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For nonlinear parabolic problems in a bounded domain under dynamical boundary condi-
tions, general comparison techniques are established similar to the ones under Neumann
or Dirichlet boundary conditions. In particular, maximum principles and basic a priori
estimates are derived, as well as lower and upper solution techniques that lead to functional
band type estimates for classical solutions. Finally, attractivity properties of equilibria are
discussed that also illustrate the damping effect of the dissipative dynamical boundary
condition.
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1 INTRODUCTION

The aim of this paper is to develop a qualitative theory for parabolic
problems in a bounded domain under dynamical boundary conditions,
i.e. conditions of the form

o0+ cOu=pu+h

on a part of the time lateral boundary. Throughout we deal with upper
and lower solutions or with pairs of functions with separating parabolic
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468 J. voN BELOW AND C. DE COSTER

defect. First, we derive comparison techniques and monotonicity
properties of the flow similar to those in the nondynamical case. Then
we establish the existence of particular solutions notably the infimal and
supremal solutions obtained for a comparable pair of lower and upper
solutions. These techniques are applied in order to obtain attractivity
results for equilibria for reaction—diffusion-equations, that, in turn,
illustrate the damping effect of the dissipative dynamical boundary
condition on the convergence behaviour.

Suppose 2 CR” is a bounded domain whose boundary is decom-
posed into two disjoint parts

o0 =004 0,0,

where 8,Qis of class C? and relatively openin 8. Let v : 8,2 — R" denote
the outer normal unit vector field on 9,2 and 0, the outer normal
derivative. For 7> 0 we set Or = Q x [0, T'] and introduce the para-
bolic interior Q and the parabolic boundary qr as

QT=(QU629) X (O,T] and qT=QT\QT-

This terminology will be justified by the results below. We consider
general parabolic equations of the form

O = F(x,t,u, Vu, D*u) =: F[u]
and inequalities associated to them, where throughout we suppose that

F:QrxRxR"xR” —s R is increasing

with respect to ¢ = D%u. 1)

Here the order 4 < B between symmetric matrices means that the
matrix B — 4 is positively semidefinite. Unless otherwise stated, we do
not require strict monotonicity. Thus, many of the results below include
possible degeneracies of the principal part as e.g. the porous medium
equation.

On 0:92 x (0, T'] we prescribe an inhomogeneous Dirichlet condition,
while on 8,0 x (0, T'] we consider the dynamical boundary condition
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B(u) = 0 with
B(u) := a(x, t)0u + c(x, 1)0,u — p(x, t)u. (2)
Throughout we will assume the dissipativity condition
¢>0,0>0 ond2x(0,T] 3)

Without condition (3) blow up and nonuniqueness phenomena can
occur. Take e.g. the function u(x, £) = (T + x; — #)~ defined on the open
unit ball @ = {x € R"|||x||2 < 1}. Then u satisfies

O =1 (T+x1 — t+2)Au—2(T+ x1 — )| Vulf5

in Qx[0,T) and x,0u+ 8,u=0 on 0 x [0, T), while u blows up for
t=Tin Q and on 99.

2 COMPARISON AND MAXIMUM PRINCIPLES

The basic tool for comparing classical solutions is given by the following
lemma that generalizes the techniques developed in [11] and that can also
be used in more general cases [5].

LEMMA 2.1 Let ,v € C(Qr) N C* (Qr) satisfy
B(p) < B(y) on 9 x (0, T] 4)

and the test point implication

p=1v, Vo=V¢, Do <D at(x,1)€Qr

= Oip < O at (x,1). )

Then @ <1 on qrimplies p < in Qr.
Proof Suppose that ¢ <1 on gr. Set
t*=sup{r €[0,T]|p<v¥ on (QUN) x (0,7)}

and H=(QU8,Q) x {¢t*}. Hence §:=¢¥— ¢ >0 on H. Suppose that
6(p)=0 for p=(%,t*) e H. If X€Q, then §,6(p)<0 which is
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excluded by (5). If X € 0,9, then 9,6(p) <0, 8,6(p) <0 and (4) imply
o( p)8,6(p) = 0and Vé( p) = 0, which leads to D*6(p) > 0. Thus 8,6(p) > 0
by (5), which contradicts 9,6(p) <0. We conclude ¢ <1 on H, and
finally, a compactness argument yields t* = T.

Lemma 2.1 yields the following comparison principles and estimates
with respect to the parabolic boundary gr.

THEOREM 2.2 Suppose that F satisfies a one-sided Lipschitz condition
w>u= F(x,t,w,p,q) — F(x,t,u,p,q) < L(w — u) (6)

in Qr x R x R* x R" for some constant L >0, and there exists b € R
such that p < bo on 3,2 x (0, T]. Let u,v € C(Qr) N C*>'(Qr) satisfy

Ou—Ful <oyv—F[v] inQrp,
B(u) < B(v) on 8,2 x (0, T].
Then u<v on qrimpliesu<vinQr.
Proof We may assume L>1, b>1. For e >0 set p=u and yY=v+
eL™'e*"?" Then
B(y) = B(v) + ee*"(2bo — L' p) > B(p) on 829 x (0, T

and at a test point with the hypotheses from (5) we conclude, using (1),

0<0yv—08u—F+F[u
< 8y — O — F[Y] + F[u] + eexp(2Lbt)
S Btv - 8,u + (—:exp(Zth) < (9{(/) - &go

Lemma 2.1 implies ¢ < 1, and, since € > 0 was arbitrary, u<vin Qr.
COROLLARY 2.3 Under the assumptions of Theorem 2.2 the initial bound-
ary value problem (7) admits at most one solution in C(Qr) N C>'(Qr):
Ou = F(x,t,u,Vu, Dzu) in Qr,
o(x, )0+ c(x,)0u — p(x, ) u=0 on 8,2 x (0,T], (7)
ul,, =¥ €C(gr).
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As usual, the comparison principle assures the positivity of the flow,
if 0 has nonnegative parabolic defect.

COROLLARY 2.4 Under the assumptions of Theorem 2.2 and the addi-
tional hypothesis F(,-,0,0,0) >0, a solutionu € C(Qr) N c*! (Qr) of
Su—Fu >0 inQr,
B(u) >0 on 8,Q x (0, T],
u>0 on qr,

satisfiesu>0in Qr.

Next, we deduce a weak maximum principle.
THEOREM 2.5 Suppose F(-,-,-,0,0) <0 (F(-,-,-,0,0) > 0) and p <0 on
0,0 % (0, T). Letu € C(Qr) N C>(Qr) satisfy

Ou < Flu] (Qu > Flu]) inQr,
B(u) <0 (B(u) > 0) on 9,92 x (0,T].

Then

max{u,0} = max{x,0} (min{u,0} = min{u,0}).
qr Or qr Or

Proof For £>0, apply Lemma 2.1 to ¢o=u and ¢ =ct+ec+
maxg,,{«,0} in the maximum case and to ¢ = ming, {u,0} — & — et and
1 =wu in the minimum case.

Of course, the weak maximum principle contains a positivity con-
clusion similar to the one of Corollary 2.4 under the stronger condition
F(,-,-,0,0) >0, but without (6).

Moreover, for a homogeneous boundary operator we deduce the

COROLLARY 2.6 Under the conditions of Theorem 2.5 and, in addition,
p=00n 0,52 x (0, T}, u satisfies

maxu =maxu (minu=minu).
qr Or qr Or

Another classical a priori estimate [9] can be carried over to the
dynamical case.
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THEOREM 2.7 Suppose u € C(Qr) NC>(Qr) is a solution of the IBVP
(7), where F fulfills an Osgood type sign condition

3b1,by >0, V(x,t) € Qr,VzER: zF(x,1,2,0,0) < b1z + by (8)

and p < bo on 0,2 x (0, T for some constant b > 0. Then

=

Proof Apply Lemma 2.1 to ¢=u, 1= (1 4+ ¢)e”™ max{max,, |u,
Vb2/(A—=b1)} with A>b;, A>b and €>0. We have B(¢) >0 on
0,02 x (0, T and with (8) we conclude that at a test point (xo, fo) asin (5),

A>by,A

max |u| < 1nf (e’\Tmax{max|¢|,
Or >b qr

6t'¢) - at(P = A'l/] - F(x03 to, "2 0’ D250)
Z A,l/) - F(X(), to, "25 09 0)

>1/:<)\ bl_%)>¢( e=2M0) (X — by1) > 0

Thus u <. In order to show —u <1 we apply Lemma 2.1 to o = —u
and proceed similarly.

Next, we derive a strong maximum principle for strongly parabolic
quasilinear operators of the form

D[] := d*(x,1, u,Vu) Pu

ok +f(x,t,u, Vu)

using tensor notation and with positive constants u; and pu, such that
0 S .u’1§*‘£ S ajm(') EEIEY )§1§m S I‘L2§*€
for all £ € R”. Moreover, we have to assume p =0 in (2), thus we define

Bo(u) := o(x, t)0u + ¢(x,1)0,u

THEOREM 2.8 Suppose there exists a positive constant C such that
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in Qrx R x R". Let u € C(Qr) N C>'(Qr) be a solution of

du < Dlu] (du> Dlu]) in Qx (0,T], (11)
and

Bo(u) <0 (Bo(u) >0) in 820 x (0, T). (12)
Then

maxu =maxu (minu=minu),
Or qr Or qr

andif u attains its maximum M (its minimum m) at some point (xo, ty) € Qr,
thenu=M (u=m) in Q.

Proof If suffices to show the assertion in the maximum case, in the
minimum case we proceed similarly.

If u attains its maximum M at (xo, ty) with x € £2 then we conclude
u=M for t<t, using the classical strong maximum principle for
domains, see e.g. [11, IV.26]. By continuity, this shows maxy u =
max,, u and the strong assertion in the case x, € (2.

Next, suppose that u attains M at (x, ¢g) with xo € 3,2 and u < M in
Q x (0, t5). Then, as 9,Q is a relatively open C2-part of the boundary of
Q, we find an open ball B={y e Q| ||y —yol><e} CQ of radius € >0
with xo € 0B. By (10)and (11), usatisfies a linear inequality with bounded
coefficients

oy 02 ~ i
Ou < @™(x,1) 5);81;; +b/(x,1) E‘é,

where we have set @™(x,1) = a™(x,t,u(x,1), Vu(x,1)), b/(x,1)=
Csign((0/0x;)u(x,)). This allows the application of the Friedman—
Viborni-Theorem 3.4.6 of [10] in order to conclude that

8,,u(xo, t()) > 0.

But this is impossible by (12) and (3) and so u has to attain its maxi-
mum in Q x (0, zo]. With the case already shown above we conclude u = M

in Q4.
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Note that in Corollary 2.6, we had to suppose the differential
inequality also in 0,02 x (0, T]. We note in passing that for simplicity
reasons, the same assumption has been made in [6, Theorem 2.7].
But, following the arguments in the network case [2,4], the strong
maximum principle for quasilinear operators holds also in ramified
spaces without the assumption of differential inequality on the
interfaces.

3 LOWER AND UPPER SOLUTIONS FOR
TIME-PERIODIC PROBLEMS

We consider the periodic problem

O = a(x)Au+f(x,t,u) in Qx (0,7],
o(x, )0 + c(x,1)0u — p(x, )u=0 on 9,0 x (0, T], (13)
u=0 on 6,0 x (0, T7],
u(x,0) = u(x,T) in .
We assume
a € C(,(0,00));
f:92x[0,T] x R — R is continuous and T-periodic in z; 14)

c €C(029x[0,T],(0,00)),0 € C(029 x [0, T], [0,00)) and
p € C(820 x [0, T]) are T-periodic in ¢.

We extend all the coefficients by periodicity to © x [0, 0o). Moreover,
for the sake of simplicity and as we do not want to treat existence results
here, we assume to have enough regularity such that

for every 7 > 0, the operator N : C(Q,) x Co(R2) — C(Q,) x Co(R),
is continuous, compact, and satisfies (15)

Range(N) C (C(Q) NC*(Q;)) x Co(9),
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where Co(Q2) = {u € C(Q) |u =0 on 0} and (u,u(-,0)) = N(v,uo)
is the solution of

O =a(x)Au+ f(x,t,v) in Q x (0,7],
o(x,1)0u + c(x,1)8,u = p(x,t)v  on 9, x (0, 7],
u=0 on 6;Q x (0, 7],
u(x,0) = up(x) in Q.

Note that the operator N is well defined due to Corollary 2.3. More-
over, in view of known existence results, e.g. [3,4 (Chap. 12), 6 or 8], the
hypothesis (15) is reasonable.

DEFINITION 3.1 A function o € C(Qr) N C>'(Q7) is a lower solution of

a3)if

O < a(x)Aa +f(x,1,0) in Qx (0, 7],
o(x, )0 + c(x,1)d,a < p(x, ) on 9,2 x (0,T],
a<0 on 8,0 x (0,T],
a(x,0) < a(x,T) in Q.

Anupper solution 8 € C(Qr) N C*(Qr) of (13) is defined in a similar way
by reversing all the above inequalities.

We also consider the Cauchy problem

O = a(x)Au+ f(x, t,u) in 2 x (0, 7],

o(x, )0 + c(x, 1)0,u = p(x,t)u  on 9,9 x (0,7], (16)
u=20 on 9,0 x (0, 7],

u(x, 0) = up(x) in Q.

DEFINITION 3.2 A function o € C(Q,) N C>'(Q,) is a lower solution of

16 if

Oa < a(x)Aa+f(x,t, @) in Q x (0,7],
a(x, )0 + c(x,1)0,a < p(x,t)a  on 9,9 x (0, 7],
a<0 on 8,Q x (0,7],

a(x,0) < up(x) in Q.
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An upper solution 3 € C(Q,) N C*'(Q,) of (16) is defined a similar way
by reversing all the above inequalities.

PROPOSITION 3.3 Assume that (14) and (15) are satisfied anduy € Co(2).
Let o and (3 be lower and upper solutions of (16) such that o< (3 on Q.
Then the problem (16) has at least one solution u € C(Q,) N C*'(Q,) with

a<u<pf onQ,.

Proof Consider the modified problem

O = a(x)Au +f(x,t,v(x, t,u)) in Q x (0, 7],

o(x,1)0u + c(x,1)0,u = p(x, t)y(x,t,u) on 92,2 x (0,7], a”)
u=>0 on 60 x (0, 7],

u(x,0) = up(x) in Q,

where Y(x, t, u) = a(x, £) + (u — olx, 1)) — (u— B(x, 1))*. By assumption
(15), we can apply Schauder’s Fixed Point Theorem to prove that
(17) hasatleast one solution u € C(Q,) N C>'(Q,). Letusshow thata < u
on Q.. Similarly one shows that u < on Q..

Set v=u— o and assume that ming v < 0. As v>0 on g, there exists
(0, t0) € @ such that v(xo, %) = ming v. Then the strong minimum
principle Theorem 2.8 applied locally to

O — a(x)Av > 0,

and the Friedman—Viborni-Theorem 1.c. yield a contradiction.

Remark 3.4 The assumption o, 8 € C(Q,) NC>!(Q,) can be relaxed
to: for some 0=1<t;<- <, =T, Aaug ) Blaxm. € CE X
(1 ;1)) NCPN((QUBQ) X (ti,t01])  and  for each xeQ,
i=1,...,n—1,

a(x, ) = ,ll,t}l a(x,t) > ,115} a(x, 1)
and

B(x, ;) = lim B(x, 1) < lim 5(x, 7).
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PROPOSITION 3.5 Assume (14) and (15) are satisfied and ugy € Co(Q2).
Then, the following holds:

() if oy, are lower solutions and 3 is an upper solution of (16)
satisfying a; < 3 and a, < 3 then there exists a solution u of (16)
satisfying max{ay, az} <u<f;

(ii) if ais alower solutions and 3, B, are upper solutions of (16) satisfying
a< B and a< 3, then there exists a solution u of (16) satisfying
a<u<min{B, B,}.

Proof The proof of (i) is exactly the same as in Proposition 3.3 with
a=max{ay, ay} if we observe that v(x,, fo) is either u(xy, o) — a;1(xo, to)
or u(xo, to) — az(xo, to). Part (ii) is similar.

PROPOSITION 3.6  Under the assumptions of Proposition 3.3, the problem
(16) has an infimal and a supremal solution iy and ug,y, in [o, 3] i.e.
Uing, Usup € C (0-)N c! (Q-) are solutions of (16) with o < thins < tigup < B
and every solution u € C(Q,) NC>'(Q,) of (16) such that a<u<p
satisfies

Uinf < U < Ugyp-
Proof Let L={u:0, >R a<u<B,puis alower solution of
(16)} and U= {v:Q, — R:a <v<g,visan upper solution of
(16)}. Define
uint(x, 1) = inf{v(x, 1): v € U},
Usup (X, 1) = sup{p(x,1): p € L}.

We will show that u;ne is an infimal solution. The proof that ug,p is a
supremal solution is similar.

Let {(xn, tn)}%=; be a dense subset of Qr and for N=1,2,..., let
{VN,m}me1 be a sequence of upper solutions such that

m vy (XN, Iv) = Uine(XN, ty).
m—0o0

Let B1(x, ) = v1 1(x, 1). It follows from Proposition 3.3 that there exists
a solution u; of (16) such that o <u; < ;. Let 3, be defined by

Ba(t) = min{ui (x, 1), v12(x, 1), v22(x, 1)}
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then, by Proposition 3.5, there exists a solution u, of (16) such that
a < u, < B,. Let us define inductively

,8i+1 (x, t) = min{u,-(x, l), V1itl (x, t), e Vig il (x, t)},

then there exists a solution wu;,; of (16) such that o <u;;; <fi;.
Hence, we have a sequence {u;};; of solutions of (16) such that

al LSy <GSy lp

By assumption (15) and monotonicity, we deduce that the sequence {u;};
converges in C(Q-) to a solution u of (16). Furthermore, it is clear that,
forevery N=1,...,

;l—lglo ui(xn, tn) = tine(XN, tN)-

Hence u(xy, tx) = tins (Xn, ty) forall N e N. As {(x, tn)} yisdensein O,
it follows that u = ui,r on Q.. In fact, assume by contradiction that for
some (X,7) € Oy, u(X,7) > uine(%, 7). By definition of u;,s, we can find
v € U so that uine(x,7) < v(x,7) < u(x,7) and for (x, ) near enough
(%,7), v(x, 1) < u(x,t). This is a contradiction if we choose (x, 7) as an
element of the set {(xy, tx)}3.,- This concludes the proof if we observe
that every solution u with o <u < (3 satisfies u € U and hence u > uiys.

Note that several authors prefer the terminology maximal and mini-
mal solution for supremal and infimal solution. But, in order to avoid
confusion with maximality in the sense of existence, we prefer the notion
adopted here.

THEOREM 3.7 Assume that (14) and (15) are satisfied. Let o and 3 be
lower and upper solutions of (13) such that a <8 on Qr and o(,0),
B(-,0) € Co(Q). Then, the following holds:

() there exist uinr and ugy, infimal and supremal solutions of (13) in
[, B] i.e. uine and ug,y, are solutions of (13) in o, 3] such that every
solution u of (13) with o < u < (3 satisfies

Uinf < U < Usyp}
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(ii) there exist & and 8 solutions of (16) with T= oo and respectively
up(-) = af-, 0), up(+) = B(-, 0) such that

a <@ <up Sy < BB
and
’l_lj(l)lo l&(, 2) = tine(:, t)“c"(()) =0,
,12330 18-, 1) = tsup (- )lleo @y = 0;
(iii) every solutionu of (16) suchthat o <u < fon Q. satisfies & < u < 8

on Q-

Remark 3.8 By (iii), & and B are the infimal and the supremal solutions
of (16) in [a, 3], respectively with uo(-) = a(-, 0) and uy(-) = 5(:, 0).

Proof Let us prove the result for u;,r and &. The other part is similar.
Define a sequence (&), of functions as follows. Take as &g the infimal
solution of

0,60 = a(x)Ad&o + f(x, t, &) in Q x (0,71,

a(x, )00y + c(x, 1)0,60 = p(x, 1) on 8,2 x (0,T], (1)
ay=0 on 9,02 x (0, T],

ap(x,0) = a(x,0) in Q,

satisfying a < a9 < 8. Such an @& exists by Proposition 3.6 as a and
B are lower and upper solutions of (18). Moreover G, satisfies
ao(,T) > a(-,T) 2 a(-,0) = @ (-,0). Then, we define recursively
(@n),, by taking, for n> 1, as &, the infimal solution of

0ian = a(x)Aéy, + f(x, 1, &) in Q% (0,7],

o(x,1)06y + c(x, 1)0,6y = p(x, 1)@, on 022 x (0,T], (19)
G, =0 on 8,92 x (0, T},

an(x,0) = ay-1(x, T) in €,

satisfying &,-1 < &, < 3. Again such an &, exists by Proposition 3.6
as @,-; and (B are lower and upper solution of (19) with &,-; < 8.
Moreover, &, satisfies &y(-, T) > @n-1(-, T) = au(-,0). Accordingly,
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we have defined a sequence (d,),, of lower solutions of (13) such that, for
eachn>1,

<@ 1<6,<8 (20)

and
Gin(x,0) = Gp_1(x, T) in Q. (1)

By monotonicity, (&»), converges pointwise in Qr to some function u
satisfying o <u < 8. Moreover, by assumption (15) and monotonicity,
we deduce that the sequence (G,), converges in C(Q7) to a solution u
of (13).

Now, define a function & : O, — R as follows. If, for some n €N,
(x,1) € @ x [nT,(n+ 1)T), we set

a(x, 1) := ay(x,t —nT).

It is easy to see that & is continuous, &(x,?) =0 on 9, x (0, 00),
a(-,0) =a(-,0) and, for each neN, &gupurminyr € C(Q X
[nT, (n+ 1)T]) N C>' (AU 820) x (nT, (n+ 1)T]). By the periodicity
of the coefficients, & also satisfies, for each n € N, the equations

0a = a(x)Aé& + f(x,1, &) in Qx (nT,(n+1)T],
o(x,1)0,a + c(x,1)0,& = p(x, )@ on 9,2 x (nT,(n+1)T].

We prove that, for each neN*, a € C*1((QU3,Q) x (0,nT]) and
therefore & is a solution of

0 = a(x)Aa +f(x,1, &) in Q x (0, 00),
o(x,1)0,& + c(x,1)8,& = p(x, 1)@ on 9, x (0,00),
a=0 on 919 x (0, 00),
a(x,0) = a(x,0) in Q.

Let us show that @ € C>'((QU 8,9) x (0,2T]); then the general con-
clusion follows by induction. By (15), let w € C(Qa27) N C>!(Qar) be
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the unique solution of the linear initial value problem

O — a(x)Au = f(x,1,&) in Q x (0,271,
o(x, )0 + c(x,1)0,u = p(x,t)a& on 8,9 x (0,271,
u=20 on 8i§) x (0,271,
u(x,0) = a(x,0) in Q.

Since both &g g r) and wlaxo, are solutions of the linear initial value
problem

O~ a(x)Au = f(x,1,&) in x(0,7T],
o(x, 1)0u + c(x,)0u = p(x,t)&@ on 9,2 x (0, T],
u=0 on 3 x (0,77,
u(x,0) = a(x,0) in £,

by uniqueness, we get & = win © x [0, T]. Further, both &|q, (7,7 and
Wlax(r,21) are solutions of the linear initial value problem

O — a(x)Au = f(x,1,&) in Q x (T,2T],
o(x, 1)0u + c(x,1)0u = p(x,t)& on 9,2 x (T,2T],
u=0 on 01 x (T,2T],
u(x,T)=a(x,T)=wx,T) in Q.

Then, by uniqueness, we get & = w in Q x [T, 2T]. Therefore, we con-
clude that @ = win Q x [0,2T], so that & € C(Q2r) N C*!(Qar).
Moreover, by periodicity and construction, we have

Jim (- 1) = u, Olleoy = 0.

To complete the proof of (i) and (ii), it remains to prove that every
solution v of (13) such that a < v < 3 satisfies v > &, for every n. This is
clear as, if v is such a solution, v is an upper solution of (18) and by
Proposition 3.3, there is a solution @ of (18) witha < @ < v < . As
&y is the infimal solution of (18) in [a, ], we have a < &y < ap < v.
Recursively, if &,_7 < v, then v is an upper solution of (19) and hence
Gy—1 < @, < v which concludes the proof of (i) and (ii).
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To prove that every solution v of (16) such that a <v<( on Q.
satisfies & < v on Q,,, we proceed again recursively, observing first that
v is an upper solution of (18) and as &y is the infimal solution of (18)
in [, 8], @ < Gy = & < v on Q1. Moreover v(x, t + T) is also an upper
solution of (18). Hence v(x,t) > ag(x,t— T) on Q x [T,2T]. Recur-
sively, if v(x, £) > &(x,t) onQ x [0, nT]and v(x, ) > Gn_1(x,t —nT)on
Q x [nT, (n+ 1)T], then v(x, t+nT) is an upper solution of (19) and
v(x,t +nT) > Gn_1(x,t). As &, is theinfimal solution of (19) in [&y,—1, 3],
we have &1 < @ < ¥(-,- +nT) on Qrie. & < von Q41)rand again,
as above, v(x,1) > @u(x,t —(n+1)T) on Qx [(n+ )T, (n+2)T].
Now, an induction argument shows the assertion.

We note in passing that the results of this section extend those
obtained in [7] for homogeneous Dirichlet boundary conditions.

4 DAMPING EFFECT OF THE DISSIPATIVE
DYNAMICAL BOUNDARY CONDITION

The comparison techniques of Sections 2 and 3 enable the comparison
of solutions under different boundary condition, especially for the
Neumann boundary condition and (2). Let us discuss thisin a model case
given by a globally attractive equilibrium. Though the global attractor
turns out to be independent of the condition on 99 x (0, oo) with 90, =
09, the convergence rate decreases with respect to the coefficient o.
The reaction term is supposed to admit two equilibria 4 < B and to be of
the form

f(x,t,4) =f(x,t,B) =0 forall (x,7) € Q x (0,00),

f(x,t,u) >0 if u € (4, B), f(x,t,u) <0 if u € (B, 00). (22)

If a and f'do not depend on x and ¢, we can state the following:

THEOREM 4.1 Suppose that ac(0,00), oc”'(,0)eL'(Q) for all
t€[0,00) and f€ C(|4,00)) fulfills (6) and (22). Let u € C(Qx)N
C>(Qoo) be a solution of

O = alu + f(u) in Qoos

o(x, )0+ c(x,1)8,u=0 on 9Q x (0,00), (23)

u(x,0) > A4, £ A4 in Q.
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Then

Jim [Ju( 1) — Bleogy = 0.

Proof Observe first that u> A4 for t>0 by Theorem 2.2 and, there-
fore, by the strong minimum principle Theorem 2.8 applied locally to
Ou—alAu>0,u> Afort>0.Asfor the Neumann condition, the energy
E(u) can serve as a Lyapunov functional

5t = [ (5193~ ["7(5)as) ax.

Then E(u) > E(B) = —|Q| [% f(s) ds and E(u) = E(B) iff u= B. Green’s
formula yields,

%E(u) - /Q{a<§~tVu) Vu— a,uf(u)} dx

= —/(8tu)2dx+/ Oua duds
Q 0

=— / (8yu)* dx — / oc'a(Bu)’ ds
Q o0

Thus, E(u) is a Lyapunov functional in the considered function class
and the La Salle invariance principle (see e.g. [1]) yields the assertion.

Note that we did not use any consistency condition between the
diffusion coefficient a and the boundary conductivity c(x, ¢) as it was
necessary in the systems considered in [6, Section 5]. For different
dynamical boundary terms let us compare the solutions in the following
simple case.

THEOREM 4.2 Suppose that f, a, c and 0 < o1 < o, fulfill the hypotheses
of Theorem 4.1. Let u1,u; € C(Qwo; [4, B]) N C*'(Quo) be solutions of the
IBVP (23) with 0 = 0 and o = 0>, respectively and uy(-,0) < u(-, 0) in Q.
Then uy < uy in 2 x (0, 00).

Proof For B(u;c):= oOu + cd,u the different time lateral boundary
conditions yield

B(u1;02) = (0’2 - 01)3,141.
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Thus, if du; >0, the comparison principle Theorem 2.2 permits to
conclude.

With the same argument as in the proof of Theorem 4.1, we see that
uy > Afort>0.1f0ui (%,7) < Oatsomepoint (%,7) € Qoo, then uattains
a local minimum m < B somewhere in 2 x [f, 00) due to Theorem 4.1.
The hypotheses and the differential equation imply that m = A4, which
is impossible. Thus, in fact, du; > 0in Q.

Clearly, the corresponding result u, > u; holds for solutions taking
values in [B, 00).

Let us illustrate the damping effect of the dissipative dynamical con-
dition by means of the following simple example that has been computed
with the aid of the convergent finite difference method similar to the one
in [6, (78-79)]. Consider the equation

Bu=Au+u(l —u) inQ=(0,1)x(0,1) c R?
under the condition
cou+0,u=0 onT = {0} x(0,1)

and the Neumann condition on the remaining parts of 0Q. Figure 1
displays the solutions on the cross-section y = 0.5 for values of o varying
in [0, 2]. Note that o is not continuous on 9€2. Though, for all o > 0, the
solutions with u(-,0) > 0,0 tend to the equilibrium 1, the damping of
the convergence rate increases with increasing o.

Under higher regularity assumptions, the attractivity result holds
also in the following nonautonomous case.

THEOREM 4.3  Suppose that a € C(Q, (0, 00)) and that f, ¢ and o satisfy
(6), (14), (15) and (22). Let u € C(Qs) N C*'(Quo) be a solution of

Ou = a(x)Au+f(x,t,u) in Qoos
a(x,1)0m+ c(x,8)0,u=0 on 0 x (0, 00), (24)
u(x,0) >4, £ 4 in Q.

Then

fim () = Bllexg = .
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FIGURE 1 The damping effect of the dynamical condition.

Proof Again, by Theorem 2.2, u> A for 1>0. Then by the strong
maximum and minimum principle Theorem 2.8, thereexistd > B> c > A4
such that d> u(x, £) > c on Q x [T, 00). Moreover ¢ and d are lower and
upper solutions of

Ou = a(x)Au+f(x,t,u) in Q x (0,00),
o(x, )Ou + c(x,1)0,u =0 on 9N x (0,00), (25)
u(x,0) = u(x,T) on .

If we prove that B is the only solution of (25) in [c, d], we can conclude
by Theorem 3.7.

If B is not the only solution we have an infimal solution u;,s of (25)
with ¢ < uine < B as Bis a solution. Hence, on  x (0,T],

Orthine > a(X) Akips.
By the minimum principle and by periodicity

Min Uipr = MID Uipe = MIN Ujpy.
Or ax{0} ax{T}
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Again, by application of the minimum principle, we conclude that u;,¢
is constant in € x [0, T], hence u;,¢=B. In the same way, we prove
that ug,, = B.

With the same argument as for Theorem 4.2 we obtain another
monotonicity result concerning different dynamical conditions for
the problem (24).

COROLLARY 4.4 Under the hypotheses of Theorem 4.3, two solutions
uy, up belonging to C(Qwo; [4, B)) N c*! (Qwo) of the IBVP (24) with o = 0,
and o = 0, respectively and satisfying u(-,0) < u;(-,0) on Q fulfill the
latter inequality of Q..
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