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We consider the initial-boundary value problem of parabolic—elliptic systems on bounded
domains in R? with smooth boundary which is a mathematical model of chemotaxis.
Making a differential inequality on the moment of solutions to the problem, we show the
finite-time blowup of nonradial solutions under some condition on the mass and the
moment of the initial data.
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1 INTRODUCTION

This paper is concerned with the finite-time blowup of solutions for two
types of parabolic—elliptic system considered in [19,21] which are
simplified versions of a parabolic system proposed by Keller and Segel
[20]. The parabolic system is called the Keller—Segel model, which is a
mathematical model describing aggregation phenomena of cells due to
chemotaxis, i.e., a phenomenon of the directed movement of cells in
response to the gradient of a chemical attractant.
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38 T. NAGAI

Throughout this paper, € is a bounded domain in R? with smooth
boundary 9. The initial-boundary value problem of the parabolic—
elliptic system in [21] is described as follows:

u =V - (Vu—xuVv) in Q, t>0,
0=Av—v+au in , t>0,

(P) ou Ov
'5";—5;—0 Onaﬂ, t>0,
u(-,0) = up on Q.

The initial-boundary value problem in [19] is the following:

(u, =V - (Vu—xuVv) in Q, t>0,
0=Av+a(u—7%) inf, t>0,

ou Ov
(L) 4525;=0 ond, >0,
u(+,0) = ug on €,

L/v(x,t)dx=0
Q

In both these systems, a:and x are positive constants, §/9n represents the
directional derivative along the outward unit normal vector n on 92. In
(JL), %g is the mean value of u, defined by

),
g =— | updx.
12 Jo

We always assume that
up is smooth on Q, up >0, Z0 on Q.

Under this condition there exists 7> 0 such that (P) admits a unique
classical solution (u, v) on © x [0, T], which satisfies

u(x,t) >0, v(x,£) >0 onQx (0,7T].
If the maximal existence time Trax Of (&, v) is finite, then

lim, _sup ()l Lo () = +00, (1.1)
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by which we mean that the solution blows up in finite time. For these
results, see [21]. The same results are also valid for solutions of (JL)
except for the positivity of v. We remark that lim sup in (1.1) for solutions
of (P) can be replaced with lim (see [23,27]).

The finite-time blowup of solutions to the Keller—Segel model was
conjectured in [4,5,25]. They conjectured that solutions of the Keller—
Segel model may blow up in finite time with é-function singularities.
Finite-time blowup with é-function singularities is referred to as
chemotactic collapse. In two dimensions, to the best of our knowledge,
the first result on finite-time blowup was shown in [19] for radial
solutions of (JL) on a disk. In [21] he considered (P) on a disk Qin R? and
showed that under the condition [q uodx > 87/(cx) the radial solution
of (P) blows up in finite time if [ uo(x)|x|* dx is sufficiently small, but
under the condition [ uodx < 87/(ax) the radial solution exists globally
in time. The possibility of blowup in three or more dimensions was also
studied. The same results are also valid for (JL). Concerning chemotactic
collapse, in [11-13] they showed that chemotactic collapse actually
occurs in two dimensions. For further studies, see [14,15]. It is obtained
that in [23,27] finite-time blowup in two dimensions necessarily leads to
chemotactic collapse at each isolated blowup point, and that in [27] the
number of blowup points of solutions to (P) is finite.

We refer to [29] for the local existence of solutions of more general
parabolic systems including the Keller—Segel model, to [2,9,24] for the
global existence of the Keller—Segel model, and to [16,17] for blowup.
For related results to the Keller—Segel model we also refer to [6,7,22,26].

We remark that parabolic—elliptic systems similar to (P) appear as
models for gravitational interaction of particles (for instance, see
[1,3,8,28] and references therein). In [1,3] they studied the nonexistence
of solutions globally in time for star-shaped domains in R"(n > 2).

The possibility of finite-time blowup for (P) and (JL) as well as the
Keller—Segel model has been shown only for radial solutions so far. In
this paper we study the finite-time blowup of nonradial solutions (u, v) to
either of (P) and (JL) in two-dimensional domains without assuming that
Q is star-shaped. In Section 3, the finite-time blowup of nonradial
solutions is shown under the condition fouodx > 87/(ax) when g is an
interior point of 2, provided that [que(x)|x — ¢| dx is sufficiently small.
When g is on 91, the occurrence of the finite-time blowup of solutions
requires the condition [ uodx > 4m/(cx), since the solution (u, v) exists
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globally in time under the condition [quydx <4n/(ax) (see [2,9,24]).
Under a restricted condition on O, we show the finite-time
blowup of nonradial solutions, provided that [ouodx >4n/(ax) and
Jauo(x)|x — g|* dx is sufficiently small.

2 GREEN FUNCTIONS AND RELATED INEQUALITIES

Let B={x€R* |x| < L} (0 < L < o0), and given f€ L(B) (1 < p < +00)
consider the Dirichlet boundary value problems of —A on B:

—Aw=f in B,
w=0 on OB.

The solution w is expressed as
w(x) = / G(x,y)f(y)dy for x € B,
Q

where G(x, y) is the Green function of —A on B with homogeneous
Dirichlet boundary conditions. We remark that the Green function
G(x, y) has the following representation (for instance, see [10,18]):

G(x,y) = N(x — y) + K(x,y),

where

1
N(x =) = —_log|x ]

and K(x, y) is the compensating function. It is known that
(i) G(x,y) = G(y,x) for x,y € B,
(i) K€ C*(B x B),
(iii) |VxG(x,y)| < C/|x —y| on B x B for some constant C > 0.

Given r; and r, with 0 <r; <r,, define the function ¢ on [0, c0)
belonging to C*([0, c0)) N W*°((0, o)) by

r ifo<r<n,
o(r) =S air* +ayr+a; ifri<r<ry, (2.1)
rir; if r>nr,
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where

r 27‘17‘2 rr
a = a —_——

a = — 2 = ’ 3 .
rn—n r; —r

rp —r ’
Define ® € C'(R%) N W>*°(R?) by
®(x) = ¢(|x|),

which satisfies the following:

2x if |x| <,
27‘1 X .
= - — if <
Vo(x) — (r2—|x)) ] ifr; <|x| <,
0 if |x — q| > ra,

Ve ()| < 2(2(x)"”2,

Ad(x) =4 for |x| <r, A®(x) <2 for x| >r.

Put B;= {x e R* |x| <r}}.
LEMMA 2.1 It holds that for (x,y) € By X By,

{V(x) - VO(3)} - UN(x—y) =~

and for (x, y)¢ By X By,

r

{Ve(x) = Ve(y)}  VN(x —y) < pr——
w(ra—r1)

Proof 1Itis easy to get (2.5), since V®(x) =2x on B; and

1 x—y

VN(X—y) = —Zr'rx-:—y—lz'

To obtain (2.6), it suffices to show that for (x, y)¢ B; x By,

27‘1

{V0() = V8(3)} - (y =) < e =P

41

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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For (x,y) € By x (B,\B)), using (2.2) and

2x- (y=x) = (b = IxP) — |x =%,

(2.8)
- (y=x) =P - 5P + x = »P

and noting |y| —ry < |y| — |x| < |y — x|, we have
{Ve(x) - Ve(y)}- (y—x)

{2 m-pn 2} 0o

r |
_n(lyl=n) n(yl+rn) 2n
(n rl)lyl(lyl bt - {( —r)lyl rz“’l}ly i

4 I) e ) 20 ) o
= Ta—rp 1= R {(72~r1)|y| rz—rl}ly |

27‘1 2
< — .
_Q_”W x|

For (x,y) € B; x (RZ\BZ), noting |x — y| > r, — r;, we have

{Ve(x) - Ve(»)}- (y—x) = 2x- (y - x) < 2/x[}x - y|

2"1

For (x, y) € (B,\By) x (B,\B;), by (2.2) and (2.8) we have
{Ve(x) - Ve(y)}- (y—x)
_n_ [rn—|x _(r lyl) 3

ry—r |x|
n M=) e e (r2(|x|+|y|> ) 2}
= o= 1x7) - (=2 |x =y
rz—rl{ E R G R =1 =]
no bl o (b)) e
< -t — (BN o),y
. R D]
27‘]
= =%,

rp—rn
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For (x,y) € (B;\B) x (R*\B,), since |y| > r,, we have

2r X
{(VO(x) - V(»)} (y—x) =———(n—|x) = (y— x)
ry —r |x|
2r1
< — —
_rz_r1(|y| X))y — x|
2ry 2
< — .
S

For (x, ) € (R?\B,) x (R?\B,), since V&(x) = V&(y) =0, we have (2.7).
Other cases are reduced to the cases above, since

{Ve(x) - Ve(y)}- (y—x) ={Ve(y) - Ve(x)} - (x - y).
Hence, we have completed the proof of Lemma 2.1.
Givenfe C(Q) let w € C%(f) satisfy
—~Aw+yw=f in (,
ow

520 on 01,

where (> 0) is a constant. If ¥ =0, we assume that

/Qfdx=/nwdx=0.

Then the function w is expressed as
wix) = [ 6 Sy forxeq,
Q

where G(x, ) is the Green function of —A + « on Q with homogeneous
Neumann boundary conditions (see [10,18]). G(x, y) satisfies

|G(x,y)|sc(1+1og+ ) VGy) < ———,  (29)

[x -yl Ix -y’

where C is a positive constant and log*ta =max{loga, 0} for a>0. It
follows from (2.9) and Young’s inequality for convolutions that

Wl < Coll fllney (1 <p<o0), (2.10)
VWl < Coll Al (1<g<2), (2.11)

where C,, (resp. C,) is a positive constant depending on p (resp. g).
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3 FINITE-TIME BLOWUP OF SOLUTIONS

Our first result is the following theorem.

THEOREM 3.1 Let q€Q. Assume that [quodx>8mn/(ax). If
Jauo(x)|x — q|* dx is sufficiently small, then the maximal existence time
of the solution (u, v) to either of (P) and (JL) corresponding to the initial
Sfunction uy is finite, that is, the solution blows up in finite time.

We next mention finite-time blowup when ¢ is on the boundary 0€2.

THEOREM 3.2  Assume that OS2 has a line segment ly, and that 2 lies on
one side of a line | containing . Let q € ly be such that q is not end-points of
lo. Then, under the condition [quodx > 47/(ax), the solution (u, v) to either
of (P) and (JL) corresponding to the initial function uy blows up in finite,
provided that [qu(x)|x — q|* dx is sufficiently small.

3.1 Proofs of theTheorems for (P)

Let (u, v) be the solution of (P) with u( -, 0) = u,. To prove the theorems,
we begin with the following key lemma, which is shown by a method
similar to that in [1-3,21].

LEMMA 3.1 Let g€Q and 0 <r <r,<dist(q, 00), where dist(q, 0R) is
the distance between q and 0N). Then there are positive constants Cy, C,
depending only on ry, ry and dist(q, O) such that for t € (0, Tinax),

d%/gu(x, H®(x)dx

54/Quodx—‘;—:(/nu0dx)2+cl (/Quodx) (Lu(x, z)@(x)dx)
+ C (/Q U dx)s/2 </Q u(x, 1)®(x) dx)l/z, (3.1)

where ®(x) = ¢(|x — q|), ¢ is the one defined by (2.1) in Section 2.

Proof Forsimplicity, we may assume that the point g is the origin by the
translation x— x — g, since two equations of (P) are invariant under
translations. Multiply u,=V - (Vu — xuVv) by ® and integrate over 2.
Since 0®/9n = 0 on 9N because of r, < dist(g, 0) and the definition of
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¢, integration by parts yields that

—(l/ u(x, )®(x)dx

de Jo

- / u(x, ) AB(x) dx + x / u(x, )VB(x) - Vo(x, 1) dx.
Q Q
By A® <4 on (see (2.4)) and [qu(x,?)dx= [quodx,
/ u(x, ) A®(x)dx < 4/ up dx.
Q Q

Then,

i/ u(x, )®(x)dx < 4/ U dx+x/ u(x, )Ve(x) - Vv(x, 1) dx.
dz Jo Q Q
(3.2)
Let us take rs3, r4 such that
r<ry<r< dist(q, 6(2),
and the function 7 € C§°(R?) such that

1 if |x| <,
0<n<], ﬂ(x)={0 iflxl>:j'

Put
B={xeR%: |x|<r}CQ,
Bi={x¢€ R% |x| <r} for1,2,3.
By the second equation of (P), the function w(x, £) = n(x)v(x, t) satisfies

—Aw=anu+g—nv in B,
w=20 on OB

for each ¢ € (0, Tax), Where
g=-2Vn-Vv—(An)v.
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Then w is expressed as

w(x, 1) = /B G(x,y){an(y)u(y,t) +g(y, 1) —n(y)v(y, )} dy, (3.3)

where G(x,y) is the Green function of —A on B with homogeneous
Dirichlet boundary conditions. As mentioned in Section 2, G(x, y) has
the following representation:

G(x’y) =N(x‘y) +K(x’y)’ (34)
where
N(x — y) = ——log|x — |

and K € C?(B x B).Since v=w on By and V& = 0 outside of B,, by (3.3)
the second integral on the right-hand side of (3.2) is expressed as

/ u(x, )V (x) - Vo, 1) dx
Q
—a [ [ ux0u(.0n(») V() V:G(x,) dydx
B, JB
+ / / u(x, t)g(y, )Ve(x) - V,G(x,y) dydx
B JB
= [ [ s om0V ) - V16w y) dy dx
= I+ 1+ (3.5)
By (3.4) and n=1 on Bs, Iis divided into three parts as follows:
I=a/ / u(x, )u(y, 1)Ve®(x) - VN(x — y) dydx
B; JB;
o [ [ uoulr.0n()8() - ING: - 3) dy dx
B, JB\B;

+a /B2 /B u(x, )n(y)Ve(x) - ViK(x,y)dydx

=L+ 5L+ 1.
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Using V& =0 outside of B,, we rewrite I; as
I = a/ / u(x, u(y, t)Ve®(x) - VN(x — y)dydx,
8, /B
and by symmetry properties of the integral
/ / u(x, Hu(y, )Ve®(x) - VN(x — y) dydx
By JB;
= ——/ / u(x, u(y, )Ve®(y) - VN(x — y) dydx,
By J By
we have
n=2 A /B u(x, Du( y, {VB(x) — VB(3)}VN(x — y) dy dx
3 3

Such a representation of I; is used in [3, Theorem 2(v)]. Applying
Lemma 2.1 to the relation above yields that

(87
< ——
L < 27T/31 /81 u(x, u(y,t)dydx

ar
+——————// u(x, Hu(y,t)dydx. 3.6
271'("2 - rl) (BXB)\(B]XBl) ( ) (y ) y ( )

The first term on the right-hand side of (3.6) is estimated as

—-%/B] /B, u(x,u(y,t)dydx = —% (/B| u(x,t)dx)2
= ~% (/Q u(x,t)dx — L\Bl u(x, 1) dx)2
<-2 ( [1 u(x, 1) dx)2+% ( /Q u(x, 1) dx) ( /Q L0 dx)
< ——;—r (/Quodx)z—k;r% (/Quodx> (/ﬂu(x,t)fb(x)dx).
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Here, we used
7 < ®(x) for x¢ By.

The second term on the right-hand side of (3.6) is estimated as

ary
%N u(x, u(y,t)dydx
2m(ry — rl)//(BxB)\(leBl) ol )

< m < /Q o dx) ( /9 u(x, )3 () dx>.

Hence, the term I is estimated as

h<-2 ( /Q o dx)2+W2a_r2rl—)r% ( /Q ” dx) ( /Q u(x, £)B(x) dx).

Since |x — y| > r3 — ro for (x, y) € By X (B\Bs), I is estimated as

a 1
IS—// u(x, Hu(y, )|Ve(x)| —— dydx
S [, [ DU DIVR

> y 124y ds
= m(ry —r2) /Bz /B\Ba u(x, u(y, )(@(x))"dyd

<= ([ utrnay) ([ s 0@ a)
< ;(m—‘i_r—z) ( /Q ” dx)3/2 ( /Q u(x, £)B(x) dx)l/z.

Here, we used (2.3) and

/9 u(x, 1)(@(x) 2 dx < ( /Q o dx)l/z ( /Q u(x, £)B(x) dx)l/z.

By noting VK € L*°(B; x B), I, is estimated as

s < 200K ey [ [ a0, 0(@(0) dy ax
2

32 12
< 20 VeK [ gz < A uodx) ( /Q u(x, t)<I>(x)dx> .
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Hence,

tal = 4 2Kl uodx)3/2
x ( /Q u(x, £)B(x) dx)l/z. (3.7)

To estimate I, we note that
= / / u(x,)g(y, )Ve(x) - V4G(x,y)dy dx,
B, JB\B,

since g=—2Vn- Vv — (An)v=00n B3. For (x, y) € B, X (B\B3), observe
that |x — y| >r3 —rp and

C < C

ViG(x,p)| < <
VxS =5 S 7,

with a positive constant C. Then,

C
5 L w0l DR dya

5 ([ umn@enas) ([ letroley)
< frz ( /Q uodx)l/z ( /Q u(x, £)B(x) dx)m
X ([l lg(y,t)ldy)-

To calculate further, we apply (2.10) and (2.11) to the second equation of
(P) to get

<

IA

@O llwrigy < Clu@®l gy = Cliuoll 1 (g)-
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By this inequality,
/ng(y, Nl dy < 2(11 A7l o + VAl L) V@Ol 1)

< C/uody,
Q

where Cis a constant depending on || V7| ., || A7|| .~. Hence,

< n Sr2 </Q U dx)s/2 (/Q u(x, 1)®(x) dx)l/z. (3.8)

To estimate 11, we rewrite II] as

= / u(x, HVB(x) - Vab(x, ) dx,
B,
where
v(5,0) = = [ 12,06 .

Noting |V,G(x,y)| < C/|x — y| and using Holder’s inequality, we observe
that

V(x,1)] < € r(y”)l y

1/3
sc(frw) (frrrre)
< ClvOl p3e)-

Here, we used

2/3
sup (/ |x —y| 73/ dy) < +o00.
XEB; B

Applying (2.10) to the second equation of (P), by [|u(?)| 1) = I[uoll 110
we have

VOl 2@ < lluollzrey-
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Hence,
|Vap(x, 1) < C/ updx for x € B,.
Q

Therefore,

< c( L o dx) < /B ulx t)|V<I>(x)|dx)
< ( /Q uodx>3/2 ( /Q u(x, £)®(x) dx>l/2. (3.9)

Putting together (3.5), (3.7)—(3.9) yields that

/ u(x, )VB(x) - Vo(x, 1) dx
Q

<2 ( /Q o dx)2+C1 ( ]ﬂ o dx) ( /Q u(x, £)B(x) dx)
4G ( /Q o dx>3/2 ( /Q u(x, £)B(x) dx>1/2.

Hence, substituting this inequality into (3.2) we arrive at (3.1), thereby
completing the proof of Lemma 3.1.

We are now in a position to prove Theorems 3.1 and 3.2.

Proof of Theorem 3.1 By putting
Ma(t) = / u(x, £)B(x) dx,
Q
the differential inequality (3.1) in Lemma 3.1 is rewritten as
d
5 Ms (1) < H(Ma(0),

where H(s) is the function on [0, oc) defined by

H(s) =%(/ uodx) (8—7r—/u0dx)
2 \Ja ax  Jo
32
+C1(/ uodx)s—l-Cz(/ uodx) 52,
Q Q
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We note that H(0) < 0 under the condition [que(x) dx > 87/(a;x) and the
function s+— H(s)isnondecreasing. There exists a unique positive roota,.
of H(s) =0 such that H(s) < 0 for s < a, and H(s) >0 for s > a.. Hence,
if the solution (u, v) exists for all > 0, then the function 7 — [qu(x, ) X
®(x) dx must vanish in finite time provided [qu(x, £)®(x) dx < a,. Thisis
a contradiction to the positivity of [ou(x, £)®(x) dx. Thus, the proof of
Theorem 3.1 is complete.

We next give the proof of Theorem 3.2.
Proof of Theorem 3.2 We may assume that q is the origin and

10 = {(xl,X2): a<x < b, Xy = 0} Cl= {(x1,X2): Xy = 0}
by a parallel translation and a rotation of coordinates, since two
equations of (P) are invariant under those transformations. Given ry, r,
satisfying

0 < ry < r, < min{|a|, b, dist(0, 0Q\ )},

let us take ® as in Section 2. Noting V®(x) =0 for |x| > r, and observing
that

(9 =S T 0= =0 for = (x1,0) €

we see that
o0
n (x) =0 on 9.
Then, as in Section 2 it holds that
4 / u(x, )®(x) dx
de Jo 7

54/Qu0dx+x/n/nu(x, HVe(x) - Vv(x, ) dydx. (3.10)

Let 2, be the reflection of Q with respect to the x;-axes and put

=QUQ.U.
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For each ¢ € [0, Tpax), define the function (u*(-, £), v*(-, 1)) on Q* by

wnvien = {0 TSR,

where x* = (x1, —x») for x = (x;, x,). We then see that
— AV + v = au* in Q.
To estimate the second term of (3.10), we observe that

/ u(x, )VB(x) - Vo(x, 1) dx
Q

= % / ) u*(x, t)Ve®(x) - Vv*(x, 1) dx.

Since the origin is an interior point of *, by the same method as in the
proof of Lemma 3.1, we obtain

/ u(x, )VO(x) - Vv*(x, 1) dx
o

-2 </ﬂ u;;dx)2+ o) (/ u;;dx) </ﬂ u (x, ) (x) dx)

+C ( / G dx)3/2 ( /9 (6 )2() dx)l/z

([ ) [0

+4C; ( /9 o dx)m ( /Q u(x, )(x) dx>]/2. (3.11)

Putting together (3.10) and (3.11) yields that

di/u(x, 1®(x)dx

<4/uodx O;—X(/uodx)
+4c1( )( u(x, ®(x) dx)
+4G, ( /Q o dx) ” ( /Q u(x, £)B(x) dx)m‘

This differential inequality gives the conclusion of Theorem 3.2.
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3.2 Remarkonthe Proofs of theTheorems for (JL)

Asin the preceding subsection, it suffices to show that (3.1) in Lemma 3.1
is valid for the solution (u, v) of (JL) with u(-,0)=1u,. To estimate the
second term on the right-hand side of (3.2) for the solution of (JL), we
remark that the function w(x, t) = n(x)v(x, t) in the proof of Lemma 3.1
satisfies

—Aw = anu + g — awpn in B,
w=0 on OB,

where g =—-2Vn- Vv — (An)v. Let G(x, y) be the same Green function of
—A as in the previous subsection. Then, as before we have

/ u(x, )VO(x) - Vv(x,t)dx = I+ II + I,
Q

where I and II are the same ones as in (3.5), and the term 1] is the
following:

a1 = / u(x, )Ve(x) - Vip(x) dx,
B,

ww=ﬂ%LGmwmw@

The term I is estimated as (3.7). Similarly, (3.8) remains valid,
since |v(#)||lpr1) < Cllollpgy by (2.10) and (2.11). Noting % =
1/19] f, uo dx, we observe that

IWMw@SCLwM

with a positive constant C, and we see that II] is estimated as (3.9).
Therefore, (3.1) in Lemma 3.1 holds.
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