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We extend the Becker-Stark-type inequalities to the ratio of two normalized Bessel functions of the

first kind by using Kishore formula and Rayleigh inequality.

1. Introduction

In 1978, Becker and Stark [1] (or see Kuang [2, page 248]) obtained the following two-sided

rational approximation for (tan x)/x.

Theorem 1.1. Let 0 < x < or/2; then

8 tan x ar
< < .
a? —4x2 x a? —4x2

Furthermore, 8 and or? are the best constants in (1.1).
In recent paper [3], we obtained the following further result.
Theorem 1.2. Let 0 < x < ar/2; then

72+ (4(8 - x?) /7*)x? tanx a2+ ((w%/3) —4)x?

a2 — 4x? x a? —4x2

Furthermore, a = 4(8 — xr?) /r* and B = (o> /3) — 4 are the best constants in (1.2).

(1.1)

(1.2)
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Moreover, the following refinement of the Becker-Stark inequality was established in

3].

Theorem 1.3. Let 0 < x < ar/2, and N > 0 be a natural number. Then

PN (x) + ax

2N+2 tan x § PZN(x) +ﬁx2N+2

(1.3)
2 — 4x? x a2 — 4x?
holds, where Pan (x) = ag + a1x* + - - - + anx*N, and
D2n+2 (D2n+2 _ 1Y) 2 4.922n(x2n _ 1
an= 2t T S (14)

(2n +2)! (2n)!
where By, are the even-indexed Bernoulli numbers. Furthermore, p = an+1 and a = (8 — ag —
a1 (r/2)* = —an(/2)*N) /(7 /2)*N*? are the best constants in (1.3).

Our aim of this paper is to extend the tangent function to Bessel functions. To achieve
our goal, let us recall some basic facts about Bessel functions. Suppose that v > -1 and
consider the normalized Bessel function of the first kind 2, : R — (-0, 1], defined by

/4" o
nl(v+1),” '

Do(x) =2T(v + D)x7V ], (x) = Z

n>0

(1.5)

where, (v +1), =I'(v + 1+ n)/I'(v + 1) is the well- known Pochhammer (or Appell) symbol,
and J,(x) defined by [4, page 40]

Jo(x) = Zi(%)znw, x €R. (1.6)

nzon!F(v +1+mn)

Particularly for v = 1/2 and v = -1/2, respectively, the function 2, reduces to some
elementary functions, like [4, page 54] 21,2(x) = sinx/x and 2_1,2(x) = cosx. In view of
that tanx/x = (21/2(x)/2-1/2(x)), in Section 3 we shall extend the result of Theorem 1.3 to
the ratio of two normalized Bessel functions of the first kind 2,1 (x) and 2, (x).

2. Some Lemmas
In order to prove our main result in next section, each of the following lemmas will be needed.

Lemma 2.1 (Kishore Formula, see [5, 6]). Let v > -1, j,,,, be the nth positive zero of the Bessel
function of the first kind of order v, and x € R. Then

X Jor1 (%) _ < _@m) om
Z—IV(X) r;)oy, x, (2.1)

where m € {1,2,3,...}, and o™ = e jy2m is the Rayleigh function of order 2m, which showed

]v,n
in [4, page 502].
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Lemma 2.2 (Rayleigh Inequality [5, 6]). Let v > -1, and j,, , be the nth positive zero of the Bessel
function of the first kind of order v, m € {1,2,3,...}, and o™ = = 321 joam is the Rayleigh function
of order 2m. Then

(2m)
2 G];
]v,l < 0(2m+2)’ (22)
(2)
Z] - 4(v+ ) (2.3)

hold.

Lemma 2.3. Let v > -1, 2,,(x) be the normalized Bessel function of the first kind of order v, j,, the
nth positive zero of the Bessel function of the first kind of order v, m € {1,2,3,---}, o0 = 3% j;2m
the Rayleigh function of order 2m, and 0 < |x| < j, 1. Then

E(x) 2 (2, - %) —QQ“(S;) =2 +4(v+1) iAmem, (2.4)

m=1

where A, = ]1)10_1(;2m+2) o™ <.

Proof. By Lemma 2.1 and (2.3) in Lemma 2.2, we have

. Qv+ (x)

E() =(5 - %) 05
_ . _ 2(V+1)]v+1(x)
= (5 -#) == T (x)

- (1) P S

=4(v+1) <]51 - x2> ioﬁzm)xzm_z

m=1
- (2m) - (2m) 25)
:4(v+l)jfllzoq, xzm_2—4(v+1)20'v XM
m=1 m=1
=4(v+ l)]v1 [0(2) Zoﬁzm)xzm‘z] —4(v+ 1)Zo§2m)x2m
m=2 m=1

=i +4(v+ l)z []v1o_(2m+2) (Zm)]xm

£ ]3,1 +4(v+ 1)ZAmx2m

m=1

where A,, = j2 101(,2m+2) o™ < 0, which follows from (2.2) in Lemma 2.2. O
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3. Main Result and Its Proof

Theorem 3.1. Let v > -1, 2,,(x) be the normalized Bessel function of the first kind of order v, j,,,

the nth positive zero of the Bessel function of the first kind of order v, m € {1,2,3,...}, o™ =
Zn 1 Joa the Rayleigh function of order 2m, N > 0 a natural number, and 0 < |x| < jy1. Let

= (1= (2, /4w +1)) = Sy A2/ 232, and p = An.y. Then

Ron (x) +4(v + 1) AN+ L dnx) _ Ron(x) +4(v + LpxN+2

3.1
oy =X H(x) i1 = X2 oD
holds, where Ron (x) = j2, +4(v +1) X Apx® and
Ap= 208" 0, ne(1,23,...). (3.2)
Furthermore, X and p are the best constants in (3.1).
Proof of Theorem 3.1. Let
((EG) = 2,) /40 +1)) = Sy Apx™ (33)
H(x) = X2N+2 :
Then by Lemma 2.3, we have
e AnX® 2k
H(x) = T = ZAN+1+kx . (3.4)
X k=0
Since A, < 0 for n € N* by Lemma 2.3, H(x) is decreasing on (0, j,,1).
At the same time, in view of that lim,_, i E(x) = 4(v + 1) we have that A =
lim, ;- H(x) = (1-(j2, /4(v+1))-3N_ A, i/ ji by (3.3),and p = lim, - H(x) = AN
by (3.4), so X and y are the best constants in (3.1). O

Remark 3.2. Let v = —=1/2 in Theorem 3.1; we obtain Theorem 1.3.
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