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The goal of this paper is to give the asymptotically (), o)-statistical equivalent which is a natural
combination of the definition for asymptotically equivalent, invariant mean and A-statistical
convergence of fuzzy numbers.

1. Introduction

The concepts of fuzzy sets and fuzzy set operation were first introduced by Zadeh [1] and
subsequently several authors have discussed various aspects of the theory and applications
of fuzzy sets such as fuzzy topological spaces similarity relations and fuzzy orderings, fuzzy
measures of fuzzy events and fuzzy mathematical programming. Matloka [2] introduced
bounded and convergent sequences of fuzzy numbers and studied their some properties. For
sequences of fuzzy numbers, Nuray and Savas [3] introduced and discussed the concepts of
statistically convergent and statistically Cauchy sequences.

Quite recently, Savas [4] introduced the idea of asymptotically A-statistically
equivalent sequences of fuzzy numbers. In this paper we extend his result by using invariant
means.

2. Preliminaries

Before we enter the motivation for this paper and presentation of the main results we give
some preliminaries.
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By I, and ¢, we denote the Banach spaces of bounded and convergent sequences x =
(xx) normed by ||x|| = sup, |x,|, respectively. A linear functional L on I, is said to be a Banach
limit (see [5]) if it has the following properties:

(1) L(x) > 0if x, > 0 for all n;
(2) L(e) =1 wheree =(1,1,...);
(3) L(Dx) = L(x), where the shift operator D is defined by D(x,) = {xu+1}.

Let B be the set of all Banach limits on /.. A sequence x € I, is said to be almost convergent
if all Banach limits of x coincide. Let ¢ denote the space of almost convergent sequences.

Let o be a one-to-one mapping from the set of natural numbers into itself. A
continuous linear functional ¢ on I, is said to be an invariant mean or a o-mean if and only
if

(1) ¢(x) > 0 when the sequence x = (xi) is such that x; > 0 for all k,

(2) ¢(e) =1 wheree=(1,1,1,...),and

(3) ¢(x) = P(xo(x)) forall x € L.

Throughout this paper we shall consider the mapping o has having on finite orbits,
that is, 0™ (k) # k for all nonnegative integers with m > 1, where 0™ (k) is the m th iterate of
o at k. Thus o-mean extends the limit functional on c in the sense that ¢(x) = lim x for all
x € c. Consequently, ¢ C V; where V;; is the set of bounded sequences all of whose o-mean
are equal.

In the case when o (k) = k + 1, the o-mean is often called the Banach limit and V; is the
set of almost convergent sequences.

A fuzzy real number X is a fuzzy set on R, that is, a mapping X : R — I = [0,1],
associating each real number f with its grade of membership X (t).

The a-cut of fuzzy real number X is denoted by [X],, 0 <a <1, where [X], = {t € R:
X(t) > a}. If a = 0, then it is the closure of the strong 0-cut. A fuzzy real number X is said to
be upper semicontinuous if for each ¢ > 0, X 1([0,a +¢)), forall a € I is open in the usual
topology of R. If there exists t € R such that X(¢) = 1, then the fuzzy real number X is called
normal.

A fuzzy number X is said to be convex, if X(t) > X(s) A X(r) = min(X(s), X(r))
where s < t < r. The class of all upper semi-continuous, normal, convex fuzzy real numbers
is denoted by R(I) and throughout the article, by a fuzzy real number we mean that the
number belongs to R(I). Let X, Y € R(I) and the a-level sets be

X1, = [af,a5], [Y],=[bf,b5], a«€c[01] (2.1)

24
Then the arithmetic operations on R(I) are defined as follows:

(Xa@Y)(t) =sup{X(s) AY(t-5s)}, teR,

(XoY)(t) =sup{X(s) ANY(s—t)}, teR,

(X®Y)(t) =sup{X(s)/\Y<£> }, teR (2.2)

(X/Y)(t) = sup{X(st) AY(s)}, t€ER.
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The above operations can be defined in terms of a-level sets as follows:
(X Y], = [af +b], a5 + bS],
[X©Y], = [a] - b5, a3 - b],

[X®Y],|[ min af-b¥, max af-b*
ijel12) Mijetizy b

X7, = @7 @), ogx).

] , (2.3)

The additive identity and multiplicative identity in R(I) are denoted by 0 and 1, respectively.
Let D the set of all closed and bounded intervals X = [X%, XX]. Then we write X < Y,
if and only if X' < Y* and XR < YR, and

p(X,Y) =max{|xL-YL|,|xR-YR|}. (2.4)

Itis obvious that (D, p) is a complete metric space. Now we define the metricd : R(I)xR(I) —
R by

d(X,Y) = sup p([X],, [Y],) (2.5)

0<a<1

for X, Y € R(I).
We now give the following definitions (see [6]) for fuzzy real-valued sequences.

Definition 2.1. A fuzzy real-valued sequence X = (Xj) is a function X from the set N of
natural numbers into R(I). The fuzzy real-valued sequence X, denotes the value of the
function at n € N and is called the n th term of the sequence. We denote by w(F) the set
of all fuzzy real-valued sequences X = (Xx).

Definition 2.2. A fuzzy real-valued sequence X = (X) is said to be convergent to a fuzzy
number X, written as lim Xy = Xy, if for every e > 0 there exists a positive integer Ny such
that

d(Xx,Xo) <e for k > Np. (2.6)

Let c(F) denote the set of all convergent sequences of fuzzy numbers.

Definition 2.3. A sequence X = (X) of fuzzy numbers is said to be bounded if the set {Xj :
k € N} of fuzzy numbers is bounded. We denote by ¢, (F) the set of all bounded sequences
of fuzzy numbers.

It is easy to see that

¢(F) C €,,(F) C w(F). (2.7)
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It was shown that ¢(F) and €., (F) are complete metric spaces (see [7]).

3. Definitions and Notations

Definition 3.1. Two fuzzy real-valued sequences X = (X)) and Y = (Yk) are said to be
asymptotically equivalent if

: Xk .\ _
11£nd<?k,1> =0 (3.1)

(denoted by X L Y).

Let A = (A,) be a nondecreasing sequence of positive reals tending to infinity and
)11 =1and )L,H.l < .)Ln +1.

In [4], Savas introduced the concept of A-statistical convergence of fuzzy numbers as
follows.

Definition 3.2. A fuzzy real-valued sequences X = (X) is said to be A-statistically convergent
or S)-convergent to L if for every € > 0,

lim%|{keln :d(Xk, L) > e}] = 0. (3.2)

In this case we write S)-limit X = L or X — L(S,), and
Sy ={X:3L € R(I),S-limit X = L}. (3.3)

The next definition is natural combination of Definitions 3.1 and 3.2., which was
defined in [4].

Definition 3.3. Two fuzzy real-valued sequences X = (Xi) and Y = (Y%) are said to be
asymptotically S,-statistical equivalent of multiple L provided that for every e > 0

Xk
cd(=,L) >
(kena(%r)ze)

=0 (3.4)

limi
n A

sL
(denoted by X o Y) and simply asymptotically A-statistical equivalent if L = 1.

If we take A, = n, the above definition reduces to the following definition.
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Definition 3.4. Two fuzzy real-valued sequences X = (Xi) and ¥ = (Yx) are said to be
asymptotically statistical equivalent of multiple L provided that for every ¢ > 0,

liml{the number of k <n: d(ﬁ,L> > e} =0 (3.5)
n n Yk

(denoted by X o Y) and simply asymptotically statistical equivalent if L = 1.

It is quite naturel to expect the following definition.

Definition 3.5. Fuzzy real-valued sequences X = (Xk) is said to be (\,o)-statistically
convergent to L provided that for every ¢ > 0

1
A

lim—|{k €I, : d(Xok(m), L) > €}| =0 (3.6)

uniformly in m.

In this case we write S(y )-limit X = L or X — L(S(10)), and
Swe)(F) = {X :dL e R(): S()L,g)-limit X = L}. (3.7)

Following this result we introduce two new notions asymptotically (A, o)-statistical
equivalent of multiple L and strong (A, 0)-asymptotically equivalent of multiple L.

Definition 3.6. Two fuzzy real-valued sequences X = (Xi) and ¥ = (Yx) are said to be
asymptotically (A, 0)-statistical equivalent of multiple L provided that for every € > 0

X ok (m)
kel,:d ,L) >e
Yo.k(m)

S(L,x,g) (F)

1
lim—
n An

=0, (3.8)

uniformly in m, (denoted by X
equivalent if L = 1.

Y) and simply asymptotically (), o)-statistical

In case A, = n, the above definition reduces to the following definition.
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Definition 3.7. Two fuzzy real-valued sequences X = (Xi) and ¥ = (Yx) are said to be
asymptotically (o)-statistical equivalent of multiple L provided that for every e > 0

1 Xok(m)
lim— { the number of k <n : d ,L)>ep =0 (3.9)
n n Yo‘"(m)

S (F)
uniformly in m, (denoted by X > " Y) and simply asymptotically (o)-statistical equivalent

ifL=1.
We now define the following.

Definition 3.8. Let p = (pk) be a sequence of positive real numbers; two fuzzy real-valued
sequences X = (Xi) and Y = (Yj) are strongly asymptotically (A, 0)-equivalent of multiple L,
provided that

Jim Zd(x"“’") L>pk -0 (3.10)
m A\ Yoram '

L(p)
o] (F)
(denoted by X "2 Y) and simply strongly asymptotically (A, 0)-equivalent if L = 1.
o elIP)
If we take px = p for all k € Nwe write (X "~ YY) instead of (X
In case A, = 1 in above definition we get following.

V" 1(F)
“27 Y.

Definition 3.9. Let p = (px) be a sequence of positive numbers and let us consider two fuzzy
real-valued sequences X = (Xx) and Y = (Yx). Two fuzzy real-valued sequences X = (Xx)
and Y = (Yj) are said to be strongly asymptotically Cesédro equivalent of multiple L provided
that

ok (m)

5 Xk \
1imlzd< « ’,L> -0 3.11)
nm3

[Vie) 1F)
(denoted by X "~ Y), and simply strong Ceséro asymptotically equivalent if L = 1.

4. Main Results
Theorem 4.1. Let A, € A. Then

L
V(A;,a(r)] (F) %,\,(7) (F)

5
YthenX '~ Y;

S0 (F) V.7 1(F)
(2) X and Y €15 (F)and X "2 Y then X "%

(X’

Y

st (F) Vil 1(F)
B)X L YN (F)=X "2 YNnl,(F).
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VAP I

Vil 1(F)
Proof. Part (1):if € > 0 and X “Z7 7Y then

X & p Xk P
Zd<YG (m),L> > Z d<Y0 (m),L>
kel, ok(m) kEIn&d<X((,k (m))/Y(ak (m)) ,L>>e ok(m)

(4.1)
Xok(m
>eP|akel,: d Al ),L >et|.
Yo-k(m)
SE o (F)
Therefore X "~ Y. Part (2): suppose that fuzzy real-valued sequences X = (X)) and
SY(F
Y = (Y%) are in [(F) and X i) Y. Then we can assume that d(X(gk(m))/ Y(ok(m)) L) <
K for all k and m. Let € > 0 be given and N, be such that
Xo-k(m) e\1/p €
— : > (= < — .
An {kEI” d<Y0k(m)’L —<2> = 2KP (42)

for all n > N, and let

Xo‘"(m) € 1/P
Ly = {keIn.d<Y ,L>2<§) } (4.3)

ok (m)

Now for all n > N we have

izd<Xo'k(m)’L>p _ l Z d<Xo'k(m)’L>p + l d<Xo'k(m)’L>p
-)Ln kel, Yok(m) )‘n Kkelx Yo‘"(m) -)Ln K¢ Ly Yo‘"(m)
(4.4)
< 1 e 1

S RP ),
Sk T

P
Vi I«

[ )
Hence X Y. This completes the proof.Part (3): this immediately follows from (1)
and (2). O

In the next theorem we prove the following relation.

VA 1F) Sh o (F)

Theorem 4.2. Let 0 < h = infypy < sup,px = H < o0. Then X Y270 implies X Y.
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[VL(p)

ol (F) .
Proof. Let X "2 " Y and e > 0 be given. Then

1 X Py Xt "
sa S ) oL s a 2oty

An Yok (m) An Yo (m)
kel, Kelu&ed (X gk gy / Yok ) L)€

1 Xotom -\
i 2 d(YGk(m)’L>
L><s

n
keI,,&d(X(Uk o/ Yok om) -

X "
> = )y af Sz g 43)
A Yo (m)
kL& (X gk (uyy / Yok my) L) 2€
1 . inf py H
> = Z mm{(e) , (€) }

n
KeL,&d (X gk (i / Yok (/L)€

1 liok(m) . inf H
> : > min mt pr .
n{keIn d(Yok( ),L> _e} i {(e) ,(€) }

S(LM) (F)

Hence X Y. O

Theorem 4.3. Let fuzzy real-valued sequences X = (Xx) and Y = (Yx) be bounded and 0 < h =

L [v(ﬁfgw) y

SooF) ..
infypr <sup,px = H < co. Then X “200Y implies X

Proof. Suppose that fuzzy real-valued sequences X = (Xi) and Y = (Yj) be bounded and
€ > 0 is given. Since X = (Xi) and Y = (Yk) are bounded there exists an integer K such that
d(X(o-k(m))/Y(o-k (m)) » L) < K for all k and m; then

1 X gk () >”k 1 <X0k(m) >”k
-S4 L) =— d ,L

n
KETued (X gk )/ Yook gy L)

1 Xo-k(m) Pk
" 2 d(Yok(m)’L>
L) <e

n
kel &d (x(gk(m)) 1Y Gk

1
< T Z max { K" kH }
" KeLu&ed (X g ) /Y gk L) 2€

1
T Z max {e}P*

n
kel &d (X gk oy / Yok my) L) <€

< max{Kh,KH}%{k el,: d(iok(m),L> > e} +max{eh,eH}.

n ok(m)
(4.6)

VeP1(F)
Hence X "2 Y. O
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Remark 4.4. 1f we take o(k) = k + 1 in our results, all results reduce to the results of almost
convergence which have not proved so far.
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