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Recently, as a nice application of Furuta inequality, Aluthge and Wang (J. Inequal. Appl.,
3 (1999), 279-284) showed that “if T is a p-hyponormal operator for p € (0,1}, then T"
is p/n-hyponormal for any positive integer n,” and Furuta and Yanagida (Scientiae
Mathematicae, to appear) proved the more precise result on powers of p-hyponormal
operators for p € (0, 1]. In this paper, more generally, by using Furuta inequality repeatedly,
we shall show that “if T is a p-hyponormal operator for p>0, then T" is min{1, p/n}-
hyponormal for any positive integer n” and a generalization of the results by Furuta and
Yanagida in (Scientiae Mathematicae, to appear) on powers of p-hyponormal operators
for p>0.
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1. INTRODUCTION

A capital letter means a bounded linear operator on a complex Hilbert
space H. An operator T is said to be positive (denoted by 7> 0) if
(Tx,x)>0forallxe H.

An operator T'is said to be p-hyponormalfor p > 0if (T*T)? > (TT*)*.
p-Hyponormal operators were defined as an extension of hyponormal
ones, i.e., T*T>TT*. 1t is easily obtained that every p-hyponormal
operator is g-hyponormal for p>¢>0 by Lowner—Heinz theorem
“A > B>0ensures A* > B” for any o €[0, 1],” and it is well known that
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there exists a hyponormal operator T'such that T'?is not hyponormal[13],
but paranormal [7], i.e., || T%x|| > || Tx||* for every unit vector x € H. We
remark that every p-hyponormal operator for p > 0is paranormal[3] (see
also [1,5,10)).

Recently, Aluthge and Wang [2] showed the following results on
powers of p-hyponormal operators.

THEOREM A.1[2] Let T be a p-hyponormal operator for p € (0, 1]. The
inequalities

(T" T"P/" > (T*T) > (TT*Y > (T"T" Y'"
hold for all positive integer n.

COROLLARY A.2 [2] If T is a p-hyponormal operator for p € (0, 11, then
T" is p/n-hyponormal for any positive integer n.

By Corollary A.2, if T'is a hyponormal operator, then 7 belongs to
the class of 1/2-hyponormal operators which is smaller than that of
paranormal.

As amore precise result than Theorem A.1, Furuta and Yanagida[11]
obtained the following result.

THEOREM A.3 [11, Theorem 1] Let T be a p-hyponormal operator for
p€(0,1]. Then

(Tn" Tn)(p+1)/n > (T*T)p+1 and (TT*)p+1 > (TnTn*)(p+l)/n
hold for all positive integer n.

Theorem A.3 asserts that the first and third inequalities of Theorem
A.1 hold for the larger exponents (p + 1)/n than p/n in Theorem A.1.
In fact, Theorem A.3 ensures Theorem A.1 by Lowner—Heinz theorem
for p/(p+ 1) €(0, 1) and p-hyponormality of 7.

On the other hand, Fujii and Nakatsu [6] showed the following result.

THEOREM A.4 [6] For each positive integer n, if T is an n-hyponormal
operator, then T" is hyponormal.

We remark that Theorem A.1, Corollary A.2 and Theorem A.3 are
results on p-hyponormal operators for p € (0, 1], and Theorem A.4is a
result on n-hyponormal operators for positive integer n. In this paper,
more generally, we shall discuss powers of p-hyponormal operators for
positive real number p > 0.
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2. MAIN RESULTS

THEOREM 1 Let T be a p-hyponormal operator for p>0. Then the

following assertions hold:

) T 1" > (T*T)" and (TT*)" > T"T"™ hold for positive integer n
such thatn<p+1.

Q@ (17 TP > (T TP and (TT*PH > (T TP/ hold for
positive integer n such thatn>p+ 1.

COROLLARY 2 Let T be a p-hyponormal operator for p>0. Then the
Jfollowing assertions hold:

(1) T"T" > T"T™ holds for positive integer n such that n < p.

) (T T"P/" > (T"T™ V" holds for positive integer n such that n> p.

In other words, if T is a p-hyponormal operator for p >0, then T" is
min{1, p/n}-hyponormal for any positive integer n.

In case p €(0, 1], Theorem 1 (resp. Corollary 2) means Theorem A.3
(resp. Corollary A.2). Corollary 2 also yields Theorem A.4 in case
p=n. Theorem 1 and Corollary 2 can be rewritten into the following
Theorem 1’ and Corollary 2/, respectively. We shall prove Theorem 1’
and Corollary 2.

THEOREM 1’ For some positive integer m, let T be a p-hyponormal
operator for m — 1 < p <m. Then the following assertions hold:

(1) T 1" > (T*T)" and (TT*)" > T"T™ holdforn=1,2,...,m.
Q@ (T TP S (T TP and (TT*PH > (T T2/ hold for
n=m+1,m+2,...

COROLLARY 2’ For some positive integer m, let T be a p-hyponormal
operator for m — 1 < p <m. Then the following assertions hold:

1) T"T" > T"T™ holds forn=1,2,...,m— 1.
@ (T T"P/" > (T"T" Y/" holds for n=m,m+1, ...

We need the following theorem in order to give a proof of Theorem 1'.

THEOREM B.1 (Furuta inequality [8]) If 4> B>0, then foreachr >0,

(i) (Br/2ApBr/2)1/q > (Br/2BpBr/2)1/q
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and
(ll) (Ar/2ApAr/2)1/q > (Ar/2BpAr/2)1/q
hold for p>0 and g>1 with 1+r)g>p+r.

We remark that Theorem B.1 yields Lowner—Heinz theorem when we
putr=0in (i) or (ii) stated above. Alternative proofs of Theorem B.1 are
given in [4,15] and also an elementary one page proofin [9]. Itis shownin
[16] that the domain drawn for p, g and r in Fig. 1 is the best possible one
for Theorem B.1.

Proof of Theorem I' We shall prove Theorem 1’ by induction.
Proof of (1) We shall prove

T T" > (T*T)" (2.1)
and
(TT" > T"T™ (2.2)

forn=1,2,...,m.(2.1)and (2.2) alwayshold forn = 1. Assume that (2.1)
and (2.2) hold for some » <m — 1. Then we have

T T" > (T*T)" > (TT*)" > T"T" (2.3)

and the second inequality holds by p-hyponormality of 7"and Lowner—
Heinz theorem for n/p € (0, 1]. By (2.3), we have

™ 71" > (TT*)" (2.4)

P (l+r)g=p+r

1,0

(07 —T)

FIGURE 1
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and
(T*T)" > T"T™. (2.5)
(2.4) ensures
T T =TT T T > T*(TT*)"T = (T*T)"",
and (2.5) ensures
(TT*)IH—I — T( T* T)n T* 2 T( Tn Tn" ) T* — Tn+1 Tn-H" .

Hence (2.1) and (2.2) hold for n+1<m, so that the proof of (1) is
complete.

Proof of (2) We shall prove

(1™ )P > (T ! (2.6)
and

(TT*)p+1 > (TnTn")(p+l)/n (27)
forn=m+1,m+2,... Let T=U|T| be the polar decomposition of T
where |T|=(T*T)"? and put 4,=|T"[*" and B, =|T"[*/". We
remark that 7* = U*|T*| is also the polar decomposition of T*.

(a) Case n=m+ 1. (2.1) and (2.2) for n=m ensure
(T TP 2 (T T 2 (TT°Y 2 (T Y™ (28)

since the first and third inequalities hold by (2.1), (2.2) and Léwner—
Heinz theorem for p/me€(0,1], and the second inequality holds by

p-hyponormality of 7. (2.8) ensures the following (2.9) and (2.10).

Ay = (T T™P™ > (TT*Y = B,. (2.9)

Ay = (T*TY > (T"T" /™ = B,,. (2.10)
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By using Theorem B.1 for m/p > 1 and 1/p >0, we have

(Tm+1‘ m+l )(p+1)/(rn+1) — (U*lT*ITm" T™|T*| U)(p+1)/(m+])
— U*(IT*le* TmlT*l)(P+1)/(m+1) U
- U* (Bi/2pA$/pB}/2P)(1+1/P)/((m/P)+1/11)U
> U*B"PU
— U*IT*IZ(p+1)U
— |TI2(p+1)
= (T*TYy",

so that (2.6) holds forn=m + 1.
By using Theorem B.1 again for m/p > 1 and 1/p >0, we have

(Tm+1 Tm+1*)(P+1)/(M+1) — (U‘T'Tme'ITIU*)(p+])/(m+1)
= U('TITme‘lTl)(p+1)/(m+1)U*
= U(A}/2PB:'n1/pA;/2P)(1+1/p)/((m/p)+1/p)U*
<vAtryr
= U|T|2(l7+1) U*
= |T*|2(p+1)
= (TT*)"“,

so that (2.7) holds forn=m + 1.
(b) Assume that (2.6) and (2.7) hold for some »n > m + 1. Then (2.6) and
(2.7) for n ensure
(T T > (T*TY > (TT*Y > (T"T"Y"  (2.11)

since the first and third inequalities hold by (2.6) and (2.7) for n and
Lowner—Heinz theorem for p/(p + 1) € (0, 1), and the second inequality
holds by p-hyponormality of T. (2.11) ensures the following (2.12) and
(2.13).

A, = (T"T"VY/" > (TT*) = By. (2.12)

A, = (T*TY > (T"T")"/" = B,. (2.13)
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By using Theorem B.1 for n/p>1 and 1/p > 0, we have

(Tn+1*Tn+1)(p+l)/(n+1) _ (U*IT*lTn* Tan*lU)(p+1)/("+1)
= Ur(|T|T" Tn|T*|)(p+l)/(n+1)U
— U (BI/0 grip g1\ HUPlo) 1P
> U*BTry
— U*IT*lz(pH)U
= |T[PHD)
—(T*T)y",
so that (2.6) holds for n+ 1.
By using Theorem B.1 again for n/p > 1 and 1/p > 0, we have
(Tn+1Tn+1*)(p+1)/("+1) —_ (UITlTnTn‘|T|U*)(p+1)/('t+1)
— U(lTlTnTn‘lTI)(p+1)/(n+1)U*
_ U(A}/2”B;‘/1’A}/21’)(1“/”)/((”/1’)“/”) U*
< UA}H/”U*
_ U|T|2(p+l) U*
— IT*|2(p+1)
— (TT*)p+1,
so that (2.7) holds forn+ 1.

By (a)and (b), (2.6)and (2.7) hold forn=m+1,m+2,...,thatis, the
proof of (2) is complete.

Consequently the proof of Theorem 1’ is complete.
Proof of Corollary 2
Proof of (1) By (1) Theorem l',forn=1,2,...,m—1,

Tn‘Tn > (T*T)n > (TT*)n > TnTn‘
hold since the second inequality holds by p-hyponormality of T and

Léwner—Heinz theorem forn/p € (0, 1). Therefore 7% T" > T"T™ holds
forn=1,2,...,m—1.
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Proof of (2) By (1) of Theorem 1’ and Loéwner—Heinz theorem for
p/m e (0, 1] in case n =m, and by (2) of Theorem 1’ and Léwner—Heinz
theorem for p/(p+1)€(0,1)incasen=m+1,m+2,...,

(T"T"P" > (T*TY > (TT*F > (T"T" Y/

hold since the second inequality holds by p-hyponormality of T.
Therefore (T" T"Y/" > (T"T™ Y/ holds forn=m,m+1, ...

3. BEST POSSIBILITIES OF THEOREM 1 AND COROLLARY 2

Furutaand Yanagida[11]discussed the best possibilities of Theorem A.3
and Corollary A.2 on p-hyponormal operators for p € (0, 1]. In this sec-
tion, more generally, we shall discuss the best possibilities of Theorem 1
and Corollary 2 on p-hyponormal operators for p > 0.

THEOREM 3 Let n be a positive integer such thatn>2,p>0and o> 1.

(1) Incasen<p+ 1, the following assertions hold:
(i) There exists a p-hyponormal operator T such that
(T T 2(T°T)™.
(ii) There exists a p-hyponormal operator T such that
(TT*Y™ % (T"T")°.
(2) Incase n> p+ 1, the following assertions hold:
(i) There exists a p-hyponormal operator T such that
(™ Tn)((P+1)a)/" # (T~ T)(P+1)a.
(ii) There exists a p-hyponormal operator T such that
(TT*)(PH)G ? (TnTn*)((P-'-l)a)/n.

THEOREM 4 Let n be a positive integer such thatn>2,p >0 and o. > 1.

(1) In case n<p, there exists a p-hyponormal operator T such that
(T ") 2 (171"

(2) In case n>p, there exists a p-hyponormal operator T such that
(Tn' ™ )Pﬂ/ n Z (Tn ™ )PO‘/ "

Theorem 3 (resp. Theorem 4) asserts the best possibility of Theorem 1
(resp. Corollary 2). We need the following results to give proofs of
Theorem 3 and Theorem 4.
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THEOREM C.1 [17,19] Letp>0,9>0,r>0and 6>0.If0<g<1 or
(6 4+ r)g < p +r, then the following assertions hold:

(i) There exist positive invertible operators A and B on R* such that

A°> B%and

(Br/2ApBr/2)1/q ¥ Brin/a,

(i) There exist positive invertible operators A and B on R* such that
A®>B%and

Apn/q * (Af/2BPAr/2)1/q.

LEMMA C.2[11] For positive operators A and B, define the operator T on
Di2 _.. H as follows:

0

B2 0

T= B2 M , 3.1
A2 0

A2 0
where [ shows the place of the (0,0) matrix element. Then the following
assertion holds:

(i) T is p-hyponormal for p >0 if and only if A* > B.
Furthermore, the following assertions hold for 3 > 0 and integers n > 2:
i) (77 TP > (T*T)? if and only if

(B¥2 4" *B¥/2YI" > BS  holds for k=1,2,...,n—1. (3.2)
@iii) (TT*)? > (T"T™)P/" if and only if

AP > (AFPB"* A" polds for k =1,2,...,n—1.  (3.3)
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@v) (77 TP > (T"T")P/" if and only if
AP > BP  holds and
( Bk/2 gn—k Bk/z)ﬁ/n > B% and AP > ( AkI2gn—k Ak/2)ﬂ/n
hold for k=1,2,...,n—1. (3.4)

Proof of Theorem 3 Letn>2,p>0and a>1.

Proof of (1) Put py=n—1>0, ¢1=1/a€(0,1), r1=1>0 and
6=p>0.

Proof of (i) By (i) of Theorem C.1, there exist positive operators 4 and
Bon H such that 4° > B% and (B"/247'B"/?)Va1 ¢ BP+mla that js,

AP > BP (3.5)
and
(Bl/2An—lBl/2)a ¥ B". (3.6)

Define an operator T on @;._ . H as (3.1). Then T is p-hyponormal
by (3.5) and (i) of Lemma C.2, and (T T")* # (T*T)"™ by (ii) of
Lemma C.2 since the case k = 1 of (3.2) does not hold for 3 = na by (3.6).

Proof of (ii) By (ii) of Theorem C.1, there exist positive operators 4 and
Bon H such that A° > B®and AP +)/91 % (4112 BP1 4"/l that is,

AP > BP (3.7

and
A" P (Al/an—lAl/z)a. (38)
Define an operator T on @;- . H as (3.1). Then T'is p-hyponormal by

(3.7) and (i) of Lemma C.2, and (TT*)"* # (T"T"" )" by (iii) of Lemma
C.2 since the case k=1 of (3.3) does not hold for 8 =na by (3.8).

Proof of (2) Put py=n—1>0, ¢;=n/(p+1)0)>0, r,=1>0 and
6=p >0, then we have (6+r|)q; =n/a<n=p;+r,.

Proof of (i) By (i) of Theorem C.1, there exist positive operators 4 and
B on H such that 4° > B®and (B"/24P1B"/2)la 3 BP+m/a that i,

AP > BP (3.9)
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and
(B1/2An-—lBl/2)((p+1)a)/n 2 B(p+l)a- (3.10)

Define an operator T on @y.._,, Has (3.1). Then T'is p-hyponormal by
(3.9) and (i) of Lemma C.2, and (77" T7)(P+D/n % () (PHDe 4y (i)
of Lemma C.2 since the case k = 1 of (3.2) does not hold for = (p+ 1)«
by (3.10).

Proof of (i) By (ii) of Theorem C.1, there exist positive operators A and
Bon H such that 4° > B®and AP*"/4 % (4"/2BPr g"/%) Va1 that i,

AP > B? (3.11)
and

A(p+1)a Z (A1/2Bn—1A1/2)((p+l)a)/n~ (312)

Define an operator T on @y _ . H as (3.1). Then T'is p-hyponormal by
(3.11)and (i) of Lemma C.2, and (TT*)P*De % (rrn")(P+D)/n 4y (i)
of Lemma C.2 since the case k = 1 of (3.3) does not hold for 8= (p + D
by (3.12).

Proof of Theorem 4 Letn>2,p>0and a>1.

Proof of (1) Put pyj=n—-1>0, ¢;=1/a€(0,1), r1=1>0 and
6=p>0. By (i) of Theorem C.1, there exist positive operators 4 and B
on H such that 4°> B® and (B"/247'B"/?)!/41 ¢ B(Pr+m/a1 that is,

AP > B? (3.13)
and

(Bl/2An—lBl/2)a Z B"e. (3.14)

Define an operator T on @;._., H as (3.1). Then T is p-hyponormal
by (3.13) and (i) of Lemma C.2, and (T T")* % (T"T")" by (iv) of
Lemma C.2 since the case k = 1 of the second inequality of (3.4) does not
hold for 8 =na by (3.14).

Proof of (2) Itiswell known that there exist positive operators 4 and B
on H such that

AP > BP (3.15)
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and
AP® % BPY, (3.16)

Define an operator T on @, _. H as (3.1). Then T is p-hyponormal
by (3.15) and (i) of Lemma C.2, and (T T")P/" ¥ (T"T"" /" by (iv)
of Lemma C.2 since the first inequality of (3.4) does not hold for 5= pa
by (3.16).

4. CONCLUDING REMARK

An operator T is said to be log-hyponormal if T is invertible and
logT*T>1og TT*. 1t is easily obtained that every invertible p-
hyponormal operator is log-hyponormal since log? is an operator
monotone function. We remark that log-hyponormal can be regarded
as0-hyponormalsince (T*T)? > (TT*)? approacheslog T*T > log TT*
asp—+0.

As an extension of Theorem A.l, Yamazaki [18] obtained the
following Theorem D.1 and Corollary D.2 on log-hyponormal
operators.

THEOREM D.1 [18] Let T be a log-hyponormal operator. Then the
following inequalities hold for all positive integer n:

O T'T<(T*7)' 2 < < (T )

(2) TT* > (T2T2*)1/2 > > (TnTn‘)l/n.

COROLLARY D.2 [18] If T is a log-hyponormal operator, then T" is also
log-hyponormal for any positive integer n.

The best possibilities of Theorem D.1 and Corollary D.2 are discussed
in[12].

Asaparallel result to Theorem D.1, Furuta and Yanagida[12] showed
the following Theorem D.3 on p-hyponormal operators for p € (0, 1].

THEOREM D.3 [12] Let T be a p-hyponormal operator forp € (0, 1]. Then
the following inequalities hold for all positive integer n:

€)) (T*T)"“ <(T? Tz)(p+1)/2 << (T Tn)(p+1)/n'

¢)) (TT*)P+1 > (T2T2‘)(P+1)/2 >_ > (TnTn‘)(pH)/n‘
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In fact, Theorem D.3 in the case p — +-0 corresponds to Theorem D.1.
As a further extension of Theorem D.3, we obtain the following
Theorem 5 on p-hyponormal operators for p > 0.

THEOREM 5 For some positive integer m, let T be a p-hyponormal

operator for m—1<p<m. Then the following inequalities hold for

n=m+1m+2,...:

) (T* T)p+1§ (Tm-H* Tm+1)(P+1)/(m+1) < (Tm+2* Tm+2)(1’+1)/('"+2) <...<
(" Tn)(P+1)/"_

) (TT*)”'HZ (T 1 )(p+1)/(m+1) > (Tm2m+? )(p+1)/(m+2) >..>
(Tn Tn‘)(p+1)/n.

We remark that Theorem 5 yields Theorem D.3 by putting m=1.
Scrutinizing the proof of Theorem D.1 and Theorem D.3, we recognize
that the following result plays an important role.

THEOREM D.4 [12,18] Let T be a p-hyponormal operator for p € (0, 1] or
a log-hyponormal operator. Then the following inequalities hold for all
positive integer n:

6)) lTn+1|2”/("+1) > ITn|2, ie., (Tn+1*Tn+1)"/(”+1) > T T,
) |T"*|2 > ITn+1‘|2n/(n+1), ie, T"T™ > (Tn+1Tn+1*)”/(”+1).

We remark that it was shown in [14] that Theorem D.1 and Theorem
D.4 hold even if an invertible operator T belongs to class 4 (i.e., |72 >
|T'|?) which was introduced in [10] as a class of operators including
p-hyponormal and log-hyponormal operators.

Proof of Theorem 5 1t is easily obtained by Léwner—Heinz theorem
that Theorem D.4 remains valid for p-hyponormal operators for p > 0.

Proof of (1) By (1) of Theorem D.4 and Léwner—Heinz theorem for
(p+1)/ne(0,1),

(Tn+1*Tn+1)(p+l)/(n+1) > (T”* Tn)(P+1)/n (4.1)
holds forn=m+1,m+2,... Then
<L (T Tn)(P+1)/n

holds by (2) of Theorem 1’ and (4.1).
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Proof of (2) By (2) of Theorem D.4 and Léwner—Heinz theorem for
(p+1/ne(0,1),

(Tn Tn‘)(P+1)/" > (Tn+l Tn+l")(P+1)/("+1) (4_2)
holds forn=m+1,m+2,... Then

(TT*)P+1 > (Tm+1 Tm+1*)(P+1)/(m+1) > (Tm+2TM+2*)(P+1)/(m+2)
> > (TnTn*)(PH)/n

holds by (2) of Theorem 1’ and (4.2).
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