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We show that several of the classical Sobolev embedding theorems extend in the case of
weighted Sobolev spaces to a class of quasibounded domains which properly include all
bounded or finite measure domains when the weights have an arbitrarily weak singularity
or degeneracy at the boundary. Sharper results are also shown to hold when the domain
satisfies an integrability condition which is equivalent to the Minkowski dimension of the
boundary being less than n. We apply these results to derive a class of weighted Poincaré
inequalities which are similar to those recently discovered by Edmunds and Hurri. We
also point out a formal analogy between one of our results and an interpolation theorem
of Cwikel.
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1 INTRODUCTION

Let Q be a domain, in other words a nonempty open subset of R”, and
let W'2(Q), p (1, oo, denote the Sobolev space consisting of complex-
valued measurable functions defined on Q whose partial derivatives
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326 R.C. BROWN

exist in the sense of distributions and which is endowed with the norm
Hunﬂ;l,p = “u”Q;p + }Ivu”Q;p‘ (11)

Here the notation “||Vul|o, ,” signifies 32N | ||0u/dx;)| o, and

e = ([ 1ot dx)l/p. (1.2

If C (2) consists of the infinitely differentiable (or “smooth”) functions
on 2, we define W(l)"’ (€2) € W7 as the closure of C° () with respect to
the norm (1.1).

whP(Q) and th)”’ (€2) are classic and well-known function spaces with
many important properties and applications to almost all areas of
analysis. Among the most fundamental results concerning Sobolev
spaces are embedding theorems. We say that W=W"P(Q) or
Wy = WE(Q) is embedded in LY(Q) if W or W, C L7(2) and the natural
maps i: W— LYQ) or iy: Wy — LY(Q) are continuous. We express this
by the notation

W or Wy— LI(Q).
Likewise, when the embedding map i or i is compact we write
W or Wy L1(Q). (1.3)

Since our own results will parallel them, it is convenient to review some
of the most basic embedding theorems. These results are standard;
proofs and detailed discussion may be found in the books [1,12, or 24].

THEOREM A For any bounded domain 2,1 < p < 0o and q €1, p) then
W satisfies the embedding (1.3).

Remark 1.1 Theorem A is true even on domains of finite measure as
has been recently shown by Carnavati and Fontes [10].

THEOREM B If 1<p<N, p*:=pN/(N—p), q€[p,p*l, and Q is a
bounded domain, then

WP () — LI(S).

Further if g €[ p, p*) then the embedding is compact.
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Let C(2) denote the space of bounded continuous functions on 2

which have continuous and bounded extensions to 2. We also need

spaces of Holder continuous functions on Q. If Ae(0,1) and
D;(u) := Ou/0x; set

CNQ) = {u € C(Q): [Di(u(x)) — D;(u()| < |x = y'}.
These spaces are Banach spaces under the norms

”u“Q;oo ‘= sup iu(x)|’
xeQ

Heelllgyn = llullgyoo + max sup[Di(u(x)) — D; (u(y))]-
<i<N xpen

X#y

THEOREM C If A€(0,1), N<(1=XNp<oo, and Q is a bounded
domain, then

Wy — CMNQ).

If N < (1 — A\)p then the embedding is compact.

The attempt to extend Theorems B and C to the Sobolev spaces
W'P(Q) has been a continuing project in Sobolev space theory. Only
Theorem A holds on W'P(Q) for arbitrary (finite measure) ©, the
remaining theorems are not true unless additional conditions are
imposed on 2. There are a bewildering array of possibilities including
those satisfying various cone conditions [1,15] or twisted cone condi-
tions [3], being star shaped or convex [16,24], having a “minimally
smooth” boundary 09 [11,27], satisfying the segment condition [15],
being a Holder domain [26] or generalized ridge domain [14], etc. Many
of these conditions are quite technical, apparently mutually indepen-
dent, and the proofs of the embedding theorems using them are not easy.
One of the weakest, for at least the continuity of the embedding in
Theorem B, is due to Bojarski [5]; he requires that (2 satisfy the “Boman
chain condition” (see [6]). The Boman condition in turn implies that 2 is
a “John” domain and satisfies a “quasihyperbolic” boundary condition.
For a survey of the situation in 1979 which is still informative (see [15]).
More recent information can be found in [18].
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In this paper we are going to show that Sobolev-like embedding
theorems which mimic the Theorems A and B stated above hold on all
bounded as well as on a wide class of unbounded domains 2 if we
introduce weighted Sobolev spaces or Lebesgue spaces where the
weights have an arbitrarily weak singularity or degeneracy on 992. We
omit, however, consideration of Theorem C since an exhaustive
treatment of weighted extensions of that theorem may be found in [9].
Many of our results resemble the weighted embeddings given in the
book of Opic and Kufner [25] but with weaker conditions on 9.

The following are some examples of our general approach. Suppose
that d(x)= dist(x,02). Then we can show for a wide range of
1 <p, g < oo that '

WP (Q) e LI(Q; &) (1.4)

for any 8> 0 and p €[1, 0o) where L(Q; d°) denotes the weighted L”

space with norm
1/p
il = ([ b ax) "

Similarly if W"2(Q;d~?, 1), Wb?(Q; 1, d ~?) denotes the spaces having
the respective norms

lullgas,r,p = Nullgas + [IVullg, s

”u”Q;l,d*ﬂ,p = lullg + ”V“”Q;d"ﬁ,p’
we shall see that it is often the case that

WP (Q;d P, 1) > LI(Q), (1.5)
whe(Q;1,dP) —— LI(Q). (1.6)

Both (1.4) and (1.5) can hold on a class of quasibounded domains which
need not even be of finite measure. Furthermore they may be
generalized in many ways to include weights which go to zero or infinity
more slowly near the boundary than d” or d . In still other cases an
arbitrary weight can be attached to the gradient term or (e.g., (1.7)
below) the sign of 3 can be reversed.
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Embeddings like (1.4)—(1.6) and their generalizations should have
applications to the problem of proving the existence of weak solutions
to degenerate partial differential equations. We intend to explore this
kind of employment elsewhere. But there is another aspect of weighted
embeddings, particularly concerning those like (1.5) which we wish to
point out here. The spaces W'"?(Q;d 7, 1) share at least one property
in common with the interpolation spaces (Ao, 41)s,, for a Banach
couple given by the real method of interpolation. We know that
Wo(2) < LP(Q2) while the embedding of W into LP(2) is merely
continuous. But since (1.5) happens to hold when p = ¢, there is a chain
of spaces “interpolating” between W, and W which embed compactly
into L”(§2). This is analogous to a similar phenomenon shown to hold
for (4o, A1)e, ; by Cwikel [11].

The main contents of the paper are presented in Sections 3 and 4.
Sections 3 considers the case where no regularity condition at all is
imposed on J€2. Here we introduce an integrability condition “I;”
which is satisfied by all finite measure domains as well as by certain
quasibounded domains of infinite volume. We show that many
weighted embeddings (including (1.4) and (1.5)) which mimic Theorems
A-C exist on these domains and explore further the analogy between
some of these embeddings and interpolation. Section 4 introduces
another integrability condition “I;” that is weaker than the usual
Sobolev conditions. For bounded domains it is equivalent to the
Minkowski dimension of 9Q < N. It is too weak for the ordinary
Sobolev embeddings (the well known “rooms and passages” example
(cf. [14]) satisfies it), but it permits the embedding

WP (Q) = LI1(Q; dP) (1.7)

for sufficiently small negative 3 and ¢ < p. Thus this is a strengthening
of Theorem A, but at the price of a mild condition on .

We remark finally that several of the weighted embeddings presented
in this paper, especially in the case ¢ <p, are quite easy to prove;
nevertheless, they appear to be new.

2 PRELIMINARIES

In this section we fix notation and present certain technical lemmas
required in the main body of the paper.
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Suppose vy, v;, w are positive a.e. measurable functions (i.e. “weights”
defined on a domain © C R". Canonical examples of weights are powers
or monotone functions of “d(¢)”, the distance to the boundary function
introduced in Section 1. For 1 <p,q < oo we consider the spaces of
complex-valued measurable functions LY w) and WHP(Q; v, v1)
defined on Q and equipped with the respective norms

lll g = < /Q Wi“"') ” 1)

1
“u”Q?VOyVl,lyP = (“u”a;m,p + ”Vu“a;vl,p) /p‘

In all cases the derivatives in the gradient Vu are understood in the
distributional sense. In unweighted case (that is, when vo=v;=w=1)
we use the notation (1.1),(1.2). If v, Ip , vl"l/ P are locally L7’ integrable
where 1< p’' <oo is the conjugate exponent of p defined by 1/p+
1/p' =1 it is not difficult to show (see [22]) that W"2(Q;v,, v)) is a
Banach space. Likewise, if vo, v; are locally integrable it is routine to
prove that Cg° is dense in WYP(§2; vo, v1). This implies that we can define
Wy (Q; v, v1) (the analogue of Wy? () as the closure of C(€2) with
respect to the norm (2.1).

The notations B, g, B(t, R) or simply “B,” will denote the open ball
with center ¢ and radius R. A domain  is said to be quasibounded if

Illim dt) =0
tj—o0
and quasicylindrical if
sup d(t) < oo.
ted

The volume of a finite measure domain 2 will be denoted by |€2|. Given
€>0, we set Q= {reVd(r)<e} and QO = Q\Q(. If Q=R" we
interpret ), as the complement of B(0, 1/e).

Constants will be denoted by capital or small letters such as K, C, ¢,
etc., and may change their value from line to line. If we wish to
emphasize a change in the value of a certain constant we use subscript
notation and write K, Ky, etc. If F(f), G(f) are two expressions defined
on some underlying space of functions such that F(f) < KG(f) or
KG(f) < F(f) < K G(f) for fixed constants K, K; whose precise value is



EMBEDDINGS OF WEIGHTED SOBOLEV SPACES 331

immaterial to the argument, it will be often convenient to write
F(f)<XG(f) or F(f)~G(f), in the particular case F(f) < KeG(f) for
a small € we write F(f)=0(e)G(f).

The following lemma follows from invoking one of Theorems A, B,
or C on the unit ball followed by a change of variables.

LEMMA 2.1 Let 1<gq,p <oo, Then the inequality

/ a/p
/ |u? < K{R—q(N/p—N/q) (/ |u|P>q p+ Rq(l—N/p+N/q)< |Vu|”> }
B, B B,

(2.1a)

holds for all ue W'P(B,) with constant K depending only on N if
@O p>N;
(i)p<Nandp<q<p%

(iii) g < p.

Also if p > N the inequality (Which implies (2.1a))

1/p 1/p
sup |u(?)| < K{ R7N/P < / |u|1’) + R'N/p ( / |Vu|”) (2.1b)
t€B, B, B,

is true. Finally, the mappings from W'?(B,) to LY(B,) or to L>(B,) defined
by (2.1a) or (2.1b) are compact except when p =p* in (ii).

The next lemma gives a well-known necessary and sufficient abstract
condition for there to be a compact embedding of W'?(2; vo, v;) into
L2 w). Given a domain €, suppose C := {Q,};, is an infinite nested
chain of bounded domains, i.e.,

Qchc---CcYpCcQC---CQ,

such that

[o 0]

Q:UQ,,.

i=1
For proofs of the following fundamental result, see [8, Theorem 4.1]

or [25, Chapter 3, §17]. For the original unweighted prototype with
p=2, see [2].
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LEMMA 2.2 Suppose for all Q,€C,
WP (Q; v, v1) e LI(Q, w).
Then
WP (Q; v, v1) s LI(Q, w)

if, and only if, given €>0 there exists an integer n(e), and all ue
WP (4 vo, v1), such that for all n> n(e)

l[ull o, = Ol gsp,0,1,

holds.

The final tool we shall require is the Besicovitch Covering Lemma.
For the proof see [17, Theorem 1.1, p. 2].

LEMMA 2.3 If S is a system of cubes or balls covering a bounded
domain ) such that every t € is the center of an element BE S, then

there exists a subcovering T C S consisting of finitely many subfamilies
T,i=1,...,x(N), of S such that

(i) each I'; consists of mutually disjoint members of S;
(ii) each B €T intersects at most x(N) members of T ;
(iii) the number x(N) depends only on the dimension N.

Additionally if Q) is unbounded a subcover T exists satisfying (i)—(iii)
if the members of S are uniformly bounded.

3 WEIGHTED EMBEDDINGS ON A GENERAL CLASS OF
DOMAINS WITH NO REGULARITY CONDITIONS
ON THE BOUNDARY

In this section we prove some embedding results for weighted Sobolev
and Lebesgue spaces where the weights mainly are powers of d(f) and
are defined either on domains of finite measure or on a more general
type of quasibounded domain.
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DEerFINITION 3.1 A domain 2 is quasicylindrical if

supd(t) = D < oo,

te)

and quasibounded if

lim  d(r) =

teQ,|t]—o0

Clearly every domain with finite measure is quasibounded but the
reverse implication is not true.

DEFINITION 3.2 Qis an (I}) domain or Q € (L) if
(I:) there is a number p >0 such that [qd(r)"dt=M < co.

If this integrability condition holds for arbitrarily small u, we say that
Q is an (IJ') domain or Q € (I{’). This is to be distinguished from
Q € (Ig) which is equivalent to  being of finite measure.

Remark 3.1 The following properties of the (I;) condition are easily
verified.

() 2 € (I}) = Q is quasibounded.
(11)IerIJr then Q € I}, if 4/ > p.

(i) (13" mcludes non- ﬁnlte measure quasibounded domains. To see
this in R? for example, let 2 be the union of open adjacent squares
Spn=1,2,..., of edge length 1//n erected on the x-axis. Then on
Snd(t) < 1/(24/n) and for every u>0

21
/Qd(t)“dt < (1/2)#2}17# < oo

(iv) On the other hand, there are Q which are in (I+) for some p > 0 but
not in (I"). Again in R* we can let Q be the union of adjacent
squares S, with edge length 1/n'/3. Then d(r) < (1/2n')if t € S, and
Qe (L))if u>1.

(v) Let €2 be the union of progressively thin adjacent rectangles aligned
on the x-axis of length e” and thickness 1/n. Then

y e"—2/n
/Qd dt>4 22 TS

Thus there are quasibounded domains not in (L)) for any x> 0.
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THEOREM 3.1 Suppose 1 <q,p<oo, a,3,7vER, v is a weight, Q is
quasibounded, and 6 > 1. Then the embedding

WP (Q;d7, v)) —— LI(Q; dP) (3.1)
holds if
() g<p, Qe (1)), n>0,and
B> (q/p)y+ w1 - q/p); (3.2a)

(i) g=p and B> 7;
(iil)g>p,p>Norp<Nandp<q<p*,vi=d°, and

B> (q/p)y +6q(N/p— N/q)

> (¢/p)a— 8¢(1 — N/p + N/q); (3.2b)
(iv) p> N, Q is quasibounded, g = 0o, vi =d*, and
v/p + 6(N/p),
o> B0 N (320

Further, in Cases (ii)—(iv) the continuous embedding
Whe(Q,d?,v) — LY(Q;dP) (3.3)

holds if equality is substituted for strict inequality in the inequalities
B> of (ii) or in (3.2b) and (3.2c) of (iil) and (iv). The embedding is
also continuous in Cases (i1)—(iv) if Q is quasicylindrical or q=p* in
Case (iii).

Proof Case (i): On ), we have the chain of estimates

1/q
(/ dﬁlulq)
Qim
1/q

_ ( / dﬂ+(u—u)(l-q/p)]u|q)

Qai/m)

1-q/p

< (/ d”) ( dﬂ(p/q)—u(l—q/p)(p/q)~'yd7|u|l’)

Q1) Q1w

1-q/p 1/p 1/p
< M\P / dar {(/ d”’lul”) +</ v1|Vu|”) , (34)
Qiym) @ @

1/p
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where

M = sup dP(#/a)-11-4/p)(p/9)=7 < o
e

by (3.2a) and the quasibound?dness of Q. Finally, we take n large
enough that fQW") d" < e?(P=9)" and obtain that

</"<w dﬂlulq) - O(e){ (/n dv'"'p) e (/Q g 'V”'p> W}' (3.5)

Since d(7) is bounded above and below on Q/?? and this set is bounded,
we have as an immediate consequence of Theorem A that

WhP(Q;d7, v) = LI(QU/20); @By, (3.6)

(3.5) and (3.6) together with Lemma 2.2 now give (3.1).
Case (i1)): We have since 5> vy

</Q“/n) dﬂlulp) ’ B </Q(l/n) dﬂ—7+7|u|p) ’
cam{(fw) " (o)}

The proof'is completed in a way similar to Case (i) with n chosen greater
than 1/e. If we repeat these estimates on 2 instead of €, and € is
quasicylindrical or § = the embedding is obviously continuous.

Case (iii): For R>0let A:= B(0, R)NQ and for fixed e € (0, 1) and a
6 > 1 consider the cover

Cu:={B, = B(t,ed(1)): t € A}.

By Lemma 2.1 we have the inequality

/B |ul? < K{(ed(,)5)—q(N/p——N/q) ( /B Iul”)q/p
+ (ed(1)?)11=NIp+N[D) (/ lV’"u[”)q/p}‘
B,
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Moreover B, C Q2 and if s € B,, then
d(t) — ed(1)’ < d(s) < d(t) + ed(1)’.

Hence if e< 1/2

N =
IN
25
~ | U
S |
IN
N W
w
=

and so

|RCIZE {Kl(e)d(t)¢< /B d(s)wiuip)q/p
+Haladef (/B d<s>“lvmu|”)q/p}’ (32)

where

Ki(€) := Ke 4NIp=N/4),

Kj(€) := KetI=N/p+N/9)
¢ =B —(q/p)y—b6q(N/p — N/q),
0:=p5—-(q/p)a+69(1 = N/p+ N/q).

By (3.2b) and the fact that d(7) is bounded d(¢)* and d(¢)’ are uniformly
bounded by a positive constant M on . Thus (3.8) has the form

farsnnd(fane)" L ore)’]

(3.9)

where K(e) :=max{K;(e), Ky(¢)}.

Since A is bounded it follows from Lemma 2.3 that C, may be
decomposed into finitely many families I'y, ..., T'\ () of disjoint balls
where the number x (V) depends only on the dimension N and not on A.
Addition of (3.9) over I'; yields the inequality

[ d(s)’|ul? < KM{ ( /F | d(s)7|u|!’>q/p+ ( /F | d(s)alvulp>q/ ”}'
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Hence

ot |, it cxomel (o)
</da 'V"'p) p}' (3.10)

Here we use the elementary inequality > A¢ < (3" A4,)° for ¢>1
(where of course ¢=¢/p) on each of the right-hand integral terms.
Since (3.10) is independent of A, it remains true if  is substituted for
A in the left-hand integral.

By these arguments for Case (iii) we have shown that there is a
continuous embedding J of W'P(Q;d",d*) into LUy d%) if Q is
quasicylindrical. It is also clear that the proof did not require strict
inequality in the first inequality of (3.2¢) or that g < p*.

We next demonstrate that J is compact in Case (iii) if Q is
quasibounded, p<g<p* when p<N, and the strict inequality in
(3.2b) holds. Let € > 0 be chosen and take # large enough that d(r)? <
¢! TANIP=NID and d(1)? < M < 00 on Q- (This is possible by (3.2b).)
Let “Q” =),x), and apply the reasoning leading to (3.7)—(3.10) using
a bounded set A4 C €y, for the Besicovitch part of the argument. We
will end up with the equivalent of (3.5). By [12, Theorem 4.20] we can
always construct a nested chain C = {Q,};°, of bounded domains
such that each €2, €C has an analytic boundary and Q~§, € Q¢ p).
The compactness of J now follows by application of Lemma 2.2.

Case (iv): Let te Q""" where n>1/e. Then (2.1b) of Lemma 2.1,
(3.2¢), (3.7), and extension of the right-hand integrals to all of Q
imply that

sup |d(s Y u(s)| < Kelull v, r,p

s€B,

wheren =min{8 — (6N +~)/p, B+ 6(1 — N/p) — a/p} > 0.Consequently,
we may conclude again that

[4llg a0 00 = O€) (lll gy a7, p)-

The remaining details to establish continuity and compactness are
left to the reader.
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Remark 3.2 Note that the case py=a=F=+=0 in Theorem 3.1(i)
gives the extension of Theorem A to finite measure domains due to
Carnavati and Fontes.

By eliminating é by equating the right-hand expressions in the
inequality pairs (3.2b) and (3.2c) we obtain
COROLLARY 3.1 The compact embedding (3.1) is true if (a—+)/
p>1and
() g > p, Q is quasibounded, p > N or p< N and p < q < p*, and

B/q > (v/p)(1 + N/q— N/p) + (a/p)(N/p — N/q);
(i) g = o0, §2 is quasibounded, p > N, and

B>/p+ N(a—7)/p".
COROLLARY 3.2  Suppose 1 <gq,p < oo. Then the embeddings
Whe(Q) s LI(Q; dP),
Wi (Q;d P, 1) > LI(Q)
hold if
D) g<p, Qe ), and 3>00r Qe (1) and 3> 0;

(ii) B> p(N/p — N/q); Q is quasibounded, q> p, and either p> N or
p<Nandq<p"

One interpretation of Corollary 3.2 is that any bounded domain Q2
“nearly” satisfies the standard Rellich—Kondrachov compact embed-
ding theorems if we are willing to replace a regularity assumption on
O by a mildly singular or degenerate weight on the left or right side of
the embedding. However it is not essential that the weight be a power of
d(r). Tt is possible to generalize both Theorem 3.1 and Corollary 3.2
by considering an arbitrary weight w. We begin by replacing the
integrability condition (I}) by:

(If,) thereis a number p >0 such that [o w¥dt=M <oo.

Also the following conditions will replace the inequality possibilities
in (3.2b) and (3.2¢):
(H1) lim,_ 90 w(t)ﬁ (q/p)’yd(t)—qé(N/lJ Nig) _ =0;
(H1') lim sup,_, 50 w(t)ﬁ (q/")7d(t) 96(N/p—N[q) 00;
(H2) limsup, _, ao w(t)’"P*d(r)?® NP+ ND < oo;
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(H3) lim,_, go w(6)’~"Pd(1)~*™IP) = 0,
(H3') lim,_, g0 w(2)?"Pd(1)~* NP < o0;

(H4) lim sup,_, g0 w(2)?~©Pd(1)?0—NP) < oo,

(H5) There exist positive constants C, D > 0 such that

w

—
~—~—

N

<
Cc< (1

<D

=

~

on B, = B(t, ed(1)°) for ¢ sufficiently near 8.

With these conditions we can obtain the following extension of
Theorem 3.1.

THEOREM 3.2 Suppose 1 <q,p < oo, and § > 1. Then the embedding
WP (w7, vy) s LI(; wP)

holds if

() g<p, Qe (I},), and B, satisfy (3.2a);
(i) g=p and B> ~;
(iil) ¢ > p, Q is quasibounded, vi =d*,p> N or p< N and p < q < p*, and
the conditions (H1), (H2), (H5) hold,
@iv) p > N, Q is quasibounded, vi =d®, g = co, and the conditions (H3),
(H4), (H5) hold.

In Cases (iii)—(iv) the continuous embedding
Whe (s w, vy) — LI(Q; dP)

holds if (HU') is substituted for (H1) in (iii) and (H3') is substituted
Sfor (H3) in (iv). The embedding is also continuous in Cases (iii) and (iv)
if Q is quasicylindrical or in Case (iii) if g =p*.

Proof We just retrace the argument of Theorem 3.1. For (i) and (ii) we
substitute “w” for the distance function throughout. The condition
(I;;w) replaces (IZ). In the remaining parts we choose the same balls
B,= B(t, ed(1)°) in the cover and use w as the weight. In (iii), (H1) and

(H2) replace (3.2b); similarly (H3) and (H4) replace (3.4c), and so forth.
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It is easy to give examples of weights w with much weaker (or

stronger) degenerate or singular behavior at 02 than d(¢) or OB
For instance, we can define

up(x) = log(1 + (d(x))'"?)
uj(x) := log(l + (Uj_l(x))l/2>, j=12,...

Then for all 5

11m “}+1( )/uj(x) =

Set w:=uy; for some (large!) k. Since 1/2 <ds/d¢<3/2 if s€ B, with
€< 1/2, we see (provided d(¢)) is small enough that

uo(d(s)) _ log(1 + (d(s))/*) _log(1 + /3/2(d(1))'"*) g
) = e G s ) V3
uo(d(1) _ log(1 + (d(1)'?) _ log(1 + v2(d(s))""*)

uo(d(s)) ~ log(1 + (d(s))'"?) = log(1 + (d(s))'"?) <22,

so that

1 uo(d(s)) 3
23 S wldn) = V7

An inductive argument will show that the same bounds hold for
upe(d($)/upg(d(n), k=1,2, ...
In this case it will follow that:

COROLLARY 3.3 For g < p, any positive integer k, and 3 >0

Whe(Q) - LI(Q; ukﬂ),
WP (7, 1) e LI(Q) (3.11)

provided also Q) € (1 M + ) for any >0 unless g = p in which case Q may
be quasibounded.
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Notice that Corollary 3.3 does not apply if ¢ > p because (H1) is not
satisfied. However, if w(f) goes to zero more rapidly than d(¢) (e.g., take
w=e D) and ¢ > p then the embedding will hold when 8> (¢/p)y
and 8> (g/p)aand p> Norg<p“and p<N.

In these results we have not only replaced a cone condition on {2 or
a regularity condition on 92 by a weakly singular or degenerate
weight but also 2 need not be bounded. In the unweighted case the
embedding is almost never compact on unbounded domains; an
old result of Adams and Fournier (see [1]) shows that a necessary con-
dition for compactness of the embedding of W"?(Q) into L), ¢ > p,
is that

Jim M Q\B(0, R)| = 0

for all A > 0. (I}) or quasiboundedness are less restrictive conditions.

From an “interpolation” point of view in the case m =1 Corollaries
3.2 and 3.3 state that there exist (many!) nested chains of weighted
Sobolev spaces between W'7(Q2) and W'"?() enjoying the Rellich—
Kondrachov embedding property. For example, if we set w,'(:%(Q) =
W' (Qu, ", 1) and take 8> 3 we have

1) l, ]’ 17 1»
Wel(Q) € Woh € Wyh € - C Wh(Q) € Wph(9)

C Wil 5 (Q) C Wil (@) € - WP (Q),

with all the embeddings below W!'7(Q) being compact. We can
construct similar nested chains in the target spaces L7({2, uf ). Clearly
many other examples of the same kind using other families of weights
can be constructed.

The fact that the intermediate spaces W,I(:g(Q) compactly embed into
L) has a strong analogy to an abstract result of Cwikel [11]
concerning the real interpolation method. To understand the parallel-
ism we sketch a few of the essential ideas of the K-functional method of
interpolation. For a complete treatment of the theory see [3 or 28].
Suppose Ao, 4, are a pair of Banach spaces with norms [|(-)|| ., [|(-) Il
or “Banach couple” which are each continuously embedded in a



342 R.C. BROWN

Hausdorff topological vector space .A. We form the sum
Ao+ Ay ={a: a0+ ai; ap € Ay, a1 € A1}

and endow it with the norm

lall gy+a, := Inf {llaoll 4 + llarll, },
a=ap+ay

and the intersection A9 N A; with norm

lall 4yna, = max{|lall 4, llall 4, }-

Under these norms 4y + 4; and 49N A; become Banach spaces. For
a€ Ay+ A; and ¢ > 0 we define the functional

K(t,a) = nf {laoll, + dlaill )

a=agp+ay

and the interpolation space

0 /K . 74 /q
(Ao, A1)g, = {a € Ao + Ar: ||allg, == </0 ( (;a)) -;) < oo}.

The main result of the theory is that (4¢, 41)s, , equipped with the norm
[I(-)]l6,4 becomes a Banach space such that

AomAl;’(AO,Al)&q“"AO—FAlo (312)

Cwikel [11] proved the following result concerning interpolation spaces.

THEOREM D Let A, B be Banach couples and suppose that the linear
operator T: Ay+ A, — By + By is bounded. Suppose that T: Ay — By is
compact. Then T: (Ao, A1)o,q — (Bo, B1)e,q compactly for 6 €(0,1) and
pelL,ol.

The prototype of this theorem is a result of Krasnosel’ski [21]
who proved that if 7 mapped L”(R) continuously into L%(R),
1 <po,p1,q1 <00, 1 < gg< o0, and additionally 7 : L/ (R) — L (R) is
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compact, then T': L°(R) — L(R) where

1/p=(1-0)1/po+6/p,
1/g=(1-6)1/q0 +0/q1,

where 0 <0< 1.

The resemblance between (3.11) and Cwikel’s theorem is clear if we
take 4 = (WE(Q), W"P(2)) and B the pair of images of W§(Q), W"?(Q2)
in L) under the embedding map 7. Then W7 (Q; u[i], 1) “corre-
sponds” to (4o, A1)s,,- However this analogy is only formal; for (as
in the present case) when A, is a topological subspace of A, the
K-functional method is vacuous and gives the same intermediate space
for all 8, g — namely A4,. This follows because (see, e.g., [3, Theorem 2.9])
Ag=AoN A, is dense in (Ao, A1), for €(0,1), g€[l,00) and the
embeddings (3.12) entail that the norms ||(-)|lg,, and [|(-)||,, are
equivalent on 4y. Nevertheless, it may be of some interest that we can
exhibit chains of spaces intermediate between W, and W which are not
given by interpolation and yet have the behavior of Theorem D.

4 EMBEDDINGS WITH A WEAK INTEGRABILITY
CONDITION ON @

We now change the (I;) condition to allow p to be negative. We say that
Qis an (I,;) domain or “Q € (I,)” if

I7) thereis a number —N < u <0 such that [q d()*dt=M < co.
w

ProOPOSITION 4.1 If Q is an (1) domain, then 2 has finite measure.

Proof Suppose that Q is not quasicylindrical. Then for each n€Z
we can find z,€Q such that d(z,) — oco. Consider the ball B,=
B(t,,d(t,)) C Q. If s € B, then d(s) < 2d(t,). Hence

oo > [ dt)" > [ d)"
Jyor= f, o

> 2"d(t,)"| By
> |B(0, 1)[2#d(1,)" " — oo,

which is a contradiction.
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On the other hand, if {2 is quasicylindrical, then and (I ;) is true then
00 > /d(z)” > DHQ
0

where D =sup, ¢ o d(f) so that €2 has finite measure.

An (I ( ~) domain, however, need not be bounded. Suppose f: Z — R ™"
is any functlon such that (a) > 1" f(n) diverges (b) > 1" f(n) Y con-
verges. Let N=2 and C, be a family of pairwise tangent circles of radii
ro:=f(n) and centers ¢, with coordinates (f(n)+2 Z'l’"l f(k),0
Define

where (2, is the interior of the circle with radius (1 + €)r,, and center ¢,
and 0 < e < f(n). 2 is unbounded since ¢, — co. Further if ¢ € 2, then
d()> f(n)— |t — c,|. Introducing polar coordinates (with r:=|r—c,|)
we find that

2 p(l4€)f(n)
/dt) “</ / (fin) — r)"*rdrdé

<2m(14+6) 1/ (1= p) = 1/2 = ) ()" ™"

Thus €2 satisfies (I,).

There is a connection between the (I ) condition and the notion of
Minkowski dimension.
DEFINITION 4.1 Let0< A< N and r>0 and set

[(0Q + B(0,r)) N QY
PN-A ’

M(0Q) := lim sup MY (0Q;7),

dim(99) = inf{\: MH(09) < oo}

My (09Q;r) ==

The last two of these quantities are called respectively the -
dimensional Minkowski precontent and Minkowski dimension of 0S.
A consequence of the definition is that dim,, (9€2) < N. However this
dimension need not be strictly less than N. There exists 2 such that
M (99) = oo for all A€ (0, N) (see [13, Remark 4.3] and the associated
reference).
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Next, recall that a Whitney covering W of Q is a family of cubes Q
each of edge length Ly = 2%, k € Nand diameter Dy = Lo+/N such that
the following five properties hold:

(1) 2= U gew0;
(ii) the interiors of distinct cubes are disjoint;
(iii) 1 < dist(Q, 02)/ Dy < 4;
(iv) § < diam(Q,)/diam(Q,) if 01N 0, # 0;
(v) at most 12" other cubes in W can touch a fixed Q € W) further for
fixed t € (1, %) each x € Q lies in at most 12% of the dilated cubes 1Q,
QeWw.

It is known [27] that such a covering exists for any bounded Q.
Condition (iii) in particular means that there are fixed constants ¢y, ¢,
such that

cilg < d(S) <alg (41)

for any s € Q. Note that we can take in (4.1) ¢; = v/N and ¢; = 5v/N.
Now let n(k) denote the number of cubes in W, where

Wi :={QeW: Ly =2}

and k is a positive integer. The domain 2 is said to satisfy a Whitney
cube #-condition if there is a continuous increasing function
h: (0, 00) — (0, 00) such that n(k) < h(k) for all k> ky> 1.

The following lemma as well as (i) and (ii) of Lemma 4.2 were proved
in [7, Lemma 6.1 and Proposition 6.1] (also see [23, Theorem 3.11; 13,
Lemma 2.2]).

LEMMA 4.1  Let Q be bounded and \ € (0, N]. Then M},(082) < oo if, and
only if, n(k) < K2 for all k> ko where K and ko are finite positive
constants.

LEMMA 4.2 Suppose ) is bounded and let dim s o(02) = \. Then the
following conditions are equivalent:

A A<N.

(i) @ € I, for some p <0.

Moreover, if A < N, then the set of n for which (ii) is true is exactly the
open interval (—(N — X), 0).
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Proof We give here only the proof of the final part of the lemma. By
Lemma 4.1 and the definition of dimy, o(02) if dimu; () =A< N,
then A must be the least number such that n(k) < K2**. Therefore there
exists a subsequence {n(k))}, n(k;) = K2*9. Then as in Proposition 6.1 of
[7] we have that

/d(s)—(N—)\) Z K{f: 2kj(/\+(N-)\)—N} = 0.
Q =1

On the other hand if 0 > u> —(N — ), we find that

/ d(s)* < {KZ 2k<*-N—ﬂ>} < 0.
Q =1

Thus p may be an arbitrary element of (—(N — ), 0).

Lemma 4.2 shows that (I;) can be a very weak condition. For
instance, since it can be shown that John domains, domains satisfying
a quasihyperbolic boundary condition, domains satisfying a cone con-
dition or minimal smoothness conditions on their boundary or convex
domains have the property that 9Q has Minkowski dimension <N we
can conclude that the class of (I,;) domains includes all of these if |y is
small enough. At the same time, however, the condition is not strong
enough to yield the classical embedding theorems for it is routine to
show that it applies to domains of the “rooms and passages” type which
are counterexamples to these theorems.

We are now in a position to improve Theorem 3.1 when g < p.

THEOREM 4.1  Suppose Q) € (1) or equivalently that dimy, o(9€2) <
N+ u, and q<p. Then the compact embedding (3.1) of Theorem 3.1
holds if

B> —|ul(l-q/p). (4.2)

Proof The argument is exactly the same as for Theorem 3.1(i) except
that now p is negative and (1) is substituted for ().
COROLLARY 4.1  Suppose Q is (1,,), and q < p then
Whe(Q) e LI(; dP),
W (Q;d", 1) —— L1(Q)

if 0> B> —|u|(1 —g/p) and v < |p|(1 — g/p).
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Remark 4.1 This corollary which is an immediate consequence of (4.2)
says that W embeds compactly into LY(Q; d°) for some negative powers
of d(?) or into L() for sufficiently small positive v provided g <p, Q2
has finite measure, and satisfies the (I,) condition. Thus (I,) gives
a better embedding than Theorem A or the extension of it to
finite measure domains given in [10].

The next result includes the case ¢ > p but depends on much more
complicated arguments than those given for ¢ <p. We first present
some preliminary definitions and lemmas.

DEFINITION 4.2 A domain Q is said to be a (g, p)-Poincaré domain,
for 1 <p, g < oo if the inequality

(fu- unrl)l/qs k.0 [ IWI”)W
ug == Q" /Qu.

The constant K(p,q,Q) which is independent of u is called the
Poincaré constant of Q. If p=gq we call Q a p-Poincaré domain.

holds. Here

The question of exactly which domains are p-Poincaré or (g, p)-
Poincaré has been much investigated see e.g. [18—20]. The only fact we
need here, however, is that cubes are p-Poincaré and hence have a
Poincaré constant. We can then prove

LEmMMA 4.3 Ifge(l,p*lwhenp < Norg€ [1,00) whenp> Nand Q isa
cube, then

1 1
( / Iu—ugl") "< K(q,N>1Q|””+”"“/"( / qul”> ’
Q Q

for all ue W"7(Q).

Proof 1If g < p we obtain from the g-Poincaré inequality and Holder’s
inequality that

1/ 1/
([1u-wel") "< xamie!™( [ v q
Q Q

1/p
< K(g, N)|Q|"/N+V/a-1lp ( / IVuI”>
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Under the other conditions on ¢ we have by Lemma 2.1 and the
p-Poincaré inequality that

4 1/p
</Q|”~ueiq) SK(p,q,N){IQl”q’””(/Q |u_uQ|”)
1/p
+ l/N—l/q—l/p( v p) }
10| /Ql ul

1/p
< Ki(p.q, N)|Q|V/¥-Va-tle ( /Q quI”) .

LEMMA 4.4 If1<g<p<oo, wis a weight on Q and A is a measur-
able subset of QX such that o w < co. Let

 Jywu
Ugw ‘= wa .

Then for all ue LP(Q; w) and c € R,

(/Q Wi — uAi”) e 1<</Q ol — C|p> "
e )

Proof The Lemma extends [13, Lemma 2.3] and the proof is similar.
By the triangle inequality

(/Q wlu — uA,w|q>l/qS (/Q wlu — clq) 1/q+ (/Q wle — qulq)l/q.

But by Hélder’s inequality

(emst) " ([2)"
freenl(f) (1)
< (fear) (o) 7 ()

where

<
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Also by Holder’s inequality

(/Q Wl = cl") e ( /Q Wit — c|p)”" ( /Q W) <

The result follows by combination of these estimates.

DEFINITION 4.3 Suppose we are given a covering F by cubes of a
domain €. Let Qo, Q be respectively a fixed and arbitrary member of
F. We call a finite sequence of cubes {Q;},? joining Qo and On,=0Qa
Poincaré chain if

D QiNQ;#0, [i—jI<1,0<4,j<ng—1.
(i) max{|Qi[, |Qin1]} < K|QiNQiy1], i=0,...,np — 1 where

sup K(p, Q) < K < 0.
QcF

Further the number ny is called the length of the chain.

THEOREM 4.2 Suppose Q € (1) and bounded, 1 <p, q < oo,

Bz {a/p+N1/p—1/q)—1

y<(p—=Dlpl, a<(p—=D)(p|—N)+p—N, and that q€[p,p*] when
p<N. Then

Whe(Q,dY,d®) — LI(Q; dP). (4.3)

Further if additionally q €[ p, p*) when p < N and the conditions

(@) v/p < Blq+ N(1/q—1/p),
(i) B/q > max{a/p+ N(1/p — 1) — L,u}

are satisfied, then the embedding (4.3) is compact.

Proof Our strategy will be to first obtain a Poincaré-type inequality
and then derive (4.3) by means of a triangle inequality argument.
Our methods are similar to those of Bojarski [5] and Edmunds and
Hurri [13].
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Let W be a Whitney covering of . For Q € W define Q := (9/8)Q.
It is known (see [18, Proposition 6.1]) that there exists a Poincaré
chain C(Q) := {00, 01, .., Qng_l, Q} joining a fixed cube Qg € W and
an arbitrary Q € W. Let ng be the length of the chain and set Q,, = Q.
We are going to derive the inequality

1/q 1/p
I= (/ dPlu — uQ~0|q> < K(/ d"|Vu|"> : (4.4)
Q Q

We begin estimating the left side of (4.4). By the triangle inequality

17 < Z/Qlu—uélqdﬂ+Z/Qlué—uQ'Oquﬂ=ll+12.

Qew Qew

By the properties of Whitney cubes and the Poincaré inequality of
Lemma 4.3 which holds under the stated conditions on p,q and N we
obtain successively that

I = Z d(tQ)ﬂ/Qlu_quq

Qew

q/p
< 5 dleg) ([ (v

Qew

a/p
< Z d(t Q)ﬁ+q+N—qN/p—qa/p ( / | d"Vu|”)

Qew Q

q/p
< ( 3 xQ<t>d“|w|")

Q gew

q/p
<12V ( / d“qu[") : (4.5)
Q

Next using the triangle inequality and the chain C(Q) we have that

ko
oy 1948
23 [3 g g, P
j:

Qew
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By property (ii) of Poincaré chains we find that

kg

Z Iuéj - uﬂj—l'

=

5~ A -]
=3010n001" [ g v,

j=1 gt j-1

kg ~ _ ~
<3510 0 ([ le-val+ |, lo-va)
ko ko
.|~ 1+1/N 5 —1+1/N
=< (;IQA /Q ,. IVu|> + (I;IQ,-II /Q 5 1vu|>

ko 1/p
< Z IQj|—1+1/p +1/N—a/Np (é dalvulp) ,

Jj=0

the last inequality following from an application of Holder’s inequality.

Thus
ko 1/p 4
L=y / Z|Qj|—‘“’“/”-“/”"( /Q d“IVuI") d’.
J

0wV @ | j=0

Minkowski’s inequality for sums (for p # 1) then yields that

ko ar' Tk, qa/p
L < Z / [E IQj|(~1/P+1/N—a/NP)P'] [Z/Q dalvulp] d°
=0 /9

0ew /@ j=0

q/r'
< (/ dalvulp> /( NP( 1/p+1/N— Ot/NP)> dﬂ
Q Qew =0
< / 4°|Vuf,
Q

provided the sum involving the cubes in the Poincaré chain is finite.
However

0
Zd(ZQ,)Np (=1/p+1/N—a/Np) < Z 2—kNp’(—l/p+l/N——o¢/Np) (46)
k=0
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where H(k) is the number of cubes whose volume ~27*||. Since
is (I), by Lemmas 4.1 and 4.2 we can conclude that H(k) ~z 2KN+1)
A calculation shows that the sum in (4.6) is finite if and only if

a<(p—1)(-=p—N)+p—N.
If p=1 we get from (4.5) and Minkowski’s inequality that

qT1 kg 4
L= / sup |Q;[HH/Me/M [ / d*|Vul| 3d”
Q};‘y:v Q{[ogskg ’ ; 9
q q
< (/ dalvul) /(sup d(tQi)N(—l+l/N—a/N)> dﬁ
Q 0\ Qew
q/p
= (/ d"‘|Vu|") /dﬂ,
Q Q

provided
a<l-N= linlq(p—l)(—,u—N)+p—N.
p—1

This argument establishes the Poincaré inequality (4.4) when p < g <p*
and p< N, or p> N. By the triangle and Hoélder’s inequality (4.4) is

equivalent to
q a/p
/dﬂ|u|q5 1/ y +(/ d“]VuV’)
Q 0o Q

(o) ) Lo}

(4.7)

This establishes the continuity of the embedding (4.3).

We turn next to compactness. Suppose g&[p,p*) if p<N and
g €[1,00) otherwise. Take ¢ < 1 . If we repeat the previous argument
on Q(() then

Ii(e) := Z /Qlu—uélqdﬂ,

QeEW,

where now W, is a Whitney cover of §) and the cubes Q (including a
fixed cube Q) are elements of W.. Since QC§), we see that
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10|~ d(tQ)N < €". Therefore assumption (i) guarantees in the chain of
inequalities (4.5) that d(t)” TN ~9NP=9%/P < ¢ and so

q/p
I je( da|Vu|‘") .
Qg

Similarly the sum (4.6) if finite is also O(e). It follows that we have

q/p
/ lu — ug, |q<e</ d"‘qu|”> .
Q(e) (6)
Therefore
q q/p
/ dPlul? < |Qo™? / d? l/ u +€</ dalvu|p>
Q(f) Q(E) 0 o
RN 1/¢479 q/p
<o (L) () | ([
0o Q. Qo
a/p , 4/
+ e(/d"qu!p> < (ef/r+Nlp _N+B/q+l/q)(/ d|ul’ )
0
q/p
+e(/d"|Vu|"’) <e (/d’ylul”) (/d"IVuI") ;
Q Q

(by Assumption (i)). (4.8)

If we define {€,,} and {Q"} asin Theorem 3.1 and choose n > 1/e. Then
by (4.8) [lullqimgs , = Ollullg,4v 4o, and also as in Theorem 3.1 we can
show that W7 (Q d”,d%) embeds compactly into every LY(Q,,, d°). By
Lemma 2.2 the compactness of the embedding follows.

Remark 4.2 By Lemma 4.2 we can replace the conditions on «, 8,
involving v in Theorem 4.2 by conditions involving dim,, o(092). A
calculation shows that these are

@ < p(1 - dim(9%) + dim (%) -
8>—N+ (11‘}1;121(89),
7 < (V= dim(62)) (p — 1).
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Remark 4.3 The arguments of Theorem 4.2 remain valid even if
1=0; equivalently if  is an arbitrary bounded domain, but the
restrictions on «, (3, are more severe than in Theorem 3.1. However
since (4.7) will hold in this case when $>0 and a<p(l —N), by
substituting “u” =u —uy in (4.7) we get the weighted Poincaré-type

inequality
o\ /4 ) p
— U < a .
(fh=sal') <o)

We now apply Lemma 4.4 to the left side of this inequality, taking
w=d’, A=Q, q=p, c= ug, noting that g <p is possible when p > N.

This gives
1/q 1/p
(/ |u - ug,dﬁiq> < K(/ dO‘IVu|")
Q Q

for all nonnegative 3. A similar observation was made in [13]. The same
argument giving a (g, p)-Poincaré inequality of course will work for
0> u > —N. We also note here that when 3 > 0 it follows by the second
part of Theorem 4.2 that the Poincaré inequality is associated with a
compact embedding of W?(Q; 1,d*) into LI(Y; d°).

COROLLARY 4.2 If dimy, o(0) < N, g €[p,p*] when p < N, and

a < min{p(l — c}}rg (09)) + %}n& (0) = N, — N+ Np/q},

then
whe(Q;1,d%) — L4(R).

CoroLLARY 43 If Qe (l;), and a<(p—-D)(-p—N)+p-N
or equivalently o <p(l —dims.o(0Q))+dimp, o(0Q) — N  where
dimM,Q (89) < N, then

Whe(Q;1,d%) < L2 (R).

Proof Let p~ be chosen sufficiently close to but less than p so that
o :=(p~/p)a satisfies the inequality assumed for a. Then if §>0 is
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sufficiently small, application of Theorem 4.2 with 3=0 gives us the
embedding

WheT(Q;d 8, dY) e LP(Q). (4.9)

On the other hand, since we can choose é§ < |u|(1 — p~/p) Theorem 4.1
yields the inequality

”““Q;d—ﬁ,p— < K““”Q;l,p' (4.10)
But by Holder’s inequality
“vu”Q;d"',p‘ < |Q|1_—p~/pllvu”9;d0‘,p' (411)

Substitution of (4.10) and (4.11) into (4.9) gives us the desired
embedding.

Remark 4.4 Since it is known (see, e.g., [7]) that the compactness of
the embedding W"P(; vy, v) into LP(S;vy) implies the existence of
the Poincaré inequality, we have at once from Corollary 4.3 another
proof of the inequality

</Q.|u— u9|p>1/1’§ K(p,Q) (/Q d"‘IVu|P>l/p

where u € W"P(Q;1,d*), Q is a bounded (I;) domain, and a<(p—1)
(Iul = N)+p—N.
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