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We prove some results for convex combination of nonnegative functionals, and some corollaries
are established.

1. Introduction

Inequalities have been used in almost all the branches of mathematics. It is an important tool
in the study of convex functions in seminormed space and seminormed algebras. Recently
some works have been done by Altin et al. [1, 2], Tripathy et al. [1-6], Tripathy and Sarma
[3, 4], Chandra and Tripathy [5], Tripathy and Mahanta [6], and many others involving
inequalities in seminormed spaces and convex functions like the Orlicz function.

In this paper, inequalities for convex combinations of functionals satisfying conditions
(a) and (b) are formulated in the theorems, and some corollaries are proved, using the
theorems. Condition (a) relates to nonnegative functionals over which the inequalities in
Theorems 1.1 and 1.4 on seminorm are proved. In Theorem 1.1, we consider seminormed
spaces, and in Theorem 1.4 seminormed algebras. Condition (b) relates generally to the
representations between seminormed spaces and seminormed algebras. The inequalities
formulated in this way are proved in Corollaries 1.2 and 1.5. In this paper we consider
the following generalization of the convexity in seminormed algebras. A : yf(3 pixi) <
G pill f (xi)), where 37 pill =1, pi,xi€ 1fori=1,2,...,m,| | is the norm in A, and
y is a real number.

In order to justify our study, we have provided an example related to real functions
of one variable, similar examples can be constructed. This has been used in the geometry
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of Banach spaces as found in [7, 8]. Similar statements related to functionals in finite-
dimensional spaces and countable dimensional spaces have been provided in [9]. These
results can be applied in the mentioned areas.

Theorem 1.1. Let X be a seminormed space over R and the nonnegative functional f satisfy the
following condition:

(@) §(t) - f(y) < f(x) < 7(t) - F(w), for all xy with |Ix]|/|lyll = ¢ € [0,1], where g, -
[0,1] — [0, 1] are nondecreasing functions such that g(t) < r(t). Then,

(1) there exists inf, se[0,110(a, t) =y, where

. t P : _
o(a,t)=a g<(a-t+ﬁ)>+r(a-t+ﬁ)' fora € [0,1] witha+p =1, (1.1)

(2) the functions g(t) : [0,1] — [0,1] and r™'(r7!) : [0,~] — [0,~] are convex.
Then, ifa; > 0, X" i =1, x; € X, (i = 1,n) fori =1,2,...,n, the inequality
y- f(C ai-xi) < 7 aq - f(x;) is satisfied.
Proof. Letx,y € X, as ||x|| < |ly|l. Weput A = (a- f(x)+p- f(y))/ f(z), where z = a-x+f-y,a €

[0,1,a+p=1.
(a) Let ||x|| < ||zl £ |ly]l. According to condition (a), we obtain

o Il p
aza-g(() R(EHRED (2

Knowing that g and r are nondecreasing, we obtain

N B g (L lxl =B i)
Az g((a-llx||+ﬂ-||yll)> g < vl >

(1.3)
t -1
=a- [ — . . -t =6(a,t),
ag<(a.t+ﬂ)>+ﬂr (a-t+p) =6(a,t)
where t = ||x[|/lyl].
There exists inf, tc01)6(a, t) = y in compliance with (1). Therefore A > y.
If we put x = y theresultis 1 = A >y, thatis, 1 > y.
(b) Let ||z|]| < ||x]|- Then, in view of (a), we have
AZa-r‘l<M>+ -r‘1<H>2a+ =1>y. 14
el ) P ) 2212 (4

Let us consider 7 elements x; € X, (i = 1,1), and we suppose ||x1]| < ||| < -+ < [|2,]].
Let A = (3, ai - f(x:))/ f(2), where z = 3% a; - xi, and #; = ||| /|||, [lck-1 ]| < |z]| <
[|[xk|l,as 1 < k < n.
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According to condition (a), we get

A > zm: a;-g(ti) + zm: a1t (tITl) = pu(a, X), (1.5)
i=1

i=1

where a = (a1, a0, ..., a,), X = (x1,%X2,...,Xp).

Using the principle of induction over n, we will probe that inf, zxpn (a,x) > 7.

We know that p,(a,x) = 6(a, t), and therefore about n = 2 the statement is proved. We
assume the assertion about (n — 1) is correct.

(1) Let k < 2. Then, p,(@,%) = S+ (aty1 + &) - (a- 772 (t,1) + - r71(t,})), where S is
the rest of the sum, and a = a1 /(-1 + @), p = an/(ap-1 + a,). With condition (2) we have
pu(@,%) > S+ (ay-1+ay) -1 ((aty1) +ﬁtn)_1,but llo-xp-1+B-xul| < a-||xpall+p-||xn]|. Setting
Xp-1= Q- Xp1+ P Xt = |lxy-1]|/]|z|| and knowing r is nondecreasing function, we obtain

Pu@X) 2 S+ (@p +an) 1 (1)) = pusr (@, %), (1.6)

where @' = (a1,a2,...,0,0,a,_1 + a,) and X = (x1,X2,...,Xn_2, Xp_1). With the inductive
assumption, p,_1(a,X') >y, thatis, p,(a,x) >y, thatis, A > y.

(2) Let k > 3. Then p,(a,x) = (a1 + az) - (a - g(t1) + B - g(t2)) + S, where S is the
rest of the sum, and a = a1/(a1 + az), p = ax/ (a1 + az). According to condition (2), we
obtain p,(a,x) > (a; + az) - (a - g(t) + p- g(t2)) + S. Let us place t]; = ||x}]|/||zll, where
Xy = axi+pxo, but [|x1]| = [la-x1+f-x2|| < a-||x1]|+ - [|x2| and g is a nondecreasing function.
Then, p,(a,X) > (a1 +az) - g(t])) +S = ppa (@,x), where @' = (ay + as,3,..., 0,1, ), and
X = (X1,X2, ..., Xn_1, Xp).

Applying the induction, we get A > y. O

Corollary 1.2. Let X and Y be seminormed spaces over R and f : X — Y. Then in Theorem 1.1, one
replaces condition (a) by condition (b): g(t)-llf(y)||y < ||f(x)||y <r®)-fW)lly, forall x,y € Xwith
lxllx /llyllx =t € [0,1], and all the rest of the conditions are satisfied. Then, with a; > 0, >,/ a; =
1,x; =X, (i=1,n), the inequality y - || f (3% i - xi)||y <M a- ||f(xi)||y is satisfied.

-1
Proof. We consider the functional ¢ = || f ||y : X I Y — R,. Then, knowing (b), we conclude
that ¢ satisfies Theorem 1.1’s conditions and hence the needed inequality. O

Example 1.3. If we put in the conditions of Theorem 1.1, g(t) =, p>1, p€ R, r(t) =t, and
f:R — R t'f(y) < f(ty) <tf(y), t €[0,1], thenabouta; >0, 3" a; =1, x; = X, (i = 1,n),
we will obtain the inequality

Y'f(al'xl"'"""“n'xn)f [‘xl'f(xl)"'"""an‘f(xn)]/ (1.7)
where

y=1-p 0" 4", (1.8)
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Proof. Let us consider 6(a,t) = a - g(t/(at + p)) + p/r(a -t + ), where
gity=t\, rt)=t, a€l0,1], te[0,1], pf=1-a. (1.9)
Then, 6(a,t) =a- (t/(a-t+P))F +p/(a-t+P) = h(t),

06t AN = af
ot ‘h(t)‘“’g<a-t+ﬂ> @tpf @tepy —

when (t/(a-t+p))P™ = p!, thatis, (t/(a-t+f)) = p-» V" ; hence, (a -t + f)/t = p)".

. -1
Further, we obtain t = f(p®~V '—a) .Itis obvious that we have a minimum at this point in
the interval [0, 1].

Then, we obtain (1/(a - t + §)) = p~lp®D" (p?D" — 1), and hence at the same point ¢

t p ﬂ -1 -1 -1
S(a,t)=a- <—> I S——— p—P(P—l) + p(r'—l) —a p—P(P—l)
a-t+p (a-t+p) ( ) (1.11)
“1+a- <p—p<p—1>‘1 _ p_<,,_1>-1> >1+ <p—p<p—1>'l _ p—<p—1>*> =y,
since
(pre " —p @) <0, (1.12)
This confirms the assertion. O

If we put p = 2 in the condition of the example, we receive y = 3/4. Therefore, 3 f (a1x1+
ctagxy) <Afarf(x1) + -+ anf(xy)], whena; 20,37 i =1, x € X, (i=1,n).

Theorem 1.4. Let A be a seminormed algebra over R with a unit. The functional f : A — R,

satisfies condition (a): g(t) - f(y) < f(x) < r(t) - f(y), for x,y as ||x[|/|lyll = ¢ € [0,1], where
g, v :[0,1] — [0,1] are nondecreasing functions such that g(t) < r(t).
Besides, the following requirements are fulfilled

(1) There exists infa (0,116 (ax, t) = A, where

. t p : _
o(a,t) =a g<(a~t+ﬂ)>+r(cx-t+ﬂ)’ for a € [0,1], witha+p=1. (1.13)

(2) The function, g(t) : [0,1] — [0,1] and r*(t7') : [1,~] — [1,~] are convex. Then, if
pixi €A, (i=1-n), 3" |Ipill = 1, one receives the inequality

v f<Z Pixi> < D llpll - £ o). (1.14)
i=1 i=1
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Procf. Letp,q,x,y € A, as x| < [lyll, llpll + llqll = 1.

We put A = (llpll- £(x) + llgll - f())/f(2), where z = p-x +4 - .

(a) Let ||x]| < ||lz|l £ |lyll. According to condition (a), we have A > ||p|| - g(|lx]|/||z]l) +
llgll /==l /Iyl = llpll - glxll /llpll - [1x]1))-

Here, we have ||p-x+ g -yl <|Ipll - Ix]l + il - llyll, and g, r are nondecreasing.

Ifa=|pl, p=lql, then A > a-g(t/(a-t+p))+p- r (ot p) = 6(a,t), where
t= x|/ llyll-

Then, inf, ;c[0,1]6(a, t) = y exist in compliance with (1). Therefore A > y.

If we put x = y, the resultis 1 = A >y, thatis, 1> y.

(b) Let || z|| < ||x||. Then, in view of the fact that (a), we get

A .r—1.<H>+—”‘7” > ol + llall = 1> 1. (1.15)

Letpi,x; €A, (i=1-n),as 3", |lpill = 1. Letus put A = (X7, |Ipill - f(x:))/ f(z), where
z=3pi i

We can accept ||x1]] < [[x2]| < -+ < |lxull- Let 1 < k < mand ||xge- || < |1zl < [|xkl]-

We have A > 3 ||pll; - g(t) + X% [Ipll; - ™" - £ = pu(p, %), where

— — X
p=Pup2--Pn),  X=(x1,X2,...,%,),  i= H (1.16)

Applying the principle of induction over n we will prove that p,(p, X) > y. In view of the fact
that was mentioned at the beginning, we get p»(p, X) = 6(a,t) > y. Assuming the statement
for (n — 1) holds, we will prove it for n.

(1) Let k < 2.

Putting & = [putl/(Ipasll + Ipal), B = Ipall/(lpacall + lIpal), we have pu(p,%) =
S+ (llpnall + lpall) - (a-r (1) + - r71(t,!)) where S is the rest of the sum. Using condition
(2), we get

puB %) 25+ (lpactl| + Ipal)r (@) + - 6) 7). a.)

Let x;_1 = (Pn-1 " Xn-1+ P Xn) / (lpn-1ll + lpall), t:q_1 = ||x’n_1||/||z||)

Since r does not decrease, and ||x/,_, || < & [|x,-1]| + B+ [|xnll, then p, (p,X) > S+ (|[pn-ll +
Ipall) - 77 (£, )™") = pua (P, X), where 5 = (p1,p2, -+, Pu-2, P, 1), Py = (Ipaall + lipall) - e,
and X' = (x1,x2,..., %52, X, _,).

By e we denote the unit of the algebra A. According to the inductive suggestion, we
obtain p,(p,X) > pu1(p,X) > y.

(2) Let k > 3.

We set a = [Ipill/ (lpll + Ipal), B = lip2ll/(lpsll + lpal). As (2), we have p(5,%) >
(lpll + llp2ll) - g(a - t1 + B - t2) + S, where S is the rest of the sum.

Letx; = (py - x1 + p2 - x2)/ (lpall + lIpa I, & = %, 01/11z]l

Since g does not decrease, and [lx}|| < a - [[x1]| + B - [x2l|, then p,(p,X) > (llp1ll +
Ip2ll) - g(#) +S = pua(p,¥), where o' = (py,ps,--,pu-1,00), 01 = (lpall + lIp2l) - e,
and ¥ = (x1,x2,.. ., Xn-2,%,_). According to the induction principle, we obtain p,(p,x) >
Pn-1 (ﬁ’/}’) > Y- O
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Corollary 1.5. Let A be a seminormed algebra above R with a unit, and let X be a seminormed space
over R, and f : A — X

Then, if one replaces the condition (a) in Theorem 1.4 by condition (c): g(t) - |f(W)llx <
Lf )l < 7)) - lf Wy, forall x,y € A with ||x||,/llyll, = t € [0,1], and all the rest of the
conditions are satisfied. One denotes by || - ||, the norm in X, and the norm in A with || - ||,. Then if

pi,xi€ A, (i= 1,n) >t llpill, = 1 one receives the inequality

m m
v (Ees) | <Ewt e 118)
i-1 x =l
Proof. We consider the functional ¢ = || f||, : A ER X LN R,. Then, knowing (c), we get that ¢
satisfies Theorem 1.1’s conditions and hence the needed inequality. O
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