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1. INTRODUCTION

This paper is devoted to the study of a multiplicity result for higher
order ordinary differential equations of the form

x"(6) + f(t,x(t)) =s on J=[0,2n],

. ‘ 1,
xD0) = xDQ2r), i=0,1,...,n—1, (1)
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where s is a real parameter and f: J x R — R is a Carathéodory function.
Throughout this paper, we assume that f is 2w-periodic in the first
variable. Assuming the following coerciveness condition

lim f(¢,x) = co uniformly in ¢ € J, (H)

x| —o00

we may consider the existence of multiple solutions of (1), the so-called
Ambrosetti—Prodi type problem. In 1988, among their general set-up of
differential operator L, Ding and Mawhin [3] have proved under the
assumption f{(¢, x) = g(x)+ e(t, x), where g is continuous with the
coerciveness condition and e is of Carathéodory type, uniformly
bounded by an L'-function, that there exist s, and § with s, < § such
that (1,) has no, at least one or at least two solutions according to
§< Sy, §=5 or s>5 When n is even, they require an additional
growth restriction on g. i.e. there exists v € (0, 1) such that

(g(x) —g)(x =) > —y(x—»)’, x,y€R.

In this case, assuming e(Z, x) = e(¢) has zero mean value, they also prove
that there exists s, such that (1;) has no, at least one or at least two
solutions according to s < §,, =S5, Or § > 5,.

Allowing joint dependence of (¢, x) in the nonlinear terms, Ramos
and Sanchez [6] deal with a number of situations in which one of the
above results can be established. Among others, when » is even and f
is continuous and coercive and the following condition holds: there
exists v € (0, 1) such that

(f(t,x) —f(t,y))(x —y) > —y(x —y)?, forall 1€ Jand x,y €R,

they prove the second result in [3].

In this paper, we give a similar result as Ramos and Sanchez [6]
with no restriction on the order n. More precisely, if f'is continuous
satisfying (H) and the following condition holds: there exists
M € (0, A(n)) such that

(f(t,x) = f(1,9))(x —=y) > =M(x — y)?, forallte Jand x,y € R,
(HI)
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where A(n)=n!/7"(n—1)""", then (1,) satisfies the conclusion of the
second result in [3].

The proof is based on the method of upper and lower solutions for
higher order ordinary differential equations introduced in [2] and an
application of coincidence degree.

In what follows, J=[0, 27]. Mean value X of x and the function X of
mean value 0 will be respectively defined by ¥ = /27 f02 " x(¢)dt and
%(t) = x(t) — %. C(J) will denote the space of continuous functions
defined on J into R whose derivative through order k are continuous,
C%_(J) the space of 27-periodic functions of C¥(J), L”(J) the classical
real Lebesgue space with the usual norm ||-||,. W*!(J) denotes the
Sobolev space of all functions x of C¥7! with x*~ absolutely
continuous and Wzk;rl (J) the space of 2m-periodic functions of W*'.

2. MAXIMUM PRINCIPLES AND THE METHOD OF UPPER
AND LOWER SOLUTIONS

Let L, : Fj. — L'(J) be defined by L,= D"+ MI, where D =d/dt, I is
the identity operator, M is a nonzero real constant, and

Fpo={xew"(J): xD0)=xD2n), i=0,...,n-2,
x7D(0) > xD(2m)}

DEFINITION | We say that L,, is inverse positive in F,_if L,x > 0 implies
x>0, for all x € Fj_ and L, is inverse negative if L,x > 0 implies x <0,
forall x € Fj .

We present some maximum principles for the operator L,,.

LEMMA 1 (Cabada [1]) Let A(n) =n!/x"(n—1)""". Then the operator L,
is inverse positive in F}_for M € (0, A(n)), and L,, is inverse negative in F}}
for M € (—A(n),0).

We notice that the second statement of Lemma 1 can be restated as
follows; D"— M is inverse negative in F}_for M € (0, A(n)).

Remark I By Lemmas 2.1 and 2.2 in [1], we have a strict inequality
version of Lemma 1 as follows; If M € (0, A(n)) (M € (—A(n),0)), then
L,x >0 implies x >0 (x <0) in £}, .
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Consider the periodic boundary value problem of higher order

x"(6) + (6, x(t)) =0 a.e. on J,

. ; 2
xD0) =xD2n), i=0,1,...,n—1, @)

where f:J x R — R is a Carathéodory function, i.e. f(-, x) is measurable
foreach x €R, f(t, ) is continuous for a.e. t € J, and for every r > 0 there
exists k, € L'(J) such that

/(& )| < hr(2),

for a.e. t€J and all xeR with |x| <r. We define lower and upper
solutions of Eq. (2);

DEFINITION 2« € W™!(J) is called a lower solution of (2) if

() +f(t,a(t)) >0 ae. tel,
a(0) = ol (27), i=0,1,...,n—2,
"D (0) > o (27).

Similarly, 8 € W™!(J) is called an upper solution of (2) if

B +£(8,8(1)) S0 ae teJ,
B89(0) = g9 (2r), i=0,1,....,n—2,
BrD(0) < gV (2m).

The following theorem is proved by Cabada [2], but here we give a
different proof for reader’s convenience, since part of the proof is useful
to continue arguments in the proof of Theorem 3 in Section 3. The
proof essentially follows Theorem 1.1 in [4].

THEOREM 1 Assume that o and (8 are lower and upper solutions of (2)
respectively with a(t) < B(¢), for all t€J. Also assume that f satisfies
that there exists M € (0, A(n)) such that

St a(t) + Ma(t) < f(1,x) + Mx < f(1, (1)) + MB(1),  (H2)

Sfor ae. teJ with a(t) < x < B(t). Then (2) has a solution x such that
a(t) < x(t) < B(1), for all t€ J.
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Proof Let us consider the modified problem

x"(6) + F(t,x()) =0 a.e. on J,

xD(0) = xD(27), i=0,1,...,n—1,
where F:J x R— R is defined by

J(6B8(0) —M(x = (1), i x> p(n),
F(t,x) = /(1. %), if at) < x < B(2),
f(ta() = M(x—a(h),  ¥fx<a(),

M is a real constant in (0, A(n)). We claim that any solution x of (3)
satisfies a(¢) < x(¢) < B(¢), for all ¢ € J so that it is a solution of (2). Let
Ji={ted: x(t)>p(1)}, ,={teJ: a(t) <x(t)<pB(t)} and J3={te J:
x(f) < a(t)}. Then on Jy,

x(8) = B™() = —F(1, x(1)) + f(1, B(2))
= —f(t, B(1)) + M(x(r) — (1)) + £(t, B(1))
= M(x(t) - B(£)) ae.

On J2,

X () = B (1) > =1 (1, x(2)) + (1, B(¢))
> M(x(t) — B(¢)) a.e. by (H2).

On J3,
x(t) = B (1) = —F(1, x(1)) + (2, B(2))
= —f(t, (1)) + M(x(1) — a(2)) +£(2, B(2))

> M(x(f) — aft)) — M(B(1) — a(1)) by (H2)
= M(x(t) - B(t)) ae.

Thus by the above three cases, we get
x" () — B (1) — M(x(r) — B(t)) >0 ae. J.
It is not hard to check that x — 3 € F7,_ and thus by Lemma I,

x(¢) < pB(t) forallteld.
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Obviously, a similar argument applies to show that
a(t) < x(t) foralltel.
Therefore we get
a(t) < x(t) < B(t), forallzeJ.

It remains to prove that (3) has at least one solution. To this purpose,
consider the homotopy

X () — (1 = \)Mx(1) + \F(t,x(t)) =0 a.e. on J

, , 4
xD0)=xD2r), i=0,1,...,n—1, @

where A €0, 1]. First of all, we will obtain a priori estimate for all
possible solutions of (4). Let x be a solution of (4). We do the case when
n is odd first. Multiplying both sides of (4) by x’ and integrating on J,

[xP)2 = (_1)("+1)/2)\/F(t, x(1))x' (1) dt,

where p=(n+1)/2. Now

| Fexopoar
= [ et = st = o) oy
+ [ 70 [ (10.000) = MO0~ o) ()
= [ w0+ M)+ [ (ex) + st} 0 a

J2

-I—/J}(f(l,a(t))+Ma(t))x’(t)dt—M/Jx(t)x’(t)dt

The integral in the last term is 0 and by the Carathéodory
condition, integrals [, |f(«, B(0)|Ix'()]dz, [, (£ x(2)||x'(¢)] dz and
[ 1f(a(0)]|X (1) de are bounded by ||A[[i[[x']lcc, for he L'(J)
determined by max{| ||, [|8llco} in the definition of Carathéodory
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function. Thus we get
2
)2 < / F(1,x(0) 1 (1) e

< 3(M A+ (|| )11l

<\ + Il )"l by Sobolev inequaity

37, - - . .
< _;(M+]|h1||l)||x(1’)||2 by Wirtinger inequality,

where M = 2rM max{||a|| ., |||} Therefore

37, _
IxP)|l, < \/ 5 (M llAlly),

and by Wirtinger inequality again,

XNl < \/?(MJr 1 lly)- (2a)

When 7 is even, multiplying both sides of (4) by X and integrating on
J, we get for p=n/2,

(1P| = (1 = M /, X(OF() dt — A /, Ft, x(0)%(6) dr.
Now

/JF(t’ x(2)x(¢) dt
- /J ({6, (1)) — M(x(t) — B(1)))5(1) d
+ ’ f(t,x(2))x(¢) dt —i—/ (f(t,a(t)) — M(x(1) — a(t)))fc(t) ds

J3

:/(f(t,ﬁ(t)+Mﬂ(t)))?(t)dt+/ (f(t,x(1)) + Mx(1))X(r) dt

Ji Ja

+/ (f(z,a(t)+Ma(z))fc(z)dt—M/Jx(t)fc(z)dt.

J
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Thus

(1P = M [ x(03)di - [ | 0te50) + Maw) sy a

Ji

/ ({6, x(8)) + Mx(1))5(r) d

J2
-l-/ (f(r, (1)) + Ma(t))x(2) dt],
J3
and we get
X5 < MIEIS + 3 + (1A [[)1%]]
< M||z|? + \/32” (M + || ||)]IX']l, by Sobolev inequality

3n
< M5 +4/5 5 (M)l @,
by Wirtinger inequality.

Since 0 < M < 1, we get

x|, < V3m(M + Hh1||1),
V2(1 - M)
and by Wirtinger inequality,
2T V2(1-M)
Therefore both (2a) and (2b) imply that
o V3m(M + |l
€'l € ——F——2=,
V2(1 - M)

for all possible solutions x of (4).

Claim that there is 7€J such that |x(7)|<m+1, where m=
max{||ce||oo, [|Ollco}- Suppose that the claim is not true, so let x(¢) >
m+ 1forall t € J. Then x(¢) > 3(¢) for all ¢ € J and by the fact that Sis an
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upper solution of (2), Eq. (4) becomes

XU () = (1= \)Mx(1) — AF(1, x(1))
= Mx(t) — M(t, B(1)) = AMB(1)
> Mx(t) + \"(1) — AMB(t) ae.

Thus
(x = AB)"(1) = M(x = AB)(t) >0, ae. 1€ J.
Since x — AS € Fj_for all Ae [0, 1], it follows from Lemma 1 that
x(1) < A\B(r), forallteJ.
Thus
18()] < x(2) < AB(1),

for all teJ and A €0, 1] and this is a contradiction. We may get a
contradiction by a similar argument for the case x(¢) < —m—1, for all
t € J, and the claim is verified. Now

o) < W+ [ TS
< Ix(@)] + 2n]¥

Vor3 (M + || ll,)

1
<m+1+ (1= M)

= M(/’ll),

and the a priori estimate is complete. For degree computations, we
reduce problem (4) to an equivalent operator form. Define L : D(L) C
CY.(J) — L'(J) by x+—x™, where D(L) = W} and Ny : C{ (J) —
L'(J) by

Nax(+) = =(1 = \)Mx(-) + AF(-, x(-))
so that (4) can be written as

Lx+ Nyx =0.
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By the standard argument [5], we can easily check that L is a Fredholm
operator of index 0 and N, is L-compact on € for any bounded open
subset Q in CY (J). Let Qo be an open bounded subset in C (J) with

Q0 D {x € Q) IIxlle < M()}.

Then by the a priori estimate, Lx + Nyx#0 for x € D(L)N 88, and
thus the coincidence degree D (L + N, $)o) is well-defined. Since the
linear problem

x"(t) — Mx(£) =0

does not have any nontrivial 27-periodic solutions, by homotopy
invariance property and Proposition I1.16 [5], we obtain

+1 = DL(L — MI, Qo) = DL(L + N(),Qo) = DL(L + Nl,Qo).

This implies that (3) has at least one solution in D(L)N €y and the
proof is complete.

3. MULTIPLICITY RESULTS

In this section, we shall apply Theorem 1 of Section 2 to get multiplicity
results of 2m-periodic solutions for higher order Ambrosetti—Prodi
type problems. Let us consider Eq. (1,):

x"(6) + f(t,x(t) =s onJ,
x®(0) = x(27), i=0,1,...,n—1,

where s is a real parameter and f:J xR —R is a Carathéodory
function. Throughout the remainder of this paper, sometimes without
further comment, we shall assume the following condition; there exists
M € (0, A(n)) such that

(f(t,x) —f(£,9)(x —y) > =M(x — y)?, forae. teJand x,y €R,
(HY')
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where A(n) is given in Lemma 1. We notice that (H1') implies the
condition (H2) in Theorem 1 and if f is continuous, then (H1') is
equivalent to (H1).

THEOREM 2  Assume that there exist sy and r(sy) > 0 such that

esssup f(2,0) < s1 < f(¢t,x)

teJ

for a.e. t€J and x € R with x < —r(s1). Then there exits sy < sy, possibly
so = —oo such that (1) has no solution for s < sy and at least one solution
Sfor s €(so, 51).

Proof Let s*=esssup,cs f(z,0), then constant functions o= —r(s;)
and =0 are lower and upper solutions of (1), respectively. Thus by
Theorem 1, Eq. (1,) has a solution for s = s*. We also see that if (15) hasa
solution X for § < sy, then (1;) also has a solution for s € [§, s1], since X
and —r(s)) are upper solution and lower solution of (1;) for s € [5, s1],
and —r(s1) < x(¢) for all z€J by necessary adjustment for r(s;). We
complete the proof by taking so=inf{s €R: (1,) has at least one
solution}.

For multiplicity results, we shall employ coincidence degree argu-
ments. Define L : D(L) C C3.(J) — L'(J) by x+> x™, where D(L) =
wil(J), and Ny : €9 (J) — L'(J) by

Nox(-) =f(,x() = s.
Then (1,) can be equivalently written as

Lx+ Nyx =0,

and it is well-known that L is a Fredholm operator of index 0 and N
is L-compact on ) for any bounded open subset Q in CJ (J).

THEOREM 3 Assume that there exist s| and r(s;) >0 such that

esssup f(£,0) < s1 < f(¢,x) (3a)
1eJ

Sfor ae. t€J and xeR with |x|>r(s)). Also assume that there
exists R=R(s\,f)>0 such that every possible solution x of (1),
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for s < sy, satisfies
el < R (3b)

Then there exists a real number so < sy such that (1) has

(i) no solution for s < s,
(ii) at least one solution for s = sy,
(iii) at least two solutions for s € (sy, $1]-

Proof We know that for 5o given in Theorem 2, (1,) has no solution
for s < 59 and at least one solution for s € (s, 1]

First, we show that s, is finite. It follows from (3a) and f
Carathéodory that

J(6,x) = =|si| = h(2),

fora.e. tand all x € R, where 4, is the L'-function determined by r(s) in
the definition of Carathéodory function. If (1,) has a solution x, then

s:%/Jf(z,x(t))dtZ ~s1] —%“hr“r

Thus so > —|s1| — 1/27||h,||; > —o0.

Second, we show existence of the second solution of (1) for s € (sg, 51].
Without loss of generality, let us assume that R > r(s;). Let 2 be an open
bounded subset in CJ (J) such that 2 D> {x € C2 (J): ||x||, < R};
then by (3b), the coincidence degree D; (L + N, ) is well-defined. Since
(1,) does not have solution for s> 59, by the common argument of
Ambrosetti-Prodi type problems [3,6], we get

DL(L + N&‘,Q) = 0, for s < s1. (30)

Let s € (s0,51], § € (s0,5) and let X be a solution of (15) known to exist
by Theorem 2. Then —R and X are lower and upper solutions of (1)
with —R < %(¢), forallt€ J. Let Q; = {x € C) (J) : =R < x(¢) < X(¢),
t € J}, then ; C Q. By (3b) and Remark 1, solutions of (1,) never lie on
0. Thus D (L + N, Q) is well-defined. To compute the degree, let us
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consider a modified problem:

x" () + F(t,x(1)) =0 a.e. on J,

x0(0) = x9(27), i=0,1,...,n—1, ®
where
f(t,%(1)) —s — M(x — x(1)), if x > x(2),
F(t,x) =< f(t,x) — s, if —R<x<x(1),

ft,—R) —s— M(x + R), if x < —R,

and M is givenin (H1’). By a similar argument as in the proof of Theorem
1, we get

DL(L + Np, Q()) = =+1,

for certain open bounded open subset 2y in C3, (J), where N is defined
by Ngx(-) = F(-, x(-)), and we also know that all solution x of (5) must
satisfy

—R< x(t) < %(t), foralltelJ

so that (1,) is equivalent to (5) in ;. Therefore, by the excision and the
additive properties of the coincidence degree together with (3c), we get

+1 = DL(L-l-NF, Qo) = DL(L—I—NF,Q]) = DL(L—I-NJ,Ql)

and

Consequently, (1,) has one solution in €, and another in Q \ Q;. Since
s € (89, $1] is arbitrary, the second part of the proof is complete.

Finally, the existence of at least one solution at s =s, can be proved
through a limiting process based upon a priori boundedness of possible
solutions as in [3].

THEOREM 4  Assume that f is a Carathéodory function and satisfies (H)
and (H1"). Moreover, assume that

lesssup f(¢,0)| < oo. (3d)
teJ
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Then there exists a real number so such that (1;) has

(i) no solution for s < sy,
(ii) at least one solution for s = s,
(iii) at least two solutions for s > sy.

Proof 1If f satisfies (H), then (3a) in Theorem 3 is valid for arbitrary
large s;. Thus it suffices to show that all possible solutions of (1;) for
s<s; are uniformly bounded. Let s<s; and x a solution of (1;).
Integrating both sides of (1) on J, we get

/ f(t,x(2)) dt = 27s.

J

From the proof of Theorem 3, we know that
J(t,%) + |s1] + he(1) 2 0,

for a.e.  and for all x € R. When # is odd, Multiplying both sides of (1)
by x’ and integrating on the period, we get for p=(n+1)/2,

(~ 1P P2 = /J S, X)X (1) de
_ / (£t x(0) + Is1] + (1)) %' (1) d1 — / ()% (1) .
J J
Thus

P11z < le'lloo/J(f(t,X(t)H Is1] + A (6)) de + 1]y 1%l
< ¥ lloo (2(s + Isl) + 211 el)

< ,/%E(hlsd + 1AAIDNX"]l,, by Sobolev inequality
< \/g;M(sl)Hx(")llz, by Wirtinger inequality,

where M(s,) = 2n|s;| + ||A,||;. Thus

flx2, < \/?M(Sl),
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and by Wirtinger inequality,

11 < M)

When 7 is even, multiplying both sides of (1) by X, integrating on J
and doing similar calculations, we get for p=n/2,

I3 < IIJ?IIOO/J(f(t,X(t)) + 1] + A (1) de + [|Al] 1X]] o
< I¥lloo (27 (s + Isi]) + 2012l )

2
< /S @nlsi] + A1) X1l by Sobolev inequality

2
< H—3—7FM(S1)I|X(")||2, by Wirtinger inequality.

1, < M),

We claim that for each possible solution x of (1,) and s € (s, 51], there is
to € J such that |x(zo)| < r(s1). Suppose the claim is not true, then there
exists a solution x such that

[x(8)| = r(s1), foralltel.
So if x(f) > r(s,) for all ¢ € J, then by (3a),

f(t,x(¢)) > s1, ae.inz.

Thus we also get

Thus
1
s = %Lf(z,x(t))dt > 51,

and this is a contradiction. Similarly, we may show a contradiction
for the case x(r) < —r(s)) and the claim is verified. Consequently,

k()] < )] + [ W) dr < r(sr) + 21,

fo

2127
V3

< r(sl) +

M(Sl).

The proof is complete.
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Remark 2 If the function A, determined by r in the definition of
Carathéodory is of L>°(J), then the condition (3d) in Theorem 4 is not
necessary.

COROLLARY 1 If f is continuous on J x R and satisfies (H) and (H1),
then there exists a real number sy such that (1,) has

(i) no solution for s < s,
(ii) at least one solution for s = s,.
(iii) at least two solutions for s > s;.

Consider the equation

x"(f) + g(x(t)) + h(f) =s on J,
x0(0) = x(2r), i=0.1,...n—1,

COROLLARY 2 If g:R — R is continuous such that

lim g(x) = oo,

|x|—00
and g is also such that there exists M € (0, A(n)) for which
(g(x) —g)) (x —y) > —M(x - y)’,

forall x,y € R. Then for any given h € L>°(J), there exists a real number s
such that (6s) has

(1) no solution for s < sy,
(ii) at least one solution for s = sy,
(iii) at least two solutions for s > s.
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