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Sharp triangle inequality and its reverse in Banach spaces were recently showed by Mitani et

al. (2007). In this paper, we present equality attainedness for these inequalities in strictly convex
Banach spaces.

1. Introduction

In recent years, the triangle inequality and its reverse inequality have been treated in [1-5]
(seealso [6,7]).Kato et al. [8] presented the following sharp triangle inequality and its reverse
inequality with n elements in a Banach space X.

Theorem 1.1 (see [8]). For all nonzero elements x1, %, ..., x, in a Banach space X,

> >l Y min x|
Xill + n-— —_— minij|x;
=i S x| Jrs=™
n
< Xl (L.1)
=1
by > s
< xXil|+{ n— —_— max||x;||.
j:lj x| ) rsisn :

These inequalities are useful to treat geometrical structure of Banach spaces, such as uniform
non-¢j-ness (see [8]). Moreover,Hsu et al. [9] presented these inequalities for strongly
integrable functions with values in a Banach space.
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Mitani et al. [10] showed the following inequalities which are sharper than Inequality
(1.1) in Theorem 1.1.

Theorem 1.2 (see [10]). For all nonzero elements x1,xz, ..., %y in a Banach space X with ||x|| >
lcoll > -+ > ||xpll, > 2,

+Z<k— )(lekll = llxk+all)
k=2
(1.2)

n
< Dl
i=1
n
- k- (Nenrcll = ||2n=c-1) |
k=2

n
2%

In this paper we first present a simpler proof of Theorem 1.2. To do this we consider

the case ||x1|| > ||x2|| > - -+ > ||xx]|, as follows.

n k xj
2% 2

j=1

n

Zi

j=n—(k-1) ||x]- |

), (13)

<

1

where xp = xp41 = 0.

Theorem 1.3. For all nonzero elements x1,x»,..., X, in a Banach space X with ||x1|| > ||xz|| > --- >
||xn||/ n 2 2/

> (Iloekll = NIk ll)
(1.4)

j=1
n
< 2%
=1
n n n x]
Xl -S| X el ) Ul = g ) (15)
=1 k=2 j=n—(k-1) ||x,- |

where xg = xp41 = 0.

From this result we can easily obtain Theorem 1.2.

Moreover we consider equality attainedness for sharp triangle inequality and its
reverse inequality in strictly convex Banach spaces. Namely, we characterize equality
attainedness of Inequalities (1.4) and (1.5) in Theorem 1.3.

2. Simple Proofs of Theorems 1.2 and 1.3

Proof of Theorem 1.3. According to Theorem 1.1 Inequalities (1.4) and (1.5) hold for the case
n = 2 (cf. [3]). Therefore let n > 3. We first prove (1.4) by the induction. Assume that (1.4)
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3

holds true for all n — 1 elements in X. Let x1,x»,...,x, be any n elements in X with ||x;| >

lc2|l > -+ > ||xp|| > 0. Let
i
= (bl = el
]

for all positive numbers j with 1 < j < n. Then
n-1

S5 = Wl 2+ S

j=1

and [luq|| > ||uz|| > - -+ > ||un-1]| > 0. By assumption,

n-1 n-1 n-1 k
Sull < Shall -5 & (el ~ i)
j=1 j=1 k=2 j=1 ””7”

holds, where u,, = 0. Since ||ux|| — ||uk+1ll = ||xk|| = ||xk+1], from (2.2) and (2.3),

S

j=1

- i3 Z”f

< lxnll

M-
+

=1

n . n-1 n-1
< Jlxall Zl— +Z;||u]|| 2l k
j=

k=2

n n-1
= ||xall Zl— + > (x5l = 11l
=1 j=1

> (gl = Nk ll)
> (ke ll = )

and hence (1.4). Thus (1.4) holds true for all finite elements in X.
Next we show Inequality (1.5). Let

X 1 .
—(||X1|| ”x" ]+1”)” i 1<j<n-1

Xn- j+1 ||

> (el = earesa 1)

2.1)

(2.2)

(2.3)

(2.4)

(2.5)
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Then

i n-1
Z |x1||Z ” ]” ZU;' (2.6)

j=1 j=1

and ||v1] > - -+ > ||[va-1]| > 0. Applying Inequality (1.4) to vy, ..., 0,1,

n n x], n-1
2| 2l Xl - || 2o
=1 =1 [l I =1

k i

= ”v]”

n x], n-1 n-1
2 | Sl - Sl + 5 &

>(||Uk|| = [|vks1ll)

n n-1
=[xl Z—” = >l = % ) (2.7)
j=1

> (lxn-resall = lln-rll)
n

Z T >(||xn—k+1|| = [lxn-kll),

xn—]+1

j=n—(k-1) ||x]~ |

f]lx;ll—ﬁ]( -

where v, = 0. Thus we obtain (1.5). This completes the proof. O

Proof of Theorem 1.2. Let x1, X, ..., x, be any nonzero elements in X with [|x1]| > -+ > ||x,]].
For all positive numbers m with m > n let

Xim = <1—%>xk, k=12,...,n. (2.8)

Then ||x1,m|| > [|x2m|| > -+ > [|xnmll > 0. Applying Theorem 1.3 to X1, ..., Xnm,

+ Z < > (i mll = [l2xs1,m])
k=2

n
< Slxjmll (2.9)
j=1

-3 <k - >(||xn_k,m|| -

where xg,, = Xpi1,, = 0 for all positive numbers m with m > n. As m — +oo, we have
Inequalities (1.4) and (1.5). O

x]'m

me

[l

j=n-(k-1)

n
< ij,m
=
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3. Equality Attainedness in a Strictly Convex Banach Space

In this section we consider equality attainedness for sharp triangle inequality and its reverse
inequality in a strictly convex Banach space. Kato et al. in [8] showed the following.

Theorem 3.1 (see [8]). Let X be a strictly convex Banach space and x1,x, . . ., x, nonzero elements
in X. Let ||x; || = min{||x;|| : 1 < j < n} and ||x;,|| = max{||xj|| : 1 < j < n}. Let Jo = {j : [|xj]| =

||xjo||/1 S ] S 11}. The}’l
+<n_
if and only if either

@) llxall = flx2ll = -+ = llxall

[

j=1

n
2.
]

P

n
>1rg_lsr}lllxkll = ]glllxkll (3.1)

or
(0) /il =/l for al € J§ amd. 4G/ 351D = | 70/ DI e )
Theorem 3.2 (see [8]). Let X be a strictly convex Banach space and x1,x, ..., X, nonzero elements
in X. Let [lxj, | = min{[lxjl| : 1< j < n} and |lx;, | = max{llxjl| : 1< j < n). Let Ji = {j : || =
||xj1||/1 < ] < n}. Then
n X
i
+| n-
(s

=1

n
2l =
j=1

n
2%
j=1

>{§]3§|le I (3.2)

if and only if either
@) [lxall = llxall = -+ = [lxcall
or
(b) x;j/llxll = xjo /x|l for all j € J§ and 35y x; = || Zizy x4l (xj /Nl |-

We present equality attainedness for (1.4) and (1.5) in Theorem 1.2. The following
lemma given in [8] is quite powerful.

Lemma 3.3 (see [8]). Let X be a strictly convex Banach space. Let x1,x2, . .., x, be nonzero elements
in X. Then the following are equivalent.
(1) | i ajxjll = X7 ajllx; || holds for any positive numbers ax, as, . ..., .
(ii) | Z?:l a;xjl| = 2}1:1 ajllx;l| holds for some positive numbers ay, ay, ..., ay.
(iif) 21/ flxall = x2 /[l = - -+ = xn /[ xn]l.

Theorem 3.4. Let X be a strictly convex Banach space and x,y nonzero elements in X with ||x|| >
Iyl Then

nx+yn+<z—

x Y
_ = = ||x]|| + 33
s i e = 33)

if and only if there exists a real number a with 0 < a <1 satisfying y = +ax.
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Proof. Assume that (3.3) is true. By Theorem 3.1, the equality (3.3) is equivalent to Equality

x Yy x oy |l x
3.4
AT I [ [ oY
Put
x Y [l
Y| A 3.5
(e a1 )
Then y = ax. Since ||x|| > ||y||, we obtain 0 < |a| < 1. Conversely, if y = ax where 0 < |a| < 1,
then
x (1 . 1)1 (3.6)
Tl ||y|| laf / flx[|” '
By 1+ (a/|a|) > 0, we have (3.4). Thus we get (3.3). O

Next we consider the case n = 3.

Theorem 3.5. Let X be a strictly convex Banach space and x, y, z nonzero elements in X with || x|| >

lyll > [|zll. Then
x y i
>||z|| < —”x”+—"y”H)<ny|| CON

||x+y+z||+<3— al Y
if and only if there exist a, p with 0 < B < a < 1 satisfying one of the following conditions:

_+_
el [yl ||Z||

=[xl + {|y[| + l1=I

(a) y = ax,z = £px,
(b) y = —ax,z = px.

Proof. Assume that (3.7) is true. Put

= (el - ) o v=(||y||—||z||>”i—“- (3.8)

Then ||u|| > ||v]| > 0 and

Yy .z
xX+y+z=|z +U+0. 3.9

Note that u + v #0. As in the proof of Theorem 1.2 given in [10], we have (3.7) if and only if
we have the equalities

y z
_+_ -—
RICE =) S

i+ o] =l + o]l - (2 -

|lu+ o, (3.10)

EN ||y|| E ||H

u
e )n I (3.11)
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By Theorem 3.4, Equality (3.11) implies that

v =dyu (3.12)
for some y with 0 < y < 1. By (3.8) we have

y = xax (3.13)
for some 0 < a < 1. On the other hand, by Lemma 3.3, Equality (3.10) implies

x y z

x y z
—— S+ —— =
lxll - {ly]| 1=l

Il iyl =l

u+o

—_— 3.14
T+ ol (19

Hence, by using (3.8), (3.12), and (3.13) we have z = x for some real number p. Since ||x|| >
llyll > llz|l > 0, we have 0 < |B| < & < 1. We consider the following two cases

Casel. y = ax.
Equality (3.14) implies

_2
x x P | xox pr || xrax-2px (3.15)
ol llxll || ]| el llxll || Bx]| || || + ax = 2| 8| x||
Hence we have
l4a—2
o P ‘2+£ Lva-20p] (3.16)
18| 1B]||1+a-2|p||

By2+ (B/If]) 2 0and 1 + a - 2|p| = 1 - |p| + « — |B| > 0, Equality (3.16) is valid for all real
numbers p with f#0.

Case2. y = —ax.
Equality (3.14) implies

x _ox o fx |lx x  fx || x-ax
Tl Tl el {| el Tl Tl || T = axll (3.17)
So we have
p pll-a i
8 " lsrli=a = 181l 3.18
1] ‘Im 1 M (3.18)

Hence f > 0. Thus (=) holds.
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Conversely, assume that there exist a, f with 0 < f < a < 1 satisfying one of the
conditions (a) and (b). Then it is clear that (3.7) holds. Thus we obtain (&). O

Moreover we consider general cases. For each m with 1 < m < n, we put I, =
{1,2,...,m}.Fora = (aj,ay,...,a,) € R" and 1 < m < n, we define

LM (a) = {(k € L, : ax > 0},
(3.19)
I.(a) ={k €I, : ar <0}.

For a finite set A, the cardinal number of A is denoted by |A].

Lemma 3.6. Let |a1| > |az] > - -+ > |ay,| > 0. If |1} (a)| > |I,,(a)| for all m with 1 < m < n, then
n
> >0. (3.20)
j=1

Proof. Let

Li(a) = {my,my, ..., me}(= I}, (a)),

(3.21)
L (a) = {n1,n2,---,nk}(: I;:k(“))/

where m; <myp <--- <mgand 1y < 1y < -+ < ng. By the assumption, we have ¢ > k. We first
show m; < n; for all j with 1 < j < k. Itis clear that m; < n;. Assume that m; < n; for all i with
1 <i < j. We will show mj,1 < nj,1. Suppose that mj,1 > nj1. By mj < nj < njq < mjyq, we
have

L (@) = I (a) = {mi,my, ..., m;},
(3.22)
L. (a) = {m,na,...,nja}.

Hence we have |I,’;/_+1 ()] < |I,;}_+1 (a)|, which is a contradiction. Therefore we have m;,; < nj1.
Namely, m; < n; for all j with 1 < j < k. From this result, we obtain a,,, +an; = || —|an,| > 0.

Hence

n 4 k
Zai = Zamf + Za"J
j=1 j=1 j=1
) ) (3.23)
= j;l(amj + an].> + i:%rlamj > 0. .

Theorem 3.7. Let X be a strictly convex Banach space and x1, x2, . . ., x,, nonzero elements in X with
llxall > |lxall > -+ > [[xn|. Then

+§i:<k—

Xj

k
27

n
20
j=1

>(||xk|| = llxkall) = D[l ]| (3.24)
=1
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if and only if there exists a = (a1, 0z, ..., a,) € R" with 1 = ay > |ay| > |ag| > - -+ > |a,| such that
X = ApX1, (3.25)
Ly ()] > | T (a)| (3.26)
for every m with 1 < m < n.

Proof. (=): According to Theorems 3.4 and 3.5, Theorem 3.7 is valid for the cases n = 2,3.
Therefore let n > 4. We will prove Theorem 3.7 by the induction. Assume that this theorem
holds true for all nonzero elements in X less than n. Let [|x1]| > ||x2|| > - - > ||xx]| and assume
that Equality (3.24) holds. Let

.
wj = (||x]| - ||xnll)m (3.27)
]

for positive integer j with 1 < j <n —1. As in the proof of Theorem 1.3, Equality (3.24) holds
if and only if

|xn||§] ! Z =[xl Z Zu, , (3.28)
T x ]II = 7% ]||
n-1 n n-1 k
2 ZIIu;-II—Z< S P ><||uk||—||uk+1||> (3:29)
j=1 = k=2 j=1 ]

hold, where u, = 0. Hence, by assumption, there exists f = (f1,...,s1) € R" ! with1=p; >
|P2| > -+ > |Pn-1] > 0 such that

w=pp, (1<jsn-1),

(3.30)
|L.(B)| > |L,(B)], (1<m<n-1).
Since Z;’;ll p; > 0 by Lemma 3.6, we have
n-1 n-1
D= Y piur #0. (3.31)
i=1 =1

Since

”xn” . B ”xn“
<1 ||x]||> p’<1 ||x1||>x1 (3.32)

by the definition of u;, we have

xj=ajx;, (1<j<n-1), (3.33)
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where
N A T
[l = lleall Ml
Since
(@) =1, (P),  Lu(a) =L,(p),
we have

Ly (@)| > |1, (a)|

for all m with 1 < m < n —1. By Lemma 3.3, Equality (3.28) implies

n-1 n n n—
Uu;
S e el Z

Hence there exists «a,, € R such that x,, = a,,x1. Also,

lijl

<[t

= (12 @] = @]+ 2 )

[l
n-1 n-1
Zuj = Zﬂ] Uup.
j=1 j=1

Since 27:_11 B; > 0, we have from (3.37) and (3.38),

"

| L (@) | = [L_y ()| +

_ Ay
= (| (@)] = L ()] +m ,
which implies
_ oy
|y ()| = | Ly ()| + —= > 0.

lan| ~

If [I}_ (a)| > |I,_, ()], then it is clear that | (a)| > [T, ().

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

If |7 ()] = |I _,(a)], then, by (3.41), we have a,/|a,| > 0. Hence a, > 0. Thus we

obtain |} (a)| > |1, (a)].
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(&):Leta = (aq,ap,...,a,) € R" with 1 = ay > |ap| > --- > |ay,| > 0 satisfying (3.25)
and (3.26), and let a,,;; = 0. From (3.25) we have

n k .
2 <k - lei_]'ll H) (el = llxkall)
k=2 =1 1I+]

n
2.5
j=1

n
2%
j=1

n
X

> (lletxx || = llaks1xa]) (3.42)

71 ”“J

>(|¢Xk| = |etisa]) x [Jca]].

Z > lwl = > el (343)

j=1 jeli(a) jeIL; (@)

k i

= ”“]”

n
-3

1

By Lemma 3.6,

Let I, (a) = {ki,kz,...,km}, where 1 < k; < ky < -+ < ky, < n. From (3.26) and |I] (a)| +
I, (a)| = k we have

n [x]
Sk 1D 7= ) ol = lakaal)
k=2 “]l

2]
2> | I ()| (Jax| — |axsal)

k=2

=~

M:

(k= [IE @] + [T (@) ) (Jark] = larka])

P
I

2

1

k- ko—1 n
= 2<Z | I (@)] (x| = lasa]) + D [T @) (x| =l ) + -+ D7 [T (@) | (lexk| - Iak+1|)>
k=2 =k,

k=ki

k-1 k3—-1 n
_ z< S sl ~ ) + 3 200aa] = )+ + 3l - |ak+1|>>
k=k1 k=k; k=k,,

= (lalﬁl - |ak2|) + 2(|ak2| - |[Xk3|)

+ooe 4 (m = 1) (lak, | = la,|) + m(la, | = |ak,., )

=2 > |aj.

jeI; (@)
(3.44)

Thus we obtain (3.24). This completes the proof. O
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In what follows, we characterize the equality condition of Inequality (1.3) in
Theorem 1.2. For a = (a1, a,...,a,) € R" and positive integer m with 2 < m < n -1 we

define J,, = {n—-(m-1),...,n-1,n},J;(a) ={j € J;m:aj >0},and J, (a) = {j € Jn : &; <O}.

Lemma 3.8. Let @ = (a1, ay, ..., a,) € R" with |a1| > |ag| > -+ > |ay—1| > a, = 1. If
(@) > | T (@) | (3.45)

for all positive integers m with 2 < m < n — 1, then one has

el (| Ty @) = [T @)]) = Xa > 0. (3.46)

=2
Proof. Let Ji (a) = {my,ma,...,mg,mpyq,...,mi} and J,_ (a) = {ny,ny,...,ne}, where n =

my>--->mg >2andn >mn; > - >mnp > 2. Asin the proof of Lemma 3.6, we have m; > n;
for all j. So |a,| < |ay| for all j. Hence

laal (| @) = [Jya@)]) = D
j:z

=Ifxll(l],i_l(“)l—|LI_1(“)|)—< 2+ D “i>

j€l (@) €l (@)

=Iall(llz_l(a)l-Ifn_l(vc)l)—( 2 lwl- > |“f|>

J€Tnq (@) J€ (@)

= 3 (ml-la))- 3 (ol - |a))

€@ €l (@

= o)

> 0. (3.47)

(11~ o [) - 3 (1 -

j=1

Mw

Ay,

]

I
—_

(Jat = e ) + 2

1 j

¢
ay,
=1

—.

Il
1l
me
i

This completes the proof. O

Theorem 3.9. Let X be a strictly convex Banach space and x1, xa, . . ., x,, nonzero elements in X with
lx1]l > [|x2]l > -+ > ||xp]l. Then

n n n n X
Dl = Xx| - X k- X ol ) (el = lx-genll) - (348)
=1 =1 k=2 j=n-(k-1) ||
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holds if and only if there exists a = (a1, a2, ..., a,) € R™ with |aq| > |ag| > -+ > |apa| > a, =1,
Xj = ajxy for all positive integers j with 1 < j < n satisfying

(@) > | T (@) (3.49)

for all positive integers m with2 < m < n—1 and Z;‘zl a; > 0.

Proof. (=): Let ||x1]| > ||x2]| > -+ > ||xn]| and

_§<k

For positive integers j with 2 < j < n we put

[EA >
vj = -1 )x;. (3.51)
! <”xf|| !

Note that 0 < ||va]| <--- < ||v,|l and

Z ||xl||Z|| ]” -0 (3.52)

j=

n

2.

j=1

n

>

j=n—(k-1)

n
21l =
j=1

>(||xn kll = |- ]])- (3.50)

T
)

Then Equality (3.48) holds if and only if

n n n n
ij+Zv] = Zx]- + Zv]- , (3.53)
=1 i=2 =1 i
20+ Z o2
j=2 ” ]”
(3.54)

[y

n

3 ol

j=n—(k-1)

+ k-
k=2

Thus, by the equality condition of sharp triangle inequality with n — 1 elements, there exists
p=(p,-..,Pn) € R"such that

>(||Un k-l = llon-kll) = le%ll

vj = v, (3.55)
for all positive integers j with2 < j <mn,

0<|B| <|Bs| <+ <|Bua]| <Pn=1,

(3.56)
[T (B)] > [T (B)]
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for all positive integers m with 2 < m < n - 1. Since

LSl B3N]
<”le| > ﬂf(ux I >x" (3.57)

for each j with 2 < j <n, we have x; = a;x,, where

ll2all = flacall 112

. 3.58
AR N (358)

Note that |J, ()| = [J,(P)] and | ], ()| = |];,(P)]- By (3.53),
ZJC]' ZU]'Z Z‘Ui le‘. (359)

j=1 j=2 j=2 j=1

Hence there exists a; € R such that x; = a1x,,. We also have |a1| > |az| > -+ > |ap1| > a, =1

and
S, - (nxln 1>
i=2 [l
<Ia1| Rk Z> (3.60)
j=2 =2

<|“1|(|];lr 1@] = [T (@)]) - Z“}>xn

Hence we have

j=1
(3.61)

aj <|“1|(|];1(“)| — T @)]) - Z“j)
=

n
2.

j=1

= |laal(|Joy (@] = [Ty (@)]) = Z“i

j=2

From (3.3), we obtain 27:1 aj > 0. Thus we have (=).
(&): Assume that there exists a = (a1, a, ..., a,) € R" with |aq| > |az| > -+ > |ay-1]| >
ay, =1, x; = ajx, for all positive integers j with 1 < j < n satisfying (3.49) for all positive
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integers m with 2 < m < n-1and 37, a; > 0. By Theorem 3.7, we have (3.54). From the
assumption,

S = S, ;- <|al|<|f,:_1<a>| @) - za])xn- (3.62)
j=1 j=1

= =2

By Z;’zl aj > 0 and Lemma 3.8, we obtain (3.53). Thus we have («). This completes the
proof. O
If n = 2, then we have the following corollary.

Corollary 3.10. Let X be a strictly convex Banach space and x, y nonzero elements in X with ||x|| >
ly|l. Then

X Y
x|| + =|lx+ +(2-||-—+-— x 3.63
Il + [yl = [l + v < Hllxll Ilyll">” || (3.63)

if and only if there exists a real number a with a > 1 such that x = ay.
If n = 3, then we have the following corollary.

Corollary 3.11. Let X be a strictly convex Banach space and x,y,z nonzero elements in X with
llll > lyll > lIz]l. Then
>||x||

x v z
Il flyl| 1=l

>(||x|| v

x|l + ||y + 1zl = ||x +y + =] + <3—

y z
— 2 — ||+ —
( H Iyl =l

if and only if there exist a, p with |a| > |B| > 1 such that x = az,y = pzand a + f+1 > 0.

(3.64)

4. Remark

In this section we consider equality attainedness for sharp triangle inequality in a more
general case, that is, the case without the assumption that ||x1]| > [jx2|| > -+ > |[x,]. Let
us consider the case n = 3.

Proposition 4.1. Let X be a strictly convex Banach space, and x,y, z nonzero elements in X.

(i) Ifllxll = Iyl = I1=1l, then the equality

>||ZII + <2—

* Y,z

x+y+z||+(3-|[7—+ +
sy +=l ( EMTME

= [l + |y || + 11zl

* .Y _
R N

always holds.
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(ii) If ||x|| > llyll = ||zll, then the equality (4.1) holds if and only if there exists a real number a
satisfying a > ~|[yll/|x|| and y + z = ax.

(iii) If ||x|| = |ly|l > ||z||, then the equality (4.1) holds if and only if there exists a real number a
satisfying a > —||x||/||z|| and x + y = az.

Proof. (i) Is clear.
(ii) Assume that (4.1) holds. By |ly|l = [|z||, (4.1) implies

X y
x+y+z||l+(3-||-—+ 75+ = ||x|| + + ||z 4.2
-+ + 2] < ERATME H)n 1= lxll + llyll + =11 (4.2)
From Theorem 3.1, we have
x y z x y z || x
L o e 4.3
TR TN T *3)
Hence y + z = ax for some a € R. The following
x oy oz ( ||x||>
—  + 2 4+ =(1+a 4.4
ERTIE Il Tl (44)
implies
il Jixl
1+ =1+a 4.5
' “Ivl Tyl (45)

Hence 1 + a(||x||/||y|]) > 0 and so & > —||y||/||x||. The converse is clear.
(iii) Assume that (4.1) holds. Put u = (||x|| - [[z[[) (x/||x[]) and v = ([lyl| - lIzI}) (v /[l¥I))-
As in the proof of Theorem 3.5, we have

x y z x y z ( U+v >
L = e ——— (4.6)
el {lyll =l |l ly]l - =zl ]\ e+ ol
Since ||x|| = ||ly||, we have x + y = az for some a € R. The following
x y z < B4l ) z
et — =1+ —a ) — 4.7
el " Tyl =~ el T 47
implies
oo ] L 18)

Hence a > —||x||/||z||. The converse is clear. O
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Conjecture 1. What is the necessary and sufficient condition when Equality (3.24) (resp. Equality
(3.48)) holds for n elements x1,xz,..., %X, with ||x1|| > ||x2|| > --- > ||x,|| in Theorem 3.7 (resp.
Theorem 3.9)?
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