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This paper investigates the existence of solutions for weighted p(r)-Laplacian impulsive integro-
differential system periodic-like boundary value problems via Leray-Schauder’s degree. The

sufficient conditions for the existence of solutions are given.

1. Introduction

In this paper, we consider the existence of solutions for the weighted p(r)-Laplacian integro-

differential system

~(w) | ) + (o, @) CODY, S@) =0, re©T), ren, (1)
where u : [0,1] — RY, with the following impulsive boundary value conditions:
lim u(r) - lim u(r) = Ai<limu(r), lim (w(r))"/ (P<f>-l)u’(r)>, i=1,...,k  (12)
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lim+(w(r))1/(p(’)_1)u'(r) - limi(w(r))l/(p(r)_l)u'(r)

1 (1.3)
= Bi<lim_u(r), lim (w(r))" (W)—l)u'(r)), i=1,...,k,
u(0) = u(T), lir{)1+w(r)|u’|p(r)_2u’(r) = lirrTliw(r)|u’|p(r)_2u’(r), (1.4)

where p € C([0,T],R) and p(r) > 1, —(w(r)lu’lp(r)_zu’)' is called the weighted p(r)-Laplacian;
0<r <m<--<r <T; A, B € CRN x RN,RN); S(u)(t) = fOT(j)(s,t)u(s)ds, where
0<¢(,-) €C([0,T] x [0,T],R).

Throughout the paper, o(1) means function which uniformly convergent to 0 (as
n — +oo); for any v € RY, v/ will denote the jth component of v; the inner product in
RN will be denoted by (-,-),| - | will denote the absolute value and the Euclidean norm on
RN. Denote J = [0,T], J' = [0, T]\ {ro, 71, ..., Tk, 7ks1}, Jo = [ro,r1], Ji = (ri,rin], i=1,...,k,
where ro = 0, rxy1 = T. Denote J? the interior of J;, i = 0,1,...,k. Let PC(J,RN) = {x :
J - RN | x € C(J,RN), i =0,1,...,k, and x(r}) exists fori = 1,...,k}; w € PC(J,R)
satisfies 0 < w(r),Vr € J', and (w(r))*®0-1) ¢ 110,T); PC'(J,RN) = {x € PC(J,RN) |
x' € C(J?,RN), lim, - (w(r))l/(”(r)fl)x'(r) and lim, - (w(r))l/(p(”*l)x’(r) exists for i =
0,1,...,k}. The equivalent lim, _ o (w(r)) *" "D/ (r) = lim, _ - (w(r))" POVt (r) means
limrﬂm(w(r))l/(p(r)_l)u’(r) and lim, - (w(r))l/(”(r)_l)u’(r) both exist and equal. For any
x = (x',...,xN) € PC(J,RN), denote |x'|y = sup{|x(r)| | r € J'}. Obviously, PC(J,RN)
is a Banach space with the norm ||x||p = (Zf=1 |xi|é)1/2, PC!(J,RN) is a Banach space with

the norm ||x|l = [lxllo + ()Y PO x|jo. In the following, PC(J,RN) and PC!(J,RN)
will be simply denoted by PC and PC!, respectively. Let L' = L'(J,RN) with the norm

Ixlo = (&N, |xi|il)1/2, Vx € L', where |x/|;1 = f§|xi(r)|dr. We denote

w(0) |u’|p(o)72u’(0) = rli_%kw(r) |u’|p(r)72u’(r),
(1.5)
w(T)|u'|p(T)_2u’(T) = rliﬁnTliw(r)|u'|p(r)_2u'(r).

The study of differential equations and variational problems with nonstandard p(r)-
growth conditions is a new and interesting topic. It arises from nonlinear elasticity theory,
electrorheological fluids, image processing, and so forth. [1-3]. Many results have been
obtained on this kind of problems, for example [1-20]. If p(r) = p (a constant), (1.1) is
the well-known p-Laplacian problem. But if p(r) is a general function, the —A,) is more
complicated than —A,,, since it represents a nonhomogeneity and possesses more nonlinearity,
many methods and results for p-Laplacian problems are invalid for p(x)-Laplacian problems;
for example, if Q ¢ RY is a bounded domain, the Rayleigh quotient

. 1/p(x)) |Vl dx
My = inf Jal ) e (1.6)
uew, " @\(0) [o(1/p(x))|ulP™dx
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is zero in general, and only under some special conditions A,(x) > 0 (see [9]), but the fact that
A, > 01is very important in the study of p-Laplacian problems.

Impulsive differential equations have been studied extensively in the recent years.
Such equations arise in many applications such as spacecraft control, impact mechanics,
chemical engineering and inspection process in operations research (see [21-23] and
the references therein). On the Laplacian impulsive differential equations boundary
value problems, there are many papers (see [24-27]). The methods includ subsuper-
solution method, fixed point theorem, monotone iterative method, and coincidence degree,
and so forth. Because of the nonlinearity, results on the existence of solutions for p-
Laplacian impulsive differential equation boundary value problems are rare (see [23, 28—
30]).

In [29], Tian and Ge have studied nonlinear IBVP

—(p(t)(bp(x’(t)))’+ s(Dp(x(t)) = f(t,x(t)), t#t;, ae te[ab],

tlir%p(t)®p(x'(t)) - tlirggp(t)®p(x'(t)) =ILi(x(t), i=1...,1 (1.7)

ax'(a) - px(a) = oy, yx'(b) + ox(b) = 02,

where @, (x) = |x|p72x, p > 1, p,s € L®[a,b] with essinfi,p1p > 0, and essinfizps >
0,0 < p(a), p(b) < 0,01 <0,00 20, a,B,y,0>0,a=1t <t < -+ <t <ty =0,
I; € C([0,+),[0,00)),i=1,...,1, f € C([a,b] x 0,+00),[0,00)), f(-,0) is nontrivial. By using
variational methods, the existence of at least two positive solutions was obtained.

On the existence of solutions for p(r)-Laplacian impulsive differential equation
boundary value problems, we refer to [31, 32]. If w(0) = w(T)#0 and p(0) = p(T), then
(1.4) is the periodic boundary value condition, so we call condition (1.4) the periodic-like
boundary value condition. In [31], the present author deals with the existence of solutions of
(1.1) with (1.2), (1.4) and the following impulsive boundary value condition:

linrlfw(r) |/ |P(r)_2u’(r) - rliﬁrrryw(r) | |p(r)_2u’(r)

i

(1.8)
= Dl-(lim_u(r), lim (w(r))" (W)-l)u'(r)), i=1,...,k

the method in [31] is the coincidence degree.

In this paper, when p(r) is a general function, we investigate the existence of solutions
for the weighted p(r)-Laplacian impulsive integro-differential system periodic-like boundary
value problems via Leray-Schauder’s degree, problems with the impulsive condition (1.8)
has been discussed also. The homotopy transformation of this paper is different from [31],
our main results partly generalized the results of [23, 28-31].
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Let N > 1, the function f : ] x RN x RN x RN — RN is assumed to be Caratheodory,
by this we mean:

(i) for almost every t € J the function f(t,-,-,-) is continuous;
(ii) for each (x,y,z) € RN x RN x RN the function f(-,x,y,z) is measurable on J;

(iii) for each R > 0 there is a ag € L'(J,R) such that, for almost every t € J and every
(x,y,2z) € RN x RN x RN with |x| < R, |y| < R, |z| < R, one has

|f(tx,y,2)| < ar(®). (1.9)

We say a function u : ] — RN is a solution of (1.1) if u € PC' with w ()| PO (r)
absolutely continuous on J?,i=0,1, ..., k, which satisfies (1.1) a.e. on J.

This paper is divided into four sections; in the second section, we present some
preliminary. In the third section, we give the existence of solutions for system (1.1), (1.2),
(1.3) (or (1.8)) and (1.4). Finally, in the fourth section, we give several examples.

2. Preliminary
For any (r,y) € (JxRN), denote ¢(r, y) = |y[""2y. Obviously, ¢ has the following properties.
Lemma 2.1. ¢ is a continuous function and satisfies the following.
(i) Forany r € [0,T], ¢(r,-) is strictly monotone, that is,
(@(ry1) —9(ry2),y1=y2) >0, forany y1,y: €RY, y1# s, @1
(ii) There exists a function a : [0, +o0) — [0,+00), a(s) — +ooass — +oo, such that

(p(r,y) vy 2a(ly])|y], VvyeRN. (2.2)

It is well known that ¢(r, -) is a homeomorphism from RN to RN for any fixed r € J.
Denote

_ 2-p(r r)-1 _
o7 (ry) = |y|*T POy, for y e RN\ {0}, 97 (r,0) = 0. (23)
It is clear that ¢~!(r, ) is continuous and send bounded sets into bounded sets. Let us
now consider the following simple impulsive problem:

(w(r)(p(r,u'(r))), =f(r), re(0,71), r#rn,

Iimu(r) - limu(ry)) =a;, i=1,...,k,
r—r r—r;

24
lim+w(r)|u’|p(r)_2u’(r) - lim w(r)|u'|p(r)_2u’(r) =b;, i=1,...k, @4
r—=r; r—r;

i

w©) = u(),  limw@)|u/ ") = lim )" ),
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where a;,b; € RY; f € L! and satisfies
T k
f f(r)dr+ > b =0. (2.5)
0 i=1

If u is a solution of (2.4), by integrating (2.4) from 0 to r, we find that

w(r)p(r,u'(r)) =w(0)p(0,u'(0)) + Zbi + J‘Of(t)dt. (2.6)

ri<r

Denote p = w(0)¢p(0,4/(0)). Define the operator F : L' — PC as
FH0 = [ fioa, wreg, vret 27)
0

By solving for ¢’ in (2.6) and integrating, we find

u(r) =u(0) + >.a; + F{(p"l [r, (w(r))™ <p(f) + D'bi+ F(f) (r)>] }(r), Vre]. (2.8)

1i<r ri<r

The boundary value conditions imply that

Ek] a; + JT¢_1 {r, (w(r))™ [p + b+ F(f) (r)] }dr =0. (2.9)
0

i=1 ri<r

Denote a = (ai,...,ax) € RN, b = (by,...,bx) € RFN. 1t is easy to see that p is
dependent on a,b and f. Denote W = R*N x PC with the norm

k k
@l = lail+ >, [bil +lklly, V& = (a,bh) €W, (2.10)

i=1 i=1

then W is a Banach space.
For fixed w € W, we denote

T

k
Aw(p) = 2. a; + J‘ (p‘l{r, (w(r))™ [p + Zb,- + h(r)] }dr, where @ = (a,b,h). (2.11)

0 ri<r
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Lemma 2.2. The function A () has the following properties.
(i) For any fixed w € W, the equation

Aw(p) =0 (2.12)

has a unique solution p(w) € RY.

(i) The function p : W — RN, defined in (i), is continuous and sends bounded sets to
bounded sets. Moreover |p(w)| < 3N[(((E + 1)/E) 3K, lai)? ™ + K, [bi] + |IAllo],
where w = (a,b,h) € W, E = _[OT(w(r))_l/(”(r)_l)dr, the notation MP'~! means

MP-1 = {M”**, M>1

Mr 1 M<1

Proof. (i) From Lemma 2.1, it is immediate that
(A (y1) = Ao (¥2), 31— y2) >0, for y1 £, (2.13)

and hence, if (2.12) has a solution, then it is unique.

Let Ry = 3N[(((E + 1)/E) S, lai))"" " + SE, |l + [|hllo]. Since (w(r) /¢ ¢
L'(0,T) and h € PC, if |p| > Ry, it is easy to see that there exists an jy € {1,..., N} such that,
the absolute value of the jyth component p of p is bigger than 3[(((E +1)/E) 3, |a,'|)p#_1 +
Zle |bi| + [|k]lo]- Thus the joth component of p + 3, _, b; + h(r) keeps the same sign of p/* on
J, namely,

ri<r

2

, k Pl
<pjo + ZbIJ_O + hJ'O(r)>pio >2 |:<% Z |a,-|> + Z |b;] + ||h||0] , foranyre],
i=1 i=1

Ti<r

(2.14)

then it is easy to see that the joth component of A (p) keep the same sign of p’, thus

Ek: a; + J'Tq;l {r, (w(r))™ [p + > b+ h(r)] }dr £0. (2.15)

i=1 0 ri<r
Let us consider the equation
Me(p) +(1-1)p=0, re[0,1]. (2.16)

According to the former discussion, all the solutions of (2.16) belong to b(Ry + 1) =
{x € RN | |x| < Ry + 1}. So, we have

dp[Aw (p),b(Ro +1),0] = dg[I,b(R +1),0] #0. (2.17)

It means the existence of solutions of A (p) = 0.
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In this way, we define a function p(w@) : W — RN, which satisfies

k
a; + J‘T(p_l {r, (w(r))™ [ﬁ(w) + Zbi + h(”)] }dr =0. (2.18)
i1 0 ri<r

1

(ii) By the proof of (i), we also obtain p the sends bounded set to bounded set, and

1
- E+1 & ?
|p(@)] S3N[< F > |ai|> +
P}

b

1i<r

+ ||h||0], Vo = (a,b,h) eW.  (2.19)
0

Finally to show that the continuity of p. Let {w), = (a, bn, h,)} is a convergent
sequence in W and w,, — @w = (a,b,h),asn — +oo. Since {p(w,)} is bounded, it contains a
convergent subsequence {p(w@y,)}. Set p(w@,,) — poasj — +oo. Obviously,

k T
S i + f ot {r, (w(r))™ [p'(wnj) + 3 bi, + (r)] }dr =0, (2.20)
i=1 0

ri<r

where a,; = (a1, - -, kn;), bn; = (bin;, - -, bin;)- Letting j — +o0, we have

k T
ai + f o {r, (w(r)™ [Po + > bi+ h(r)] }dr =0, (2.21)
i=1 0 1i<r

1

from (i) we get pg = p(w), it means that p is continuous.
This completes the proof. O

Now, we define p : RN x RN x L' — RN be defined by

p(a,b,u) = p(a,b, F(u)). (222)

It is clear that p is a continuous function which send bounded sets of RN x RN x L! into
bounded sets of RY, and hence it is a compact continuous mapping.

Now, we continue with our argument previous to Lemma 2.2.

Denote

A=A < lim u(r), lim (z0(r))"/ (P<’>1)u'(r)>,
’ ’ (2.23)
D; = Di< lim u(r), lim (w(r))"/ (W)—l)u'(r)).
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From the definition of B; and D;, we have

D; = sv<n-, lim (w0(r))" "1/ (r) + B; ( lim u(r), lim (w(r>>1/<P<f>-1>u’<r>>>

(2.24)
- so<r,~, hm_(w(r»“('““)‘l)u’(r)>.
Let us define
T
P:PC' —PC', u—u(); Q:L'—L', h~— %j h(r)dr;
0
(2.25)

k
O,:L' —L', h— (I—Q)h—% > bi;
i=1
and K(a,b) : L1 — PCl as

Kap (h)(r) = F{(p‘1 [r, (w(r))’1 <p(a, b, h) + Zb,- + F(h))] }(r), Vre]. (2.26)

Ti<r

Lemma 2.3. The operator (K(ap) © Op)(-) is continuous and send equi-integrable sets of L' into
relatively compact sets of PC".

Proof. It is easy to check that (K4 o ©p)(h)() € PCY. Since (w(r)) ™ *®~) e L and

(Kap) ©©p) (h)'(t) = 97" {f, (w(t)™ [p(@b(h)) +bit F(Gb(h))] } vte],  (227)

ri<r

it is easy to check that (K, 0 ©p) (") is a continuous operator from L' to PCl.
Let now U be an equi-integrable set in L', then there exist § € L', such that, for any
uell

lu(t)| < pt) ae.in]. (2.28)

We want to show that (K(4p) 0 ©p)(U) C PC'isa compact set.
Let {u,} be a sequence in (K(4p) 0 ©p)(U), then there exists a sequence {h,} € U such
that u,, = (K(ap) 0 ©p)(hy). For any t,t, € J, we have that

1 T k
+|t1—t2|f<foﬁ(t)dt+ Zbi') (2.29)
i=1

|F(©p(hn))(t1) = F(Op(hn))(t2)| <

tzﬂ(t)dt
3]
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Hence the sequence {F(©y(h,))} is uniformly bounded and equicontinuous. By
Ascoli-Arzela theorem, there exists a subsequence of {F(©(h,))} (which we rename the
same) is convergent in PC. According to the bounded continuity of the operator p, we can
choose a subsequence of {p(©O(h,)) + F(Oy(h,))} (which we still denote by {p(©y(h,)) +
F(©y(hy))}) is convergent in PC, then

w(t)p(t, (K 0Oy) (1) (1)) = p(@y () + 3 bi + F(@p(hy)) (2.30)

ri<t

is convergent according to the norm of PC. Since

ri<t

(K(ap) ©Op) (ha)(t) = F{‘/’_1 [t/ (W () (p(Op(hn)) + D by + F(@b(hn))] }(f), vte ],
(2.31)

according to the continuous of ¢! and the integrability of (w(t))™" (P®-1) jn L1, we can see
that (K(gp) © Op)(h,) is convergent in PC. Thus {u,} convergent in PC!. This completes the
proof. O

We denote N¢(u) : PC! x J — L' the Nemytski operator associated to f defined by
N(w)(r) = f(r,u(r), @@E)" PO (r), Sw)), ae on . (2.32)

Denote A = (Ay,...,Ax), D= (Dy,...,Dx) and

3
Oy() = (1 - QNyw) - 7. 3 Dy (2:33)
i=1
p(u) = p(A,D,O5)u),
1 L (2.34)
K(u)(r) = F{(p‘ [r, (w(r)) " (p(u) + ZDi + F(@f(u))] }(r), Vr e J.

Lemma 2.4. uisasolutionof (1.1), (1.2), (1.8) and (1.4), if and only if u is a solution of the following
abstract equation:

u=Pu+ > A+

1i<r

k
> Di+QNy(u) + K(u). (2.35)
i=1

Sl =

Proof. If u is a solution of (1.1), (1.2), (1.8) and (1.4), it is clear that u is a solution of (2.35).
Conversely, if u is a solution of (2.35), then (1.2) is satisfied and

k
> Di+QNy(u) =0. (2.36)
i=1

Sl =

Thus ©¢(u) = Ny(u).
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By the condition of the mapping p, we have

k
D A+ F{(p-l [r, w™ (r)(p(u) + D D; + P(ef(u))] }(T) =0, (2.37)
i=1

then u(0) = u(T). From (2.35) and (2.36), we also have

w(r)p(r,u') = p(u) + ZDi +F(©fw))(r), re(0,T), r#n, (2.38)

t1i<r

(w(r)p(r, u'))/ =Ns(u)(r), re(0,T), r#r. (2.39)

From (2.38), we get that (1.8) is satisfied. Since Zle D; + F(©¢(u))(T) = 0, we have
w(0)¢(0,1(0)) = w(T)¢(T, 1 (T)). (2.40)
Hence u is a solutions of (1.1), (1.2), (1.8) and (1.4). This completes the proof. O

3. Main Results and Proofs

In this section, we will apply Leray-Schauder’s degree to deal with the existence of solutions
for (1.1) with impulsive periodic-like boundary value conditions (1.2), (1.8) (or (1.3)) and
(1.4).

Theorem 3.1. Assume that Q is an open bounded set in PC' such that the following conditions hold.

(1°) For each A € (0, 1) the problem

<w(r)|u'|”<’>*2u')' = )Lf<r, u, (w(r))Y (P“H)u',S(u)), re(0,T), r#r,

r—r

lim u(r) — lim u(r) = /\A,(lim_u(r), lim (w(r))" (W“)u'(r)), i=1,...k

i i i

lim+w(r)|u'|p(r)_2u/(r) — lim w(r)|u'|p(r)_2u'(r) (3.1)
r—r; r%ri’

= AD; < lim u(r), lim (w(r))" (p(r)_l)u'(r)>, i=1,...,ku0)

i

u(0) = u(T), lir%1+w(r)|u'|p(r)_2u'(r) = lirrT1_w(r)|u'|P(T)_2u'(r),

has no solution on 0L2.
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(2°) The equation

k
>, Di(,0) =0,
i=1

=l =

T
w(l) = %Lf(r, 1,0,S(I))dr +

has no solution on 9Q N RN,

(3°) The Brouwer degree dg[w, QN RN, 0] #0.
Then (1.1) with (1.2), (1.8) and (1.4) has a solution on Q.

Proof. Let us consider the following impulsive equation:

) k
(w(r)|uflp(r)72u’) = ANf(u) +(1-1) [QNf(u) + % > Dl], re(0,T), r#r;,
i=1

lim+u(r) = limu(r)=1A;, i=1,...,k,

lim w(r) |u’|p(r)72u'(r) - lim w(r) |u’|p(r)72u’(r) =\D;, i=1,...,k,
r—rf r—r;

u(0) = u(T), lin(} w(r) |u’|p(r)_2u'(r) = linT1 w(r)|u'|p(r)_2u'(r),
r—0* r—1I-

where A = (Ay,...,Ax) and D = (D4, ..., Dy) are defined in (2.23).

11

(3.2)

(3.3)

Forany A € (0,1], if uis a solution to (3.1) or u is a solution to (3.3), we have necessarily

ONy(u) +

k
> Di=0.
i=1

~l=

It means that (3.1) and (3.3) has the same solutions for A € (0,1].
We denote N(-,-) : PC' x [0,1] — L! defined by

1 &
N(u,A) = ANf(u) + (1 - 1) [QNf(u) + ;1 Di:I,
where Ny (u) is defined by (2.32). Denote

1 k
O,:L' =L, u— (I—Q)N(u,x\)—f Z;‘ D;;

pr(u) = p(LA,AB,0,),

K,y (u)(t) = F{(p1 [r, <w(r))1(p)t(u) + )LZDi + P(@)L(u))>:| }(t), Vte0,T].

Ti<r

(3.4)

(3.5)

(3.6)

(3.7)



12 Journal of Inequalities and Applications

Let

k
Df(u,\) = Pu+ 1D A+ A% > Di+QN(u,\) + Ky (u)
1i<r i=1

(3.8)
= Pu+ .)LZAI' +

Ti<r

k
> Di+QNy(u) + Ky (u),
i=1

==

the fixed point of ®¢(u, 1) is a solution for (1.1) with (1.2), (1.8) and (1.4). Also problem (3.3)
can be written in the equivalent form

u=®f(u, ). (3.9)

Since f is Caratheodory, it is easy to see that N (-, -) is continuous and sends bounded
sets into equi-integrable sets. According to Lemma 2.3 we can conclude that @ is continuous
and compact for any A € [0,1]. We assume that for A = 1, (3.9) does not have a solution on
0Q, otherwise we complete the proof. Now from hypothesis (1°) it follows that (3.9) has no
solutions for (1, 1) € 0Q x (0,1]. For A = 0, (3.3) is equivalent to the following usual problem:

, k
~(wi ") QN+ 3 Di<nmu<r>, hm<w<r>>1/<P<”‘1)u’<r>>, re(n),
im1 r—7; r—r;

u(0) = u(T), h%w(r)|u'|'”">*2u'(r) = 11%17w(r)|u'|'”(”*2u'(r).

(3.10)

If u is a solution to this problem, we must have

k
JT £ (rur), o))" PN (), S(w) )dr+ 3 Dy ( lim u(r), im (w(r))l/(”(r)"l)u’(r)> =0.
0 i1 r—r; ror;

(3.11)

When A = 0, the problem is a usual differential equation. Hence
w(r)|u'|p(r)_2u’ =c, (3.12)

where ¢ € RN is a constant. Since #(0) = u(T), there exist t) € (0,T), such that (u')' () = 0,
hence (u')’ =0, it holds u =, a constant. Thus, by (3.11) we have

T k
f f(r,1,0,S)dr+ >’ D;(1,0) =0, (3.13)
0 i=1

which together with hypothesis (2°), implies that u = I ¢ 9Q. Thus, we have proved that (3.9)
has no solution (#,A) on 0Q x [0,1], then we get that the Leray-Schauder’s degree drs[I —
D¢ (-, 1),€,0] is well defined for A € [0,1], and from the homotopy invariant property of that
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degree, we have
drs[I - ®f(,1),Q,0] =dis[I - Ds(-,0),Q,0]. (3.14)
Now it is clear that the problem
u=®r(ul) (3.15)

is equivalent to problem (1.1) with (1.2), (1.8) and (1.4), and (3.14) tell us that problem (3.15)
will have a solution if we can show that

drs[I - @¢(-,0),,0] #0. (3.16)
Since Ky (-) =0, we have
1 & 1 &
D (u,0) = Pu+ = 21: Di+ QN (u) + Ko(u) = Pu + = ; D; + QNy(u), (3.17)

and then

k k
u=-®(u,0)=u-Pu-— > Di-QNy(u) = —% > D;-QNjf(u), onQ. (3.18)
i=1 i=1

Sl =

By the properties of the Leray-Schauder degree, we have
dis[T - ®4(,0),Q,0] = (-1)Ndp [w,Q N ]RN,O], (3.19)
where the function w is defined in (3.2) and dp denotes the Brouwer degree. Since by

hypothesis (3°), this last degree is different from zero. This completes the proof. O

Our next theorem is a consequence of Theorem 3.1. As an application of Theorem 3.1,
let us consider the system

(w) | " 7u) = g (r,u, ()" PO, S(w))
(3.20)
+e(rum), @) 0OV, Sw), ref,

with (1.2), (1.8) and (1.4), where e : JxRNxRNxRN — RN is Caratheodory, g = (g',...,gV) :
J xRN xRN x RN — RN is continuous, and for any fixed yo € RN, g'(r, 0,0, S(v0)) #0 if
v, #0, Vre J, i=1,...,N. Denote

z = r£1€1]n z(r), z" = H}SX z(r), for z € C(J,R). (3.21)
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Theorem 3.2. Assume that the following conditions hold:

(1°) g(r, kx, ky, kz) = k1 g(r, x,y, z) for all k > 0 and all (r,x,y, z) € ] xRN xRN xRN,
where q(r) € C(J,R), and1<q < q* <p~;

(2°) iy o] 400 (e(r, 10,0, S(w)) / (Ju] + [0))7) = 0, for r € J uniformly;
(3%) K |Ai(u,0)| < C(1+ |u| + [0])%,¥(u,v) € RN x RN, where 0 < 6 < (p~ = 1)/ (p* - 1);
(4% 3K IDi(u, )| < C(A + [u| + [0]))P !,V (u,v) € RN x RN, where 1 < f < g*;

(5%) For large enough Ry > 0, the equation
1" 1 &
wg(l) := Tfo 8(r,1,0,S()dr + = ; D;(1,0) =0, (3.22)

has no solution on dB(Ry) N RN, where B(Ry) = {u € PC' | ||lu|l1 < Ro};
(6°) dp[wy, b(Ro),0] #0 for large enough Ry > 0, where b(Ro) = {x € RN | |x| < Ro}.

Then problem (3.20) with (1.2), (1.8) and (1.4) has at least one solution.

Proof. For any u € PC!, L e [0,1], we denote

Ny, () = g(ru, ()" OV, S@w)) + de(r,u(r), @) POV (r), Sw).  (323)
At first, we consider the following problem:

<w(r)|u'|p(r)_2u'>, =Ny (), re(0,T), r#r,

limu(r) - limu(r) = A;, i=1,...k,

r—r;

(3.24)
lim z0(r) |u’|p(r)_2u’(r) — lim w(r) |u’|p(r)_2u’(r) =D;, i=1,...,k,
T r—r;

i

u(0) = u(T), lir{)1+w(r)|u'|p(r)_2u'(r) = linTliw(r)|u'|P(r)_2u'(r),

where A; and D; are defined in (2.23).
According to the proof of Theorem 3.1, we know that (3.24) has the same solutions of

u=®s(u,\) = Pu+ ZAi +

Ti<r

k
> Di+QNy, (u) + K(©, (w)), (3.25)
i=1

=l =

where Oy, is defined in (2.33).
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We claim that all the solutions of (3.24) are bounded for each A € [0,1]. In fact, if

it is false, we can find a sequence (u,,A,) of solutions for (3.24) such that ||u,|; > 1 and
llunlli — +oo0 whenn — +oo. Since (uy, A,) are solutions of (3.24), we have

w(r)p(r,u,(r)) = p(un) + > D;i + F(Ny,, (1)) (1), (3.26)

1i<r

U (r) =u, (0)+ D A + F{(p‘l [r, (w(r))™ <p(un) + D+ F(Ny,, (uy)) (r)>] } (r). (3.27)

ri<r ri<r

Since u,(0) = u,(T), we have

ri<r

Ek] A+ F{<p-1 [r, (w(r))™ <p(un) +>'D;+F(Ny, (un))(r)>] }(T) =0. (3.28)
i=1

From Lemma 2.2, we have

E+1\?D a(p-1 -1
|p<un>|s3Nc<1+< . ) a0 el ). (3.29)

From (3°), (4°), (3.26) and (3.29), we can see that

.

L <o)l (330)

From (3.30), we have

l[4nllo _

oo uglly

(3.31)

Denote 6, = ([uhly/ lunllo, [1421o/ [unllo, - - -, [l |y / 1tnllo), then 6, € RN and |6, = 1
(n =1,2,...). Since {6,} possesses a convergent subsequence (which still denoted by 6,),
there exists a vector 8y = (6;,63,...,6)) € RN such that

6ol =1, lim &, = bo. (3.32)

With out loss of generality, we assume that 5} > 0. Since u, € PC', there exist 77}, € |
such that

, i=12,...,N, n=12,.... (3.33)
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Obviously

0<

frl (u}l)’(t)dt £ 3 al

"n nL<ri<r

T k
ul ()~ (nd) <ol [ ()¢t 3 [al]
i=1

(3.34)

Since |luxlli — +oo (asn — +oo) and §) > 0, according to (3.31), (3.33) and (3%), we
have

k
lim ;{ o(1)||un||1f2(w(t))_1/ PO gy 3 |A}|} - 0. (3.35)
i=1

n=4o0 |up (1) |
From (3.31), (3.34) and (3.35) we have

i AT _

nﬂﬂwu}l(n},) 1, for r € J uniformly. (3.36)
So we get
1/(p(r)—1) !
Un(r) _ 5., im (@) (1) =0, for r € J uniformly, (3.37)
n—+o ||y |y n—+oo ll4n |y

where 6, € RN with |61 =6),i=1,...,N.
From (1.4), we have

k T
D; i, (w ()Y POV S ()
l; +J1){g<ru w(r u u >+ 539)

+e(r,un(r), ()" POV (r)), S(un) fdr = 0.

Since gl(t, 60,0, S(60)) #0, according to (3.37), (4°) and the continuity of g, we have
k T i
> D +f leall? 7 {812, 60 + 0(1), 0(1), S(80)] + 0(1) }dt £0, (339)
i=1 0

it is a contradiction to (3.38). This implies that there is a large enough Ry > 0 such that all the
solutions of (3.24) belong to B(Ry), then we have

dis[I - ®s(-, 1), B(Ro),0] = dis[I - @4 (-,0), B(Ry),0]. (3.40)

If we prove that drs[I - ®¢(-,0), B(Ro), 0] #0, then we obtain the existence of solutions
(3.20) with (1.2), (1.8) and (1.4).
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Now we consider the following equation:

/ k
(o ()| ["772u') = ANg(u) + (1= 1) [QNg(u) + %ZD,], ref,

i=1

limu(r) - limu(r) = 14;, i=1,...,k,

T (3.41)
lim w(r) |u'|p(r)_2u'(r) - lim w(r) |u'|p(r)_2u'(r) =D;, i=1,...,k,
i r—r;
w0 =u(T),  lim w(r) | [P (r) = lim <o (r) |/ |7 (),
r—0* r—1-

where N¢(u) = g(r,u, (w(r))l/(’”(’)fl)u’, S(u)), A; and D; are defined in (2.23).

Similar to the above discussions, for any A € (0,1], all the solutions of (3.41) are
uniformly bounded.

If u is a solution of the following usual equation with (1.4):

N 1 &
<w(r)|ul|p(r) zu:> = QNg@) + = 3, D;, T €(0T), (3.42)
i=1
then we have
1< (r)-2
QN (u) + T > Di=0, wrn|u|"" " =c (3.43)
i=1

Since 1u(0) = u(T), we have w(r)|u/["”" 24’ = 0, it means that u is a solution of

T>

k
we(l) = % . g(r,1,0,S(1))dr + Zl Di(1,0) = 0, (3.44)

1
T

according to hypothesis (5°), (3.41) has no solution on [0,1] x dB(Ry), from Theorem 3.1 we
obtain that (3.20) with (1.2), (1.8) and (1.4) has at least one solution. This completes the
proof. O

Corollary 3.3. Ife : J x RN x RN x RN — RN is Caratheodory, conditions (2°), (3°) and (4°)
of Theorem 3.2 are satisfied, g(r,u,v, S(u)) = ¢ (r)([ul""u + |01 20 + |S(u) |1 25 (u)), where
(), q(-) € C(J,R) are positive functions, and satisfies 1 < q~ < g* < p~; then (3.20) with (1.2),
(1.8) and (1.4) has at least one solution.

Proof. Denote

k
> AD;(1,0). (3.45)
i=1

~l=

1 (T
H{ ) = Tfog(r, 1,0,S())dr +
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From condition (4°), we have

IDi(L,0)| < C(L+ [P, 1<p<gq (3.46)

Since ¢ is nonnegative, from the above inequality, we can see that all the solutions
of H(I,A\) = 0 are uniformly bounded for A € [0,1]. Thus the Leray-Schauder degree
dg[H(l,1),b(Ryp),0] is well defined for A € [0, 1], and we have

dp[wg, b(Ro),0] = dp[H(1,1),b(Ro),0] = dp[H(1,0),b(Ro), 0].

1T 17 - (347)
= — = — q\r)=
H(I,0) Tfog(r,l,O,S(l))dr Tj()(p(r)(|l| l+S(l)>dr,
then it is easy to see that H(I,0) = 0 has only one solution in RN and
dB [wg/ b(RO)/O] = dB[I/b(RO)/ 0] #0 (348)

According to Theorem 3.2 we get that (3.20) with (1.2), (1.8) and (1.4) has at least a
solution. This completes the proof. O

Let us consider

—(w(r) |u’|p(r)72u’>/ + f<r, u, (w(r))l/(p(r)fl)u’,S(u),6> =0, re(0,1), r#r, (3.49)
where 6 is a parameter, and

£(rw, () O, S(w), 6)
(3.50)
= g(r,u, ()" PO, S@w)) + 8h(r, 1, (w(r) POV, Sw)),

where g, h: ] x RN x RN x RN — RN are Caratheodory.
We have the following theorem.

Theorem 3.4. One assumes that conditions of (1°) and (3°)—(6°) of Theorem 3.2 are satisfied, then
problem (3.49) with (1.2), (1.8) and (1.4) has at least a solution when the parameter 6 is small
enough.
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Proof. Denote

fas(rru, () PO, S(w) )
(3.51)
= g<r, u, (w(r)Y P01y, S(u)> + )Léh(r, u, (w(r))Y P01y, S(u)).

Let us consider the existence of solutions of the following
()| ") + fus (r, () POV, S@)) =0, re©1), rEn,  (352)

with (1.2), (1.8) and (1.4).
Denote

pi(u,6) =p(A,D,Op,) (),

K{(u,6) = 1”{<P_1 [T, (w(r))™ <P§(u,5) +2.Di+ F(Oy, (u))(T)>] }

ri<r (3.53)
1 &
Ws(u, L) = P(u) + ZAi + T Z D; + QNy,, (u) + Kf(u,G),
ri<r i=1
where Ny, (u) is defined in (2.32), ©y,, is defined in (2.33).
We know that (3.52) with (1.2), (1.8) and (1.4) has the same solution of
u=Ws(u, ). (3.54)

Obviously, fo = g. Thus Ws(u,0) = ®¢ (1, 1). From the proof of Theorem 3.2, we can see
that all the solutions of u = Ws(u, 0) are uniformly bounded, then there exists a large enough
Ry > 0 such that all the solutions of u = Ws(u,0) belong to B(Ry) = {u € PC! | llull; < Ro}.
Since ¥5(-,0) is compact continuous from PC' to PC', we have

inf [lu—¥ .
ue;g(RO)llu 5(1,0)[l; >0 (3.55)

Since g, h are Caratheodory, we have
|F(Ny, () - F(Nys,(w))]l, — 0 for (u,1) € B(Ry) x [0,1] uniformly,as 6 — 0,
| pt(u,6) - pl(u, 6)| —0 for (u,1) € B(Ro) x [0,1] uniformly,as § — 0, (3.56)
||1<§(u,5) - 1<g(u,5)||1 —0 for (u,1) € B(Ry) x [0,1] uniformly,as 6 — 0.
Thus

[Ws(u, 1) = Wo(u, V)|l; — 0 for (u,1) € B(Ro) x [0,1] uniformly,as 6 — 0. (3.57)
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Obviously, Wo(u, A) = Ws(u,0) = Wo(u,0). Therefore
[Ws(u, L) — ¥s(u,0)||; — 0 for (u, 1) € B(Rp) x [0,1] uniformly,as 6 — 0. (3.58)

Thus, when 6 is small enough, from (3.55), we can conclude

u—Ys(u, A
(ul)eaB(Ro)xOI I 6 (u, Dl

) (3.59)
> inf |lu-%s(u,0)|; - sup |[¥s(u,0) — Ws(u, A)||; > 0.

u€dB(Ry) (u,))€B(Ro)x[0,1]

Thus u = Ws(u, A) has no solution on 0B(Ry) for any A € [0, 1], when 6 is small enough.
It means that the Leray-Schauder degree drs[I — Ws(u, \), B(Rp),0] is well defined for any
A€ 0,1], and

dLS [I - ¥ (u, )‘)r B(RO)/ 0] = dLS [I - ¥ (u, 0)/ B(Ro), 0] . (360)

From the proof of Theorem 3.2, we can see that the right-hand side is nonzero, then
(3.49) with (1.2), (1.8) and (1.4) has at least a solution, when the parameter 6 is small enough.
O

Now, let us consider the existence of solutions of (1.1) with (1.2), (1.3) and (1.4).

Theorem 3.5. Orne assumes that conditions of (1°)-(3%) and (5°)-(6°) of Theorem 3.2 are satisfied,
one also assumes that B satisfy

|B;(u,v)| < C(1 + [u| +|o))%, VY(u,v)eRN xRN, i=1,...k, (3.61)
where
i q—_ p(ri)-1<q" -a;, i=1,...,k, (3.62)
P(T‘z)

then problem (3.20) with (1.2), (1.3) and (1.4) has at least a solution.

Proof. We only need to prove that condition (4°) of Theorem 3.2 is satisfied.

(a) When |v| < M|B;(u,v)|, where M is a large enough positive constant, from the
definition of D, we can see that

ID;(1,v)| < C1|Bi(u, o) PU71 < Co(1 + [u] + |o]) %P~ (3.63)
Since a; < (g* —1)/(p(ri) — 1), we have
ai(p(r)-1) <q"-1. (3.64)

Thus condition (4°) of Theorem 3.2 is satisfied.
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(b) When |v| > M|B;(u, v)|, we can see that

)-1|Bi(u,0)|

D: , <C p(ri
| Z(u U)l — 3|U| |U|

= Cy4lvP")7?|Bi(u, v)|. (3.65)

(i) fp(r;) =1 21, since p(r;) -1 < g* — a;, we have

p(ri)-2+a;<q" -1,

(3.66)
IDi(u,0)| < Cs[ol"""|Bi(u, 0)| < Co (1 + |u] + [0 P72+,
Thus the condition (4°) of Theorem 3.2 is satisfied.
(ii) If p(r;) -1 <1, since a; < (g* — 1)/ (p(r;) — 1), we have
ai(p(ri)-1) <q" -1,
(3.67)

IDi(u,v)| < C7|oP "2 |B;(u, v)| < Cs|Bi(1, 0)[P" " < Co(1 + || + [o]) P,

Thus the condition (4°) of Theorem 3.2 is satisfied.

Summarizing the discussion, we can see that condition (4°) of Theorem 3.2 is satisfied.
Thus problem (3.20) with (1.2), (1.3) and (1.4) has at least a solution. O

Corollary 3.6. Ife: ] x RN x RN x RN — RN is Caratheodory, (3.61), (3.62) and conditions (2°)
and (3°) of Theorem 3.2 are satisfied, g(r,u,v, S(u)) = ¢ (r) ([u)""2u+|0|"" 20 +|S ()| 72 (u)),
where ¢(r), q(r) € C(J,R) are positive functions, and satisfies 1 < g~ < g* < p~; then (3.20) with
(1.2), (1.3) and (1.4) has at least one solution.

Proof. It is easy to see that from the proof of Corollary 3.3 and Theorem 3.5. We omit it here.
O

4. Examples

Example 4.1. Consider the following problem:
—(w(t)|u'|p(t)_2u'>l + |77y + w(t) |u’|q(t)_2u’ +Su)(t)=0, te],

. . . -1/2 . 1/ (p®-1), 1oy |2 1/(pt)-1),
limu(t) — limu(t) = Im|u(t)|” “u(t) + hm|(w(t)) u'(t) (w(t)) u'(t),
t—t] t—t7 t—t7 t—t7

limw(t) | PO ()~ limeo (£) [o [P0 () = lim e (t) Pu(t) + lim (@ () PO (1) (t),
— l* t—t; t—t; t—t;

w(©) =u(T),  limw@)|u "7 () = lim w()|u "7 (),

(51)

where p(t) = 6 +sint, q(t) = 3 + cost, S(u)(t) = fOT(sin st+ 1)u(s)ds.
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Obviously, [u|7®2u + w®)|u|"72u + S(u) () is Caratheodory, g(t) <4 <5 < p(t), and
the conditions of Theorem 3.2 are satisfied, then (S7) has a solution.

Example 4.2. Consider the following problem:

~(w®) PO ) £, ()Y OO D, S (w)
+6h(r, u, (w(r))Y POy, S(u)) =0, teJ,
lim(t) — limu(t) = limue() ™) + lim | o) 0O 1 |_1/3(w(t))1/ (P01)y (p),

limew () [o P70 ()~ lim o () [o [P0 (£) = Tim | (8) P () + Tim (0 (£)Y COD | (8) 2 (1),
t—t; t—t; t—t; t—t;

! |P(7‘)—2

u(0) = u(T), lirrO1+w(r)|u u'(r) = 1irrT1_w(r)|u'|p(r)_2u'(r),

(52)

where
_ 1/(p)-1) 1
£ (o, M) PO, S(w)) = 2+ 2w (8) 702+ e @O L s,

T
p(t) =7 +cos3t, q(t) =4+sin2t, S(u)(t) = f (cos st + 1)u(s)ds.
0
4.1)

. _ _ 1/ (p(t)-1) 1 .
Obviously, [u|"®2u + w(t) || u’ + 6ue|”|+|(w(t>) | + S(u)(t) is Caratheodory,

q(t) <5 < 6 < p(t), and the conditions of Theorem 3.4 are satisfied, then (S,) has a solution
when 6 is small enough.
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