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We consider the Dirichlet problem for a class of nonlinear elliptic equations whose model
is —div(|Vu|"~*Vu) = |Vulf + g — div.f. We give a priori L™-estimates using symmetriza-
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1. INTRODUCTION

Let us consider the following model problem:

{ —div(|VulfVu) = |[Vuf’ +g—divf, in D'(Q),

ue WP (Q) N L), (1)

where g(x) € L™(Q) with m > n/p and f(x) € (LY())", g > n/(p—1),p > 1.
Our main result is an L>-estimate for a solution u of (1.1) which is also
Holder-continuous. In the case f = 0 similar results are contained in [8],
where the statements are given for any p > 1, but the proof seems to
work only for p > 2.

* Work partially supported by MURST (40%) and GNAFA of CNR.
t Corresponding author.
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The typical result we prove can be stated as follows: if the measure of
Q and the norms of f and g satisfy a suitable smaliness condition, then any
solution of (1.1) is bounded in L>°by a constant which depends only on the
data. According to [4,5,7,28,29] once we have an L*-estimate, we
immediately obtain the existence of a solution for problem (1.1). We
remark that in general the boundedness and then the existence of u
cannot be expected if one does not put any restriction on ||, fand g. As
a matter of fact one can exhibit problems like (1.1) which do not have
any solution (see [1,13,20]).

After some preliminary results in Section 3 we study a problem in the
general form

{ —diva(x,u, Vu) = H(x,u,Vu) —div f, in D'(Q), 12)

ue Wy (Q)NL*(Q),

where a(x,n,£), H(x,n,£) are Carathéodory functions satisfying sui-
table growth conditions on |£|. The main tools we use are symmetriza-
tion methods based on rearrangement properties (see e.g. [1,14,
29,31,32]). In Section 4 we show how the same method permits to study
a class of variational inequalities with an obstacle in the form

u € K(n),

/a(x, uVu)V(v —u)dx > /H(x, u, Vu)(v — u)dx
Q Q
+/ﬂfV(v —u)dx, VveK(n),

where 1€ L>(Q) and K(n) = {v € L®(Q) N W ?(Q), v > 1 a.e. in Q}.

As regards the case of an equation, the problem of finding a priori
estimates for solution of problems like (1.2) has been studied by many
authors, under various assumptions on H (see e.g. [1,14,20] for p =2,
and [8,18,21,25] for p > 1). We would like to remark that there exist
various papers where estimates and existence results are proved
for problems of the form (1.2) when H satisfies a sign condition (see
e.g. [3-5,7,10,28]). Estimates, existence and regularity results (like
Holder-continuity) for variational problems are contained for example
in [6,26,27,29].
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2. NOTATIONS AND PRELIMINARY RESULTS

Let  be an open bounded set of R”, n>1, and let w:Q—R be a
measurable function from 2 into R. If one denotes by |E| the Lebesgue
measure of a set E, one can define the distribution function p,,(¢) of w as:

w(t) = {x € Q: w(x) >1}|, teR.

The decreasing rearrangement w* of w is defined as the generalized
inverse function of u,,:

w*(s) = inf{s € R: p,(t) <s}, se€(0,|Q).
We recall that w and w" are equimeasurable, i.e.,
ww(t) = pue(2), teR.

This implies that for any Borel function # it holds that

12
| woweyax= [ e ) as
and, in particular,
W Nl oo = IWllLrg)y, 1<p< oo 2.1)

The theory of rearrangements is well known and exhaustive treatments
of it can be found for example in [12,19,22,30].

Now we recall two notions which allow us to define a “genera-
lized” concept of rearrangement of a function f with respect to a given
function w.

DEFINITION 2.1 (see [2]) Let fe L'(Q) and w e L'(Q). We will say that
a function £, € L'(0, |Q)) is a pseudo-rearrangement of f with respect to
w if there exists a family {D(s)};c (o, Of subsets of Q satisfying the
properties:

@) [D@s)|=s,
(11) 51 < 8= D(S]) C D(Sz),
(iii) D(s)={x € Q:w(x) >t} if s= p,,(2),
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such that

_ d o
fuls) =1 D(S)f (x)dx, in D(Q).

DEFINITION 2.2 (see [23,24]) Let fe L'(Q) and w € L(2). The follow-
ing limit exists:

: (W+)‘f)*_W*_ *
Jim ) =/
where the convergence is in LP(Q)-weak, if f€ L7(Q2), 1 <p < oo, and in
L>(Q)-weak®, if fe L™(2). The function f,; is called the relative
rearrangement of f with respect to w. Moreover, one has

i) =, in (@),

6= [ s@acs [T ()10
s) = x)dx + wew(s) ) (0) do.
w>w*(s) 0 { (=)}

The two notions are equivalent in some precise sense (see [11,12]). For
this reason we will denote both f,, and f* by F,. We only recall a few
results which hold for both the pseudo- and the relative rearrangements.
If fand w are non-negative and w € WOI’1 () it is possible to prove the
following properties:

F(x)dx = Fo(pw(t) (1, (1)), forae. r>0; (2.2)
”FW”LP(0,|Q|) < ||f||Lp(Q)» 1 <p<oo. (23)

The proofs of (2.2) and (2.3) can be found in [2] (for pseudo-
rearrangements) and in [28,29] (for relative rearrangements).

We finally recall the following chain of inequalities which holds for
any non-negative w € W,”(Q):

dt w>t

nCM" (1)~ < ——q—/ |Vw|dx
dt w>t

< )" (-3 [ wara)” ey
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where C, denotes the measure of the unit ball in R”. It is a consequence
of the Fleming—Rishel formula [15], the isoperimetric inequality [9] and
the Holder’s inequality.

3. A CLASS OF NONLINEAR EQUATIONS

In this section we will show how it is possible to obtain uniform L°°-
estimates for bounded solutions of (1.2) under smallness assumptions
on the data. Let u be a solution of the problem.

{ —diva(x,u, Vu) = H(x,u, Vu) — divf in D'(Q), 61)

u e Wyt(Q) nL*(Q),

where (2 is a bounded open set of R”, and the following assumptions are
made:

- a(x, 58 OxRxR"—>R" is a Carathéodory function which
satisfies, for a.e. x €2, any s€ R and any £ € R”,

4 P
{ (x,5,6)€ > al¢f, (3.2)

Ja(x,,€)| < Blb(x) + |1~ + 1€,

for some >0, 3>0, 1 <p<n, beL”'(ﬂ);
- H(x,58):QxRxR"—R is a Carathéodory function which
satisfies, for a.e. x €2, any s€ R and any £ €R",

|H(x,5,8)] < y(x)IE + g(x), (3:3)

for some y€ L(), 0<y(x)< X a.e., ge L"(Q), m>n/p, g(x)>0
a.e.,;
~ f(x):Q — R" satisfies

fe(LQ), ¢>——. (3.4)
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LEMMA 3.1 Let u be a solutior of (3.1) under assumptions (3.2)—(3.4).
Define

ekl —1 Ap’
w= , k= .
a(p-1)

k
Then the decreasing rearrangement of w satisfies the following differential
inequality:

—w*(s n1/p s 1/p
(wio) < LoD (oo 177 ar)

nClrs1-1/n
kw*(s) + 1
ap’/pnCrll/”sl—-l/n

(3.5)

(Fuo(s)V?, ae.in (0,])), (3.6)

where 'is the decreasing rearrangement of y=a 'p'g+(\p’/a® )
|fIP" and F,, is a pseudo-rearrangement (or the relative rearrangement) of
| f/1” with respect to w.

Proof Let us define two real functions ¢,(z), #2(2), z € R, as follows:

{ ¢1(2) = eXr-Dll sign(z),
$a2(2) = (€ — 1) /k,

where k is as in (3.5). We observe that ¢,(0)=0 and, for z#0,
#1(2) >0, ¢h(z) > 0,

¢1(2)$5(12]) sign(z) = #y(|zD I (3.8)

(3.7)

4 - Lol =0. (3.9

Furthermore, for >0, 2> 0, let us put

sign(z) if |z| > t+h,
Sin(z) =< ((|2| — ) /h)sign(z) ift<|z| <t+h, (3.10)
0 if |z] <t

We use in (3.1) the test function v € Wol"’ (©) N L*(2) defined by

v=¢1(u)Sip(w) = o1(u)Seu(d2(|ul)),



L*°-ESTIMATES FOR NONLINEAR ELLIPTIC PROBLEMS 115

where w is given in (3.5). Using (3.10) we get

%/ a(x, u, Vu)Vu ¢ (u)¢s(|u]) sign(u) dx
t<w<t+h

= [ (5 9109100 — a9V 0) ()

+/ S w)Sep(w)Vudx

1

+ Sd1(u)ds(|u]) sign(u) Vudx. (3.11)
t<w<t+h

Taking into account (3.8) and Young’s inequality, the last two terms in
(3.11) can be estimated as follows:

/ F () Sip(w)Vudx + % / Fo1(u) @5 (ul) sign(u) Vudx
w>t t<w<t+h

a~ PP o o o
<— LS ¢ @)Sn(w)dx += [ [Vulf’ ¢ (u)S;a(w) dx
p w>t P Jw>t
a~P'p b ’q a Dl 7 d
+— L1 12 (lu))” dx + — [Vul?| g5 (lu])} dxx.
p t<w<t+h PN Jicw<i+h

(3.12)

Now (3.11), (3.12), (3.3), (3.8) and the ellipticity condition in (3.2)
imply

o IVl () Pl < /

w>

o
p'h A "——'u]Vu”S w) dx
p/h t<w<t+h t|: I¢1( )l p/¢l( ) ! | t,h( )

!

a~P'/p

+/W>t [g+$|f|p/] 1 () |S1,p(w) dx + o /t<wst+h|f|1"|¢'2(|u|)|pdx'

Using (3.9) and the definition of ¢;, ¢, in (3.7), the above inequality gives

1

h t<w<t+h

Vwf dx < / Y(kw + 1) S, (w) dx
w>t

1

+— 17" (kw + 1) dx, 3.13
— /wauu ) (3.13)
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where ¢=a"'p’g+(\p'/a? V)| fP". Letting h go to 0 in a standard
way we get

_i/ |Vw|? dx

/ Ylkw + 1)P"dx Jr(k“r ty (—%/v>t|f|pldx>.

Using Hardy—Littlewood inequality and (2.2) it follows that

(1)
—gi [ rax< [T+ 177 s
+(kta+l)p(‘“'»v(’))Fw(uw(t)), (3.14)

where F,, is a pseudo-rearrangement (or the relative rearrangement) of
|fIP" with respect to w.
Inequalities (2.4) and (3.14) give

, (2 1/p
nC (1) 77 < (=4t (1) ( /0 " g (5) o (5) + 1P ds)

kt+1
(

+ ab'lp N

10, (2)) (Fu (i (1)) 77

and then, using the definition of w*(s) we have

—w ‘/1’ 1/p
(—w*(s))’S[(Cl—/nH/T</¢ )Uew(7) + l)pldT)

kw*(s) + 1
ap’/pncr:/”sl—-l/n

(Fu(s)'"7,

that is (3.6).

In the case f=0 in (3.1), Lemma 3.1 can be slightly improved to
obtain:

LEMMA 3.2 Let u be a solution of (3.1) under the assumptions (3.2)—
(3.4) and f=0. Define

ekl _ | A
P k —m. (3.15)

W =
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Then the decreasing rearrangement of w satisfies the following differential
inequality:

1
a(nCy/"s1=1/ny’

s p'/p
(—w*(s))’s( / g*<f><kw*<T)+1>"“df) . (3.16)
Sfor a.e. s€(0,|Q)).

Proof We use the same arguments of the proof of Lemma 3.1. The only
difference is that now we take & as in (3.15). Instead of (3.11) we obtain

1

h t<w<t+h

= /w>t(H(x, u, V)i (u) — a(x, u, Vu)Vu ¢ (1)) Si4(w) dx.

a(x, u, Vu)Vu ¢y (1) ¢ (|ul) sign(u) dx

By ellipticity condition in (3.2) and assumption (3.3) we get

= VUl | ()P dx < /

h t<w<t+h w.

g glo1(w)|Sip(w) dx.

Letting /4 go to 0 and then using (2.4) we have

1/n 1-1/n , 1/p' 1 o (2) . k . o1 1/p
() < (i) (2 [ g0+ 17 as)

The assertion follows easily.

An immediate consequence of the above results is the following
uniform L*-estimate for solutions of (3.1).

THEOREM 3.3 Let u be a solution of (3.1) under the assumptions (3.2)—
(3.4). If f and g satisfy the inequality

!

1 no(p—1) (p’ _ N ., \P'/p
i e (19 gt S0
h

1-p'/
P' n(q(p - 1) - l) ’ (qpiQ|l/n-p’/(qp)”f”p'/p < a(p — 1)
a?'lrnc)/"\ q(p—1)—n 1

ap!
(3.17)
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where o =min(m, q/p"), then there exists a constant M, which depends only
onn,p,q,m,|Q,| fllg 1&llm» such that

ullo <M. (3.18)

Moreover, in the case where f=0, the estimate (3.18) holds if

I

1 |Q|p’/n—p/ mp)“g”p /p < - (3.19)

( Cl/n)p mp

Proof Let us first prove (3.18) under assumption (3.17). By Young’s
inequality Lemma 3.1 implies

Iy 1 . Yoo, Y
(—w*(s)) < (W/O Y (1) (—a(pp_ 1_)w (1) + 1) dT)

p' Ap’ . 1p
a?lpnCngi=1/n <a(p_ n"” () + 1>(Fw(s)) :

‘I

Integrating between 0 and || we get

!

Ap

Wl < ;('p—_—l)—A“W”oo + 4, (3.20)

where

“ 1 . Plp
ATA[Q&%;nyﬁwvwg

!

p l/p]
+—t — (Fy(s ds.
aP’/PnC,‘,/”sl—l/"( w(s))

Now we observe that
S
| e < il st
0

< (Ziap e tmgl,, + s g ot
(3.21)
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where o = min(m, g/p'). Furthermore, taking into account the fact that
q>p', property (2.3) gives

1 1
| s Fle) 7 as

< (ap=1) =D\ e £\
< | 12 IEwlly
g(p=1)—n

n(a(p = 1) = DD sy oo
S( qlp—1)—n ) IQ| I£127. (3.22)

Using (3.21) and (3.22) we can estimate the quantity 4 in (3.20),
obtaining that under assumption (3.17) the following inequality holds:

)\ !
— A <1
a(p-1)
Then (3.20) implies (3.18).
The proof of (3.18) under the hypotheses (3.19) and f= 0 follows
immediately from Lemma 3.2 and will be omitted.

Remark 3.1 Itiseasy to realize that the hypotheses of Theorem 3.3 can
be given in terms of smallness assumption on the norms of g and fin
suitable Lorentz spaces. For the sake of simplicity we will write it
explicitly only in the case f=0. We have that (3.18) holds if (3.19) is
replaced by

P s e

The finiteness of the integral on the left hand side is equivalent to the fact
that g belongs to the Lorentz space L(n/p, p’/p). It is well known that
such a space contains L™(f2), for every m > n/p. Finally we observe that,
for p =2, (3.23) reduces to the condition given in [14].

As we observed in the introduction the uniform estimate found in
Theorem 3.3 can be used to prove an existence result for problem (3.1).
In addition we have to assume the monotonicity condition

(a(x,n,&) —a(x,n,&))(& — &) >0 V& #&. (3.24)
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Indeed, using the arguments contained in [4,5,7,28] one can prove the
following:

THEOREM 3.4 Suppose (3.2)—(3.4), (3.24) hold. Under assumption
(3.17) (or f =0 and (3.19)) at least one solution of (3.1) exists.

Remark 3.2 We recall that, once a solution of (3.1) exists, then it is
automatically Holder-continuous. Such a statement is contained for
example in [28,29], where existence results are obtained under a sign
condition. However the proof of Holder-continuity does not make use
of such a hypothesis.

4. A CLASS OF VARIATIONAL INEQUALITIES

Let ne L>(Q2) and set K(n) = {v € L*(Q) N W(}“’(Q), v>naein Q}.
We consider the following variational problem:

u € K(n),
/Q a(e, uV) V(v — ) dx > /Q He w0 -ndy

+/ﬂfV(v—u)dx, Vv € K(n).

If u is a solution of (4.1) we still denote the function given by (3.5) by
w. Our aim is to derive for the function w = (w — ¢2(||nl|,,)),» Where ¢,
is defined in (3.7), a result analogous to one proved for w in Lemma 3.1.

LEMMA 4.1 Let u be a solution of (4.1) under the assumptions (3.2)—
(B4 andletw = (w — $2(||nll o)), with w and ¢, defined in (3.5) and (3.7).
Then the decreasing rearrangement of w satisfies the following differential
inequality:

B )

= 1/p
<L ([ 0 ow 0) + kel + 17 o)

4wt (1) + ke (lInlloo) + 1
a?'lrnCy/"st=1/n

F/7(s), (4.2)

where k, 1 and F,, are as in the Lemma 3.1.
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In order to prove (4.2) we need a preliminary lemma.

LEMMA 4.2 Let ¢, be the function defined in (3.7) and let t be a positive
number. If

$2(|2]) > da(lImllo) + 1. (4.3)

then there exists 6 > 0 independent of z such that
|2| > [Inll. + 6.

Proof Let t be a positive number. Then there exists § > 0 such that

Kl t0)g < 4.
with k defined in (3.5). If (4.3) holds one has e“/l—e*lInll= > k¢, that is

eklz=l) 5 1 4 fre=knlee > | 4 kfick? > k.

Proof of Lemma 4.1 As in the proof of Lemma 3.1 we will use a
suitable test function in (4.1) making use of the functions defined in (3.5)
and (3.7). Setting 6 = 1 4 ¢2(|| 9|l o), for 6 > ¢2(||n]|o0) and 4 > 0 we define

V=u-— égbl—(u)—SoJ,(W), (4-4)

61 ()l

where u € K(n) is solution of the problem (4.1) and 6 is chosen as in
Lemma 4.2. It is easy to verify that v € L*°(Q) N WO1 ?(Q); furthermore
we claim that v>n a.e. in Q (see also [29]). Indeed we observe that in
the set {w < 6} we have Sy ,(w) = 0 and then the claim is a consequence of
the fact that u€ K(n). On the other hand we have that in {w>
0=1t+ ¢>(|Inlloo)} the following inequality holds:

0< —¢1—(£)———S9,h(w) <1,

" (@)l

which implies v > u — 6. Recalling that w=¢, (ju|) and applying
Lemma 4.2 we have v > |||, + 60 and then the claim is completely
proved. We are now in a position to choose (4.4) as test function in the
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problem (4.1) obtaining
1

h O<w<6+h

< / (B, Ve (4) = a, s, V1) Vi (0) S )

a(x, u, Vu)Vu ¢ (u)dy(u]) sign(u) dx

+ / ¢ (u)Sop(w)Vudx
w>0
1

+ -
h O<w<6+h

So1()(|ul) sign(u) Vudx. (4.5)

Proceeding asin Lemma 3.1 we get an inequality similar to (3.13), thatis
1

- |Vw|? dx 5/ Ylkw + 1)P71 Sy 4(w) dx
h Jocw<o+h w>0

1 1Y ,,

+ - =) (kw+1)Pdx, (4.6)
h Jocw<orn \ @

where ) = a~'p'g + (\p' fa? )| fI7. Wesetw = (w — d2(|1nll.)), and

we observe that since 6> ¢5(||n||o) we have {w > 6} = {w > ¢} and

Sp.n(w) = S;4(W). Then (4.6) can be rewritten as

! |Vwl? dx < / Ylkw + k)P S, 4(W) dx
h t<w<t+h w>t
P _
+l (M) (kw + k)” dx,
h t<w<t+h \ &

where k = ko (|lnll,.) + 1.
At this point by the same argument as used in Lemma 3.1 we obtain
the assertion.

The previous lemma gives the following L*°-estimate.

THEOREM 4.3  Let u be a solution of (4.1) under assumptions (3.2)—(3.4).
If f and g satisfy the inequality

1 no(p-=1)(p _ ' ey NP
L nolp=1) (B qpin-timg) 4 20 qpin-r'fay ryp
(nC,,/ )P po—n \a al

1_ ’

p' (n(q(p —1) - 1)) P/ iﬂll/n—p’/(qp)” i <a(p —1)

o?PnCY"\ qp—1)—n a A
(4.7)
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where o =min(m, q/p'), then there exists a constant M, which depends
only on n, p, g, m, |, 1 fllg> 1gllm» ¢2(lInllco) such that

l[ulloe < M.

Proof Using Young’s inequality in (4.2) and integrating between 0 and
|©2] we obtain

15 < 2y Al + (g5 2ll) + 1)
where
|| 1 s o
=) K@ygmpﬂwvmﬁ

/

p 1/p
— & (F,(s ds.
aP'/PnC,f/"sl—l/"( ) }

We observe that the above quantity is the same A as appearing in (3.20).

As in the proof of Theorem 3.3, assumption (4.7) implies

/

Ap
—— A4 <1
a(p—1)

This means that
Wl < C,

where C depends only on#, p, g, m, |2, || £l > [1&]lm> #2(||7]|c0)- Recalling
that

N L)

+

we obtain the assertion.

As in the previous section the arguments contained for example in
[6,29], allow us to get the following:

THEOREM 4.4 Suppose (3.2)—(3.4), (3.24) hold. Under assumption (4.7)
at least one solution of (4.1) exists.
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Remark 4.1 In Remark 3.1 we have observed that the smallness
assumptions on the norms of g and fin Theorem 3.3 can be given in
terms of Lorentz norms. Also in the case of variational inequalities a
similar remark holds.

Remark 4.2 As in the case of equations, Lemma 4.2 can be improved
when f =0, in the sense that a version of Lemma 4.2 similar to Lemma
3.3 can be proved. In particular, one can show that, if f =0 and (3.19) is
verified, then both Theorems 4.3 and 4.4 hold true.

Remark 4.3 Asrecalled in Remark 3.2 for the equations, any solution
of (4.1) is Holder-continuous under the additional assumption that the
obstacle 7 belongs to WII(;Z(Q) with g > n (see [29]).
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