT; (2.1)

to
implies that

y(t) < aey(t,t)) VEeT]. (2.2)

Above, R is defined as the set of all regressive and rd-continuous functions, R* is the
positive regressive part of R, the “circle minus” subtraction © on R is defined by

t) —qg(t
(peq)®) = % with p,q €R, (2.3)

and ey(t, tp) is the exponential function on time scales; for more details on time scales, see
[8,9].
Now we will give the Oulang inequality on time scales.

Theorem 2.2. Let u and v be real-valued nonnegative rd-continuous functions defined on T} . If

t
u%ﬂgc+fzuﬂmﬂAr vt e T}, (2.4)

to

where c is a positive constant, then

u(t) <+/c+ % ft u(t)AT VteT]. (2.5)
to
Proof. Let
t
w(t) = I u(t)v(r)Ar. (2.6)
to
From (2.4), we have
w2 (D)0 (t) <02 (1) (c + w(t)). (2.7)

The definition of w gives

w™ (t) < v(t)\/c +w(t), (2.8)
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Dividing both sides of (2.8) by 1/c + w(t) and integrating from f to t € T; , we have

ft wi(7) At < tU(T)AT. (2.9)
to

Ve +w(T) to

According to the chain rule [8, Theorem 1.93] and since w is increasing,

t t A
ZI (\/C+w)A(T)AT= 2w (1) AT
fo Ve +w(r) +/c+w(o(T))
t wA (T)
< | ——==Ar 2.10
iy Ve+w(r) (210
t
< f v(T)AT,
to
so
1 t
c+w(t) —c< 5 f v(T)AT. (2.11)
to
Combining (2.4) and (2.11) yields (2.5) and completes the proof. O

In 1979, Dafermos [13] published a so-called Gronwall-type inequality (see also [3]).
In the same way as Theorem 2.2, we now extend this result to general time scales.

Theorem 2.3. Let y and g be nonnegative rd-continuous functions on T;. Let @, M, N be
nonnegative constants and —a € R*. If

t
VA(t) < M2y2(to) + 2f [ayz(’r) + Ng(T)y(T)] AT VEET], (2.12)
to
then
t
y(t) < My(to)ee-a)(t, to) +’[ Ng(T)esa)(t, T)AT VEET]. (2.13)
to
Proof. Let

2(t) = MPy2(to) +2 f: |ay?(r) + Ng(m)y(v)| Ar. (2.14)
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Then,
28(t) = 2a12(t) + 2Ng(B)y (1) < 2az(t) + 2Ng(t)\/=(t)
T (Vo0 Vo) N O (VD ).
Hence,

A
\/ﬁi (t)z - a\/z(o(t)) < Ng(t). (2.16)
Multiplying both sides of (2.16) by e_x(t, ty), we have

(VZe-a(, 1)) (1) < Ng(Be-a(t, to). (2.17)

Integrating (2.17) from ¢( to f, we obtain that
¢
\/z(t)e—a(t, to) < My(ty) + f Ng(t)e_s(1,t9)AT. (2.18)
to

Combining (2.12) and (2.18), and using [8, Theorems 2.36 and 2.48] yields (2.13) and
completes the proof. O

Remark 2.4. If a = 0 and N = 1/2, then Theorem 2.3 reduces to Theorem 2.2.

Remark 2.5. If we multiply inequality (2.16) by another exponential function on time scales,
for example, egq)(t, ty), we could get another kind of inequality, which is a special case of
Theorem 3.4.

3. Gronwall-Oulang-Type Inequality

Pachpatte discussed several integral inequalities arising in the theory of differential equations
and difference equations [3, 4]. Now, we extend some of these results to time scales. First, we
give some notations and definitions which are used in our subsequent discussion.

To simplify the expression, we let 0 € T, choose rd-continuous functions 7; (1 <i < n)
such that

ri(t) >0, 1<i<n-1, ra(t)=1 VteTy, (3.1)
and define the differential operators L;, 0 <i < n, by

1
Lox=x, Lix==(L_ix)*, 1<i<n. (3.2)
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For t € T and a nonnegative function r defined on T, we set

t

tho [ )
Alt,r1,...,1h1,7] = ’[ r1(t1) J‘ Tn—l(tn—l)f r(t,) At Aty 1 -+ Aty. (3.3)
0 0

0

Theorem 3.1. Let F and r be real-valued nonnegative rd-continuous functions on T§, and let g > 1
be a constant. If

Fi(t) <c+Alt,r1,...,1p1,7F] Vte T, (3.4)
where ¢ > 0 is a constant, then
q- 1 1/(q-1)
F(t) < {c("‘l)/q + TA[t,rl,...,rnl,r]} vt e T. (3.5)
Proof. Let
z(t) =c+ Alt,r,...,1p-1,7F]. (3.6)
From (3.6), it is easy to observe that
L,z=rF <rz'4. (3.7)

From (3.7) and using the facts that z and z* are nonnegative, and

1

A 1/g-1
(zl/q> = le f (z + yzAh> K dh >0, (3.8)
q 0
we have
L,z L,z Ln—lz(zl/q)A
< <<t ———, (3.9)
(Zl/q)U ~z1/q Zl/q(zl/q)"
that is,
A
<L"-1Z> <r (3.10)
Z1/q

Integrating (3.10) with respect to t,, from 0 to t and using the fact that L,_;1z(0) = 0, we obtain
that

n 1Z(t)

g J 7(tn) Atn, (3.11)
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which implies that

(Lu22)® (1)

ra (DZ174(0) ‘I 7{tn) At

Again as above, from (3.12), we observe that

(Ln—2Z)A(t) < (Ln—ZZ)A(t)
(V0 — 2

that is,

(%)A(t) < T (t) f; r(tn) Aty.

(3.12)

Luoz(t) (2/9)" (1)

<rpa(t) JZ r(tn) Aty <1y (t) f; r(ty) Aty +

Zl/q(t) (Zl/q)o(t) s

(3.13)

(3.14)

By setting t = t,_; in (3.14) and integrating with respect to t,_; from 0 to ¢ and using the fact

that L,,,z(0) = 0, we get

L, z(t) It f
Tl <t (b b)) Aty Aty . 3.15
Sy < e | st (315)
Continuing this way, we obtain that
Liz) (o [ rattn [ r )AL AL - At (3.16)
Zl/q(t) = 2 Tn-1{ln-1 0 Tty nSkin-1 2/ .
that is,
ZA tn2 1
i T (B A, 17
280 cno [ ne [ nesten [ st s @17
For z*(t) > 0, from the chain rule in [8, Theorem 1.90],
1 -1/ +1)A AJJ a\Va
z /4 =z z+huz dh
(1—1/q 0( k=)
(3.18)

1 LA\ V4
=z VazA f <1 + hy7> dh
0

<z Vagh,
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Letting t = t; in (3.17) and integrating with respect to ¢; from 0 to ¢, we have

e ((CORRERICOREE)

t A
gf 2 (h) ay (3.19)

0 zVa(t)

t ty tho tn1
sja(tnj rz<tz>~-f rn_1<tn_1)f P(t) Abatos --- Ab AR,
0 0 0 0

which means that

-1 1/(q-1)
F(t) < zY4(t) < {cw‘”/" + ”’TA[t, r1, 12, ..,rn_l,r]} : (3.20)

This completes the proof. O

Remark 3.2. Theorem 3.1 also holds for ¢ = 0. To show this, assume (3.4) holds for ¢ = 0, that
is,

Fi(t) < Alt,ri,..., 1y, 7F] VteT{. (3.21)

Now, let d > 0 be arbitrary. Then

Fi(ty<d+ Alt,r,...,th,vF] Vte Ty, (3.22)

that is, (3.4) holds for ¢ = d. By Theorem 3.1, (3.5) also holds for ¢ = d, that is,

g-1 /G-

F(t) < {d(q’l)/q + TA[t, Ty eee Tuot, 1] } Vvt € T§. (3.23)

Since (3.23) holds for arbitrary d > 0, we may let d — 0" in (3.23) to arrive at

g-1 1/
F(t) < {TA“’ M) MET, (3.24)
that is, (3.5) holds for ¢ = 0.

Theorem 3.3. Let u, v, and h;j for j = 1,2,3,4 be real-valued nonnegative rd-continuous functions
ont € T and let q > 1 be a constant. If ¢y, c2, and a are nonnegative constants such that

u"(t) <c+ A[t,Tl,. ..,rn_l,hlu] + A[t,rl,. ..,rn_l,hﬁ] Vt e TS , (325)

’Uq(t) <o+ A[t,rl,. . .,Tn,l,h3ﬁ] + A[t,rl,. e, n-1, h4v] Vt € Ta, (326)
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where = el ,(-,00uand v = el(-,0)v, then for all t € T},

g-1 /G-
u(t) < ea(t/ 0) { [2q_1 (Cl + Cz)](q_l)/q + —q A[t, r1,... ,T‘n_1,2q_1h] } ,
(3.27)
q -1 1/(g-1)
o(t) < {[zq-lm S .,rn_l,zq-lhl} ,

where h(t) = max{hi(t) + h3(t), ha(t) + ha(t)}.

Proof. Multiplying (3.25) by eZ,(t,0) yields

ega(t, 0)ul(t) < clegu(t,O) + Alt, 1y, ... ,r,,_l,hlu]egu(t,O) + Alt, 1y, ... ,rn_l,hﬁ]ega(t,O)

<c + A[t,rl,. . .,Tn_l,hlﬂ] + A[t,ﬁ,. . .,Tn_l,hzv].
(3.28)

Define
F(t) = eca(t, 0)u(t) + v(t). (3.29)

By taking the gth power on both sides of (3.29) and using the elementary inequality (d; +
dy)7 <2971 (d‘l7 +dg), where dy, d; are nonnegative reals, and also noticing (3.26) and e« (t,0) <
1, we get
Fa(t) <277 e? (£, 0)ul(t) + zﬂ(t)]
< 2‘7_1{01 + A[t, r,..-,"n-1, h1ﬂ] + A[t,T1, ce ,T’n_l,hzv]
+Cy + A[t, ,.-,"n-1, I’l3ﬁ] + A[t, N, .., n-1, h4‘0] } (330)

=27 (e + o) + Alt, 11, ..., 11, (h + ha)u] + Alt, 11, ..., Tn1, (hy + hy)0])

< Zq_l(cl + Cz) + A[t,rl,. . .,rn,1,2‘7‘1h1-"].

Now, Theorem 3.1 yields
g-1 1/(a-1)
F(t) < {[Zq*l(cl +e) ]y e Alt, rl,...,r,,_l,Zq’lh]} . (3.31)

Noticing that (3.29) implies v < F and u < e4(-,0)F, the bounds in (3.27) follow, which

concludes the proof. O

Theorem 3.4. Let g > 1 and B be the set of all nonnegative real-valued rd-continuous functions
defined on [0,t] N'T. Let K and L be monotone increasing linear operators on B. If there exists a
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positive constant c such that, for y € B,
t
yi(t) <c+ J‘ {gL[y"] () + K[y] (r)}AT VteT§, (3.32)
0

then, for all t € T,
1/(g-1)
y(t) <e'(1,0) {cw”/q v 1= f (1 + () (D) (r) K (e 1<T,O>AT} ., (339

where L = L[id], K = K[id] with id(s) =1 forall s € T.

Proof. Let
t
z(t) =c+ Jl){qL [v7](7) + K[y](7)}AT. (3.34)
Hence, z(s) < z(t) for all 0 < s <t, so that z < z(t)id on [0, t], and thus
L[z] < L[z(t)id] = z(t)L[id] = z(t)L. (3.35)

Hence L[z](t) < z(t)L(t), and therefore L[z] < zL. Similarly, K[z'/7] < z!/9K. Using this and
(3.32), we obtain that

z8 =qL[y"] + K[y] <qL[z] + K[zl/q] < gLz + Kz, (3.36)

By the product rule [8, Theorem 1.20], we have
(s 002) " = 0(4L) ey 00z + 2 , 02

= e(qf)ee(qf)(-,0)2+ <1 +‘u< < ))) e(qL)( 0)z*

= ecqn (-0 (e (aL) =+ (1+u(s(4L)))=*)

< ee(qz)(-, 0) <e<qf>z + <1 + y( ( L))) (qu + Kzl/q>> (337)
ez (1o o )

( L (e (@)))zzwq)

T+pugl 1+ pugl

= ey (4 0)

<001 4 4{o(3T)) )R
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In summary,

s L)))Rao'/7e47 .z
w® < <1 +y<e<qL>>>Kw €r (-,0), where w eqf(',o)' (3.38)
Obviously
w
ww’ >0, which implies o €RT, (3.39)
so that the chain rule [9, Theorem 2.37] yields
1 A 1 wh -1/q
(—w‘l/q”) = w Viwh J 1+hy— dh < w™w". (3.40)
1-1/q 0 w
Dividing both sides of (3.38) by w!/4 provides that
wwt < (1+p(o(4L)) )Ke ", 0) (3.41)

Integrating both sides of (3.41) from 0 to t and noticing (3.40), we find that

t

(1 +u(T) <e (qf)) (T))Ee;%q_l (t,0)AT. (3.42)

Substitute the expression of w(t), we have

q9/(q-1)
z(t) -1/, 9-1 It NN R =
<{cl/ay 1+ p(r)(e(qL)) (1)) Ke 7 (7,0)A7 , (343)
eqf(t,O) { q 0( # q qL

which gives the desired inequality (3.32). This concludes the proof. O

Remark 3.5. As in the discussion in Remark 3.2, Theorem 3.4 also holds true for ¢ = 0.

4. Some Applications

In this section, we indicate some applications of our results to obtain the estimates of the
solutions of certain integral equations for which inequalities obtained in the literature thus
far do not apply directly. As an application of Theorem 2.2, we consider the second-order
dynamic equation

v +po(t) (y+y°) =0. (4.1)
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Theorem 4.1. Assume that p is a differentiable positive function such that p* is rd-continuous. If
there exist tg € T and M > 0 such that

1

———€p|/2 (t, to) <M Vte T+, (42)
0N )

then all nonoscillatory solutions of (4.1) are bounded.

Proof. Let y be a nonoscillatory solution of (4.1). Without loss of generality, we assume there
exists ty € T such that

y(t)>0 VteT;. (4.3)
Then
YA =—p" ) (y(®) +y°(t) <0 VteT]. (4.4)
Hence, y* is strictly decreasing on T; . Thus, either
y*(H) >0 VteT] (4.5)
or there exists t; € ’IFZ] such that
yA(H) <0 VteTy. (4.6)

We now claim that (4.6) is impossible to hold. To show this, let us assume that (4.6) is true.
Then y is strictly decreasing on T/ and

t
y® =yt + [ ATy + A B)E-n) Ve (47)
ty
Hence, there exists t, € ’]I‘;'1 such that

y(H) <0 VieT;, (4.8)

contradicting y(t) > 0 for all t € T} . Similarly, we can prove that if y() < 0, then yAAt) >0
and y(t) <0 fort € T;.
Multiplying (4.1) on both sides by ¥ and taking integral from t; to t, we have

¢ t
J‘t yA () y A (1) AT + L P’ (t) (y(r) + y° (1)) y*(T) AT = 0. (4.9)
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From the integration by parts in [8, Theorem 1.77],

t t
(2 ®) - (v @0) - | 2@y @arpoy*e -pt)y*e) - | pAymar=o,
(4.10)

Thus, with ¢1 = p(t)y?(t1) + (¥ (t1))* > 0, we have

2 £ o,,A
(\/p(t)y(t)) <c+ L hj%\/%ﬁ)l\/p(T)W(TﬂAT Vt € T;'l. (4.11)

Theorem 2.2 gives that

1 [pP@]ly() Pt (r)
‘\/P(t)y(t)‘ Sverts L %AT =1 + L |’;P(T)| \Vp(D)y(r)|AT VtET].

(4.12)

Applying Gronwall’s inequality from Lemma 2.1 yields
[Vewwn| < vaepmn e, (413)

Hence,
1

ly)| < \/a\/TT)eWAVZp(t/ t) <VaM VteT;, (4.14)
which completes the proof. O

The proof in Theorem 4.1 corrects an inaccuracy in the proof of [1, Theorem 1]. We can
also obtain the following results.

Corollary 4.2. Let T = R. If p is a continuously differentiable positive function such that p’ is
nonnegative, then all nonoscillatory solutions of (4.1) are bounded.
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Proof. For T = R, we have

oo () /2p(D)dr

1
——€p2|/2p (t,0) =

Vp(t) Vp(t)

=L ammeo/po)

Vp(t)

(4.15)
~ 1 (P(t) >1/2
V() \p(0)
1
p(0)’
and hence the statement follows from Theorem 4.1. O
Example 4.3. Consider the nonlinear one-dimensional integral equation of the form
t
ul(t) = f(t) +J‘ k(t,s)g(s,u(s))As, (4.16)
0

where f : Tj — R, k:T{xTj — R, g: TjxR — R are rd-continuous functions, and q > 1 is
a constant. When T = R, its physical meaning is to model the water percolation phenomena,
and Okrasiriski has studied the existence and uniqueness of solutions [14].

Here, we assume that every solution u of (4.16) exists on the interval T;. We suppose
that the functions f, k, g in (4.16) satisfy the conditions

lf®]<a,  |kts) <o, gt w)| <r(t)lul, (4.17)

where ¢1, ¢; are nonnegative constants and r : [0,00) N T — R, is an rd-continuous function.
From (4.16) and using (4.17), it is easy to observe that

lu®)|? <c1 + ft cor(s)|u(s)|As. (4.18)
0

Now an application of Theorem 3.1 with n = 1 gives

G/, 9-1 (" v
[u(t)] < { ¢ + TI cr(s)As , (4.19)
0

which gives the bound on w.
Now, we consider (4.16) under the conditions

|fB)|< creda(t,0),  |k(t, )| < h(s)ela(t,0),  |g(t,w)| < r(B)ul, (4.20)
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where c¢; and r are as above, a > 0 is a constant, h : T] — R, is an rd-continuous function,
and

Jm h(s)r(s)esa(s,0)As < co. (4.21)
0

From (4.16) and (4.20), it is easy to observe that

lea(t,0)u(t)|! <c1 + ft h(s)r(s)eca(s,0)|ex(s,0)u(s)|As. (4.22)
0

Applying Theorem 3.1 with n = 1 yields
i /@1
ea(t,0)|u(t)] < {ci"‘”/ 4 qTf h(s)r(s)eea(S,O)As} . (4.23)
0

So,

_ -1 (=
[u(t)] < c*ecq(t,0), where ¢* = ciq Via qT.[ h(s)r(s)eca(s,0)As > 0. (4.24)
0
From (4.24), we see that the solution u(t) of (4.16) approaches zero as t — oo.
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