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200 1. RACHUNKOVA AND M. TVRDY
0. INTRODUCTION

In this paper we give existence theorems for the generalized periodic
boundary value problem

u" =f(t,uu'), (0.1)
u(a) = u(b), u'(a) = wu'(b)). 0.2)

Using these results (Theorems 4.1—4.3) we can get both the existence and
multiplicity for solutions of various periodic problems and their gen-
eralizations. One of such possible applications is shown in Corollary 4.4
which generalizes some results of [3], for other applications see [8] or [9].

The main tool of our arguments is a connection between the existence
of lower and upper functions for (0.1), (0.2) (called also lower and upper
solutions by some authors) and the Leray—Schauder topological degree
of an operator associated with (0.1), (0.2).

The notions of lower and upper functions of the second order bound-
ary value problems have a long history starting in 1931 when G. Scorza
Dragoni[10] used them for the Dirichlet problem. So far there have been a
lot of definitions introduced. Classically, we understand lower and upper
functions as C>-functions. Differential equations with Carathéodory
right hand sides or with singularities involved their generalization, for
example as AC'-functions, C'-functions having left and right second
derivatives or W*'-functions. The majority of existence results was
gained under the ordering assumption that a lower functionisless than or
equal to an upper one. During the last two decades the extension to
nonordered or reversely ordered lower and upper functions was attained.
See [1] and the references mentioned there. Here, we introduce a defini-
tion (cf. Definition 1.7) of lower and upper functions of the problem (0.1),
(0.2) which generalizes those of [1,5-7] and consider the both cases of
their ordering as well as the nonordered one.

1. PRELIMINARIES

Throughout the paper we assume: —o0o < a < b < 00, w: R+— R is contin-
uous and nondecreasing and f: [a, b] x R?— R fulfills the Carathéodory
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conditions on [a, b] x R?, i.e. f has the following properties: (i) for each
x€R and yeR the function f(-, x, y) is measurable on [a, b]; (ii) for
almost every ¢ € [a, b] the function f(z, -, -) is continuous on R?; (iii) for
each compact set KC R? the function my(t) = sup. ek |f(t X, y)| is
Lebesgue integrable on [a, b].

Furthermore, we keep the following notation: L[a, 5] is the Banach
space of Lebesgue integrable functions on [a, b] equipped with the
usual norm denoted by ||-||. Furthermore, for k € NU {0}, C¥[a, b] and
AC¥[a, b] are the Banach spaces of functions having continuous kth
derivatives on [a, b] and of functions having absolutely continuous kth
derivatives on [a, b], respectively. As usual, the corresponding norms are
defined by

k
It = 3" max k()] and s = Il + 15V .
i=0 '

The symbols C[a, b] or AC[a, b] are used instead of C%[a, b] or AC[a, b].
Moreover, BV[aq, b] is the set of functions of bounded variation on [a, b)].
For u € BV[a, b}, u* and 4* denote its singular and absolutely contin-
uous parts, respectively. Furthermore, if u € BV[a, ], then its one-sided
derivatives are denoted by D*uand D™ u.

Car([a, b] x R?) is the set of functions satisfying the Carathéodory
conditions on [a, b] x R

Finally, for a given Banach space X and its subset M, cl(M ) stands for
the closure of M and OM denotes the boundary of M.

If Qis an open bounded subset in C'[a, b] and the operator T': cl(Q) —
C'[a, b] is compact, then deg(/— T, ) denotes the Leray—Schauder
topological degree of I— T with respect to 2, where 7 stands for the
identity operator on C'[a, b]. For a definition and properties of the degree
see e.g. [2].

By a solution of (0.1), (0.2) we understand a function u € AC'[a, b]
satisfying (0.1) for a.e. t € [a, b] and having the property (0.2).

The following estimate will be helpful later.

LEMMA 1.1  Letafunctionm € Lia, bl andsets%(t) C R, t € [a, b], be such
that m(t) < 0 on a subset of [a, b] of a positive measure,

m(t) < f(t,x,y) forae.t€[ab] andany (x,y) € U%(t) xR (1.1)
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and

w(y) 2y Jforallye[~|mly,|mly]- (1.2)

Let u be an arbitrary solution of (0.1), (0.2) such that u(t) € U(¢) for all
t€la,b). Then

l'llc < limlly- (1.3)
If we suppose m(t) > 0 on a subset of [a, b] of a positive measure and
m(t) > f(t,x,y) for a.e.t € [a,b] and any (x,y) € %(t) xR (1.4)
and

w(y) <y foralye[-|mly,|m|L.] (1.5)

instead of (1.1) and (1.2), then the estimate (1.3) remains valid, as well.

Proof We shall restrict ourselves only to the proof of the former asser-
tion. The latter can be proved by a similar argument.

Let u be an arbitrary solution of (0.1), (0.2) such that u(r) € %(¢) for all
t€[a,b]and let (1.1) and (1.2) be fulfilled. Then

m(t) <u”(f) for ae. € [a,b]. (1.6)
Certainly, there is ¢y € (a, b) such that u'(¢y) =0. Hence
t
—mlly < — / m(s)|ds < u'(t) fort€ (to,6]  (17)
to
and
to
iy, < — / m(s)|ds < —u'(t) fort€lan).  (1.8)
t

In particular, with respect to (0.2),

w(u' (b)) = u'(a) < / " im(s)] ds < [mll,. (1.9)
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If u/(b) > ||m|| held, then by (1.2) we would have w(u'(b)) > w(||m||L) >
||m||1, a contradiction. This together with (1.7) yields

|’ (B)] < [lmlly.- (1.10)

Now, making use of (0.2), (1.2) and (1.7) we obtain for ¢ € [a, t(]

t b t
W (1) > u'(a) — / Im(s)| ds > — /, Im(s)| ds — / Im(s)|ds > —||ml,

This together with (1.7) yields

—|lm|ly < u'(s) for all £ € [a, b]. (1.11)

On the other hand, in virtue of (1.9), (1.10) and (1.2) we have for
t € [to, b]

b t b
u'(1) < u'(b) + / im(s)| s < / Im(s)| ds + / Im(s)|ds < ||l

This together with (1.8) and (1.11) completes the proof of (1.3).

Remark 1.2 1If m(f) > 0 were fulfilled a.e. on [a, b), then in the case that
we suppose (1.1) and (1.2), the set of solutions « of (0.1), (0.2) such that
u(t) € U(¢) on [a, b] would be empty. Analogous situation would occur if
m(?) <0 held a.e. on [a, b] and we supposed (1.4) and (1.5).

Furthermore, we can see that provided w(y)=y (i.e. the boundary
conditions (0.2) reduce to the periodic ones), we get (1.3) under the
assumption (1.1) as well as under (1.4).

The Eq. (0.1) may be rewritten as the system of two equations of the
first order

!

x'=y, Yy=ftxy).

Generalization of the notions of lower and upper functions for systems of
differential equations of the first order leads to the following concepts
of “coupled” lower and upper functions which will be suitable for our
purposes.
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DEFINITION 1.3 Functions (o1, p1) € ACla, b] x BV|a, b] are said to be
lower functions of the Eq. (0.1) (on [a, b)), if the singular part psli“g of piis
nondecreasing on [a, b and the following system of differential inequalities
is satisfied:

o1(t) = p1(2) a.e. on [a, b], (1.12)
p1(2) > f(t,01(2), p1(2)) a.e. on [a,b]. (1.13)

DEFINITION 1.4  Functions (05, p2) € ACla, b] x BV]a, b] are said to be
upper functions of the Eq. (0.1) (on[a, b)), if the singular part pzi“g of pyis
nonincreasing on [a, b] and the following system of differential inequalities
is satisfied:

o,(1) = pa(2) a.e. on [a, b), (1.14)
p5(t) < f(t,02(2), p2(2)) a.e. on [a,b]. (1.15)

Remark 1.5 1f (01, p1) and (o2, p2) are respectively lower and upper
functions to the given equation, then the monotonicity properties of the
singular parts of the functions p; (i=1, 2) yield the relations

pi1(t+) — p1() > 0 and po(t+) — p2(1) <0 forall z € [a,b),
p1(s) — pi(s—) >0 and pa(s) — p2(s—) <0 for all 5 € (a,b)].
(1.16)

Remark 1.6 Obviously, if (o1, py) are lower functions of the Eq. (0.1),
then o{(t) = p1(z) for any point ¢ of continuity of p; in (a, b), while the
relations DV (2) = py(t+) and D™ oy(s) = pi(s—) are satisfied for any
t€[a, b) and s € (a, b]. Analogous relations are true for upper functions
(02, p2) of (0.1), of course. On the other hand, for a given i € {1,2}, o/ (¢)
need not be defined even for any ¢ € [a, b] where D o;(f) = D™ 0y(2) =
o!(t) and thus o] () need not be defined for any ¢ € [a, b], which gen-
eralizes the notion of W>'-lower and -upper functions introduced in [1].
Other definitions which generalize the notions of W21-lower and -upper
functions, but not so suitable for our purposes, were given by Fabry
and Habets in [4]. Recently, it was shown by Vrko€in [11] that our Defi-
nitions 1.3 and 1.4 are equivalent to those from [4].
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DEFINITION 1.7  Lower functions (o1, p1) of (0.1) which satisfy
oi(a) = 01(b) and pi(at) = w(pi(b-)) (1.17)

are called lower functions of the problem (0.1), (0.2).
Upper functions (o2, p2) of (0.1) which satisfy

oy(a) = 02(b) and py(a+) < w(pa(b-)) (1.18)

are called upper functions of the problem (0.1), (0.2).

Remark 1.8 1If f(t,r1,0)<0 a.e. on [a, b] and w(0) <0, then (r,,0) are
lower functions of (0.1), (0.2) and, similarly, if f(z,r,,0) >0 a.e. on [a, b]
and w(0) > 0, then (r,, 0) are upper functions of (0.1), (0.2). On the other
hand, it is easy to see that if f(z, o(?), p(£)) > 0 a.e. on [a, b] and w fulfills
(1.2), then (o, p) could not be lower functions of (0.1), (0.2). Analogously,
f(2,0(2), p()) <0 a.e. on [a, b] with (1.5) can be true for no upper func-
tions (o, p) of (0.1), (0.2).

Let us denote
L:x € AC'[a,b]— (x" — x,x(a) — x(b),x'(a)) € L[a,b] x R? (1.19)
and
F:x € C'[a,b] — Fx € L[a, b] x R?, (1.20)
where
(Fx)(2) = (f (&, x(2), x"(8) = x(1),0, w(x' (b)) a.e. on [a,b].

Then L is a linear bounded operator and the operator F is continuous.
After a careful computation we can check that if we put

(eZa—s—t + et—s)(eZs _ e2b)
2(e? — eb)?
To(z,5) = (€251 — ¢t=5) (e + %) — 2ea (et — 1) (1.21)
B 2(e? — eb)?

ift>s

ift<s,
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and
e2a+b-t + eb+t ea+b—-t + ¢!
F] (t) = "W and F2(t) = — eb — on [a, b], (122)
then
AT (1, 5)
max |To(z,8)|+ sup |———=| < o0,
t,s€la,b) l 0( )l ,756[‘8 b] ot

/ /
mae (1T ()] + [T () + max (I0a(0)] + IP(9)]) < o0

and for any (y,ry,r,) € Lfa, b] x R? the unique solution of the linear
boundary value problem

x"—x=y(), x(a)—x(b)=r, x'(a)=r

is defined by
b
x(1) = / To(t, $)y(s)ds + Ty (d)r1 + Ta(t)r2 on [a, B,
Furthermore, the operator L* defined by

L*:(y,r,r) €Lja,b] x R2— L*(y,r,r) € (Cl[a,b], (1.23)

where

(L*(y,m,m))(t) = /abTO(t,S)J’(S) ds+T1()r1 +T2(f)r2 on [a,b),

is linear and bounded and the operator L*F: C'[a, b] — C'[a, b] is com-
pact. The problem (0.1), (0.2) is equivalent to the operator equation

(I-L*F)x=0
and if for some open bounded set Q  C'[a, 5] the relation
deg(I- LTF,Q) #0 (1.24)

is true, then the problem (0.1), (0.2) possesses at least one solution in 2.
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2. STRICT LOWER AND UPPER FUNCTIONS AND
TOPOLOGICAL DEGREE

The following definition is motivated by the similar one used in [1] for the
periodic problem x" = f(t, x), x(a) = x(b), x'(a) = x'(b).

DEFINITION 2.1  Lower functions (o1, p1) of (0.1), (0.2) such that o, is
not a solution of this problem are called strict lower functions of (0.1),
(0.2) if there exists € > 0 such that

p(t) > f(t,x,y) forae.t€ [ab]
and all (x,y) € [01(t),01(t) + €] X [p1(2) —e,m (1) +€].  (2.1)

Analogously, upper functions (o2, p2) of (0.1), (0.2) are said to be strict
upper functions of (0.1), (0.2) if o, is not a solution of this problem and there
exists € > 0 such that

p5(t) < f(t,x,y) for ae. t € [a,b]
and all (x,y) € [02(t) —€,02(2)] X [p2(2) — €, 2(1) +€].  (2.2)

In this section we want to prove theorems giving sufficient conditions
for (1.24) in terms of strict lower and upper functions of (0.1), (0.2). We
shall need the following two lemmas.

LEMMA 2.2 Let (01, p1) and (o3, p2) be respectively strict lower and upper
functions of the problem (0.1), (0.2) such that

o1(2) < o2(t) on [a, b)]. (2.3)
Then for any solution u of (0.1), (0.2) fulfilling
o1(t) < u(t) < oa(t) on [a, b] (2.4)
we have o1(f) < u(t) < o5(t) on[a, b).
Proof (i) Suppose

u(ty) — o2(to) = }él{g.;}(](u(t) —02(t))=0 and ¢ € (a,b). (2.5
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In particular, u’(¢p) — pa(to—) > 0> u'(ty) — pato+) and thus, with
respect to (1.16),

u'(19) = lim pa (1) = pa(t0). (2.6)

Hence, if £ > 0 is such that (2.2) is true, then there is 6 € (0, b — #o] such
that the relations o5(f) — ¢ <u(?) < 02(f) and p,(¢) —e <u'(t) < pa(t) +¢
are satisfied for all ¢ €[ty — 6, to+ 6] and consequently, making use of
(2.2), (2.6) and the monotonicity of p;"®, we get for any 7 € [1o, 1o+ 6]

o< | (s uls)u'(5)) — ph(s)) ds

= [ - s as

=u'(t) — p§°(8) — /(1) + 3 (t0)
=1'(t) = pa(1) + P3"8(t) — P3" (t0)
<u'(t) — pa(2). (2.7)

By (1.16), (2.7) and (2.4) we have
0>u(t)—oax(t) = /t(u’(s) —p2(s))ds >0 on [t,1 + 6],

i.e. u(t) = ox(t) on [to, to + 6.

Let us put ¢* = sup{r €[ty, b]: u(t) = 05(f) on [y, 7]}. Then t* >ty + 6,
u(t*)=o0,(t*) and u'(t*) = po(t*—). Let us assume that t* <b. Then,
by (1.16), we have u'(t*) > pa(t*+). If u'(+*) > p(¢*+) were valid, then
0=u(ty) — oo(te) =u(t*) — oo(t*) could not be the maximum value of
u(t) — oo(f) on[a, bl and this would contradict the assumption (2.5). Thus,
u'(t*) = po(t*+). Repeating the above considerations with #* in place
of 1y, we would obtain further that there is 6* € (0,5 — ¢*] such that
u(t)=o0,(f) on [t*,t* +6*], a contradiction with the definition of ¢*.
It means that ¢* = b and u(t) = o5() on [#o, b]. Similarly, we could prove
that u(r) = o,(¢) on [a, ty]. i.e. u(t) = o(t) on [a, b]. This contradicts our
assumption that o, is not a solution of the problem (0.1), (0.2) on [a, b],
i.e. u(?) < o,(t) on (a, b).



NONLINEAR SYSTEMS OF DIFFERENTIAL INEQUALITIES 209
(i) Suppose

0=u(b) = 02(b) = u(a) — 02(a) = max(u(r) — o2(1)). (2.8)

This is possible only if u/(a) < po(a+) and u’(b) > p>(b—). On the other
hand, by (0.2) and (1.18) we have 0>u'(a) — pa(a+) > wu'(b)) —
w(p2(b—)) > 0 and hence

u'(a) = pa(a+). (2.9)

Similarly as in part (i) of the proof, we can deduce from the relations
(2.8) and (2.9) that u(¢f)=o0,(f) on [a,b]. This being impossible by
Definition 2.1, we conclude that u(¢) < o»(¢) on [a, b].

(iii) Similarly we can show that under our assumptions the relation
u(t) > o1(2) is true for all ¢ € [a, b], as well.

LEMMA 2.3 Let (o4, p1) and (o2, p2) be respectively strict lower andupper
Sfunctions of (0.1), (0.2) such that (2.3) is true. Let us put

f(ta o1 (t)’y) — 01 (t) ifx < Ul(t)s
f(t,x,y) = f(t’xsy) -X ifo'l(t) <x< 02(t)s (2'10)
f(t,02(8),y) —02(2)  if 02(2) < x.

Thenf e Car([a, b] x R?) and for any solution u of the problem
u" —u=f(tuu'), (0.2) (2.11)
the relations (2.4) are satisfied.

Proof In view of (2.10), we have f € Car([a, b] x R?). Let u be an arbi-
trary solution of the problem (2.11) and let

u(t()) — 0'2([0) = gl[?i(](u(t) - Uz(t)) > 0. (2.12)

By (0.2) and (1.18) it suffices to consider the cases ¢, € (@, b) and tp=a.
If ¢y € (a, b), then similarly as in the proof of Lemma 2.2 we obtain that
lim,,,, p2(f) = p2(t0) = u'(%).If to = a, then like in the second part of the
proof of Lemma 2.2 we get u'(a) = po(a+). In particular, in both cases,
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if £ > 0 is such that (2.2) is satisfied, then there is é € (0, b — t,] such that
u'(t) € [ px(t) — €, pa(f) + €] and u(z) > o4(2) on [1y, 1o + 6]. Hence, owing to
(2.10) we have
u”(1) = py(t) = f(t, 02(2), u' (1)) + u(t) — 02(r) — p3(1)
> f(t,02(0),u'(£)) — ph(¢) > 0 a.e. on [tg, 20 + 8]

and like in (2.7) for ¢ € (¢, to + 6] we obtain

0< [69) - 246) ds <) = a0

to

Consequently,

0< [ 66) = p2(9) ds < () = 02(0) ~ () = 02(10)

to

on (fp, 1o + 6].

As this contradicts the assumption (2.12), it follows that u(¢) < o,(?)
on [a, b]. Similarly we could show that o,(¢) < u(?) on [a, b].

THEOREM 2.4 Let (01, p1) and (02, p2) be respectively strict lower and
upper functions of (0.1), (0.2) satisfying (2.3). Further, let us assume that
either (1.1) and (1.2) or (1.4) and (1.5) are satisfied with m € L[a, b] and
U(t) =[o1(2), o2(D)] for t € [a, b]. Let us denote

O = {x € C'[a,b]: 01(2) < x(t) < 02(¢t) and
Ix"llc < llmlly, on (a,b]} (2.13)
and let the operators L* and F be given by (1.23) and (1.20), respectively.
Then
deg(/— LYF, Q) =1.
Proof Assume (1.1) and (1.2) and for some ¢ € (0, 0o) put
flt,x,—c) ify<—c

gltx,y) =4 fltxy) if|y<c
flt,x,e) ify>c
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and

w(—c) ify<-—c
w(y) =4 wly) if[yl<e
w() ify>ec

Let / be given by (2.10), where we put g instead of f and choose ¢ >
||m||. such that (o4, p1) and (o2, p2) are strict lower and upper functions of

u" =g(t,u,u'), u(a) —u(b) =0, u'(a) =w'(d)). (2.14)
Now consider the parameter system of boundary value problems

u" —u=M(t,u,u'), u(a)—u(d)=0,
u'(a) = 2w’ (b)), Xel0,1]. (2.15)

Defining for x € C'[a, b] and for a.e. 1 € [a, b]

(Fx)(1) = (F (1, x(1), x' (1)), 0, W(x' (1)),

we get a continuous operator F: C'[a, b] — L[a, b] x R? and the system
(2.15) can be rewritten as the parameter system of operator equations

u— AL Fu=0, Xelo,1].

For A €[0, 1], a function u € C'[a, b] is a solution to (2.15) if and only if
it satisfies the relation

b
u(t) = A(/a To(t, ) f (s, u(s), u'(s)) ds+l"2(t)ﬁ1(u'(b))) on [a, b],

where 'y and T', are defined by (1.21) and (1.22). Therefore there is
r € (0, 00) such that

QA (r)={xeCa,b]: x|l <r}
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and for any A € [0, 1] any solution u to (2.15) belongs to ¢ (r). Thus, the
operator I — AL1 F is a homotopy on J'(r) x [0, 1] and

deg(I — LYF, o (r)) = deg(I, #'(r)) = 1.

Now, let A=1 and let u be an arbitrary solution of the corresponding
problem (2.15). We can apply Lemma 2.3 and get (2.4). Hence u is a
solution of (2.14). Since g(z, x, y) > m(¢) for a.e. t €[a,b] and all (x, y) €
[o1(®), 02D X R, o1(f) <u(t) <ox(f) on [a,b] and w(y)=w(y) for
y €[~|Im||L, ||m||L], we can use Lemma 1.1 and get ||u’||c < ||m||L < c.
It follows that u is a solution of (0.1), (0.2). Consequently, we can make
use of Lemma 2.2 to show that 01(¢) < u(f) < 05(¢) on [a, b].

To summarize, for A=1 and for any solution u of (2.15) we have
u € Q. Since F = Fon cl(Q,), this means that

deg(I— LYF, Q) = deg(I— L"F, Q) =deg(I - LYF, 4 (r)) = 1.

Thecase that (1.4) and (1.5) are satisfied instead of (1.1) and (1.2) could
be treated in a similar way.

Now, we prove an analogous theorem provided o, 05 are ordered in
the opposite wayj, i.e.

o2(t) < 01(t) for all ¢ € [a, b]. (2.16)

THEOREM 2.5 Let (01, p1) and (04, p2) be respectively strict lower and
upper functions of (0.1), (0.2) satisfying (2.16). Further, let us assume that
either (1.1) and (1.2) or (1.4) and (1.5) are satisfied with m € L[a, b] and
(1) =R. Let A € Rbe such that ||o1||c + ||o2]|c + (b — a)||m||. < 4 and let

% = {x e C'[a,b]: xlc < 4, |¥'lc < Imll
and there exists t, € [a,b] such that o5(1y) < x(tx) < o1(2x)}.

Then
deg(I — L*F, ) = —1. (2.17)

Proof Put A= A+ (b—a). Assume (1.1) and (1.2) and consider an
auxiliary equation

u" =g(t,u,u'), (2.18)



NONLINEAR SYSTEMS OF DIFFERENTIAL INEQUALITIES 213

where

g(t,x,p) =

(f(t,x,9) + |m(2)] ifx>A+1,
F(t,x,9) + (x — A)|m(2)] ifA<x<A+1,
f(t,x,y) if—A<x<A,

f(x,9) + (A +2)[f(t,x,9) + |m(D)]

[ —[m(2)| ifx<—A—1.

We have g € Car([a, b] x R?) and

g(t,x,y) >

~(Im(@A)] + 1)

for a.e. 1 € [a,b] and all (x,) € [-(4 +2), (4 +2)] xR. (2.19)

The couples of functions (o1, p1) and (o5, p,) are respectively strict lower
and upper functions to the problem (2.18), (0.2). Furthermore, in virtue
of the assumption (1.1), also (o3,p3) = (—(4 +2),0) and (o4, ps) =
(A +2,0) are respectively strict lower and upper functions to the
problem (2.18), (0.2) which are “well-ordered”, i.e. o3(f) < o4(?) on
[a, b]. Let us define sets

Q={xeClab]: xllc <A+2[xllc < Imlly + 1},
Ay = {x € Q: 01(t) < x(t) on [a, b]}

and

Ay = {x € Q: x(1) < 02(¢) on [a,b]},

and an operator

where

G:x € C'la, b} — Gx € L[a, b] x R?,

(Gx)(?) = (g(t,x(2),x'(2)),0,w(x'(b))) a.e. on [a,B].
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Owing to Theorem 2.4 we have
deg(I— LTG,Q) =deg(I— L*G,A;) =deg(I—- LG, A;) = 1.
Let us denote A =Q\cl(A; UA,). Then
A = {x € Q: there is #y € [a, b] such that o5(tx) < x(2x) < o1(tx)}
and by the additivity of the degree we have

deg(I — L*G,A)
=deg(I- L*G,Q) —deg(I — L*G,A,) —deg(I — L*G, Ay) = —1.

Let u be a solution to (2.18), (0.2) and let u € A. Then there is ¢, € (a, b)
such that o5(2,) < u(t,) < o4(2,). Consequently, for any ¢ € [a, b] we have

lu(2)| = < lloilic + llozlic + (b — a)llu'llc,  (2.20)

u(t,) + /tl u'(s)ds

wherefrom by (2.19) and Lemma 1.1 the relation ||u||c < A follows.
Therefore u is a solution of (0.1), (0.2) and using Lemma 1.1 and (2.20)
once more we get ||u'||c < |7l and ||u||c < 4, i.e. u € Q. Consequently,
the excision property of the degree yields

deg(I — L*G,,) = -1,
wherefrom, since G = F on cl(£2,), we obtain (2.17).

In the case that (1.4) and (1.5) are satisfied instead of (1.1) and (1.2)
we can argue similarly.

The case

there are r and s € [a,b] such that o1(r) < 02(r) and o2(s) < o1(s)
(2.21)

is treated by the following theorem.
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THEOREM 2.6 Let (o1, p1) and (02, p2) be respectively strict lower and
upper functions of (0.1), (0.2) satisfying (2.21). Further, let us assume that
either (1.1) and (1.2) or (1.4) and (1.5) are satisfied with m € L|a, b]
and U(t) =R. Let A €R be such that ||oy||c+ ||o2]lc+ (b —a)||m|L< 4
and let

Q= {x € C'[a,b]: |Ix|lc < 4, |x'|lc < ||m|l, and there exist

Fxs Sx € [a, b] such that o1(ry) > x(ry) and o2(sx) < x(sx)}.
Then
deg(I— LTF,Q3) = —1.

Proof Letg,G, A4, Ay, Ay and 0 have the same meaning as in the proof
of Theorem 2.5. Taking into account thatin the case (2.21), Q\cl(A; U Ay)
is the set of all x € Q for which there exist r, and s, € [a, b] such that
o1(ry) > x(r,) and o5(s,) < x(sy), it is easy to see that the proof of this
theorem can be completed by an argument analogous to that used in the
proof of Theorem 2.5.

3. LOWER AND UPPER FUNCTIONS AND
TOPOLOGICAL DEGREE

In this section we give proper modifications of the results described in the
previous section to the case of lower and upper functions which need not
be strict.

LEMMA 3.1 Let the assumptions of Theorem 2.4 be fulfilled but with
(01, p1) and (o4, p2) not necessarily strict. For a.e.t € [a, blandany ¢ € [0, 1]
let us put

witQ = sup |f(t,01(1), ;1 (1)) = (1,01(1),2),  (3.1)

z€R o1 (1) —2|<¢

w(t, Q)= sup  |f(1,02(2), p2(2)) = f(1,02(0),2)|.  (3.2)

2€R,|p (1) —2|<¢
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Furthermore, let us define

h(t,x,y)

160n03) =) -1 A=Y irx <o,

=4/txy)  —x ifxeloin), (),

f(t,02(1),y) —02(t) + w2 (t, ;—i——;;(rtz)%—l-) if x > 0y(1)
(3.3)
and
w(=llmllL) +y +llmlly  for y < —[lmly,
w(y) = w(y) for |y| < [|mlly,
w(llmlly) +y —llmlly  for y > {jmlly..
Then h € Car((a, b] x R?) and for any solution u of the problem
u" —u=nh(t,u,u’), u(a)=u(b), u'(a) =wu'(b)) (3.4)

the relations (2.4) and (1.3) are true.

Proof The functions w;:[a,b] x[0,1]—R* (i=1,2) given by (3.1)
and (3.2) are nondecreasing in the second variable and belong to the
class Car([a, b] x [0, 1]). Hence & € Car([a, b] x R?) as well. Let u be an
arbitrary solution of (3.4) and suppose

u(ty) — o2(to) = g}fi‘]("(t) —oy(1)) > 0.

In virtue of (0.2) and (1.18) it suffices to consider the cases a < ¢, < b and
to=a. As in the proof of Lemma 2.3 we have
u'(to) = lim ps (1) = p2(t0)

in the former case and u’(a) = py(a+) in the latter. Making use of the
continuity of o,, # and u’ we conclude that in both cases there are 6 >0
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and 7 € (0, 1) such that for all ¢ € [#y, o + 6] we have

u(t) — ao()

W < u(t) — oa(2)

lpa(1) — ' ()] <m <

and, with respect to (3.2),
|f (8, 02(2), p2(2)) — [ (2, 02(2), u"(1))] < wa(t, | p2(2) — ' (2)])

u(t) — oa(t)
<en( iy 2antn 1)

Consequently, by means of (1.15), for any ¢ € [to, to + 6] we get
u"(1) — py(t)

=0+ or00) (o 5 L) =l -

> n+f(t,02(2), p2(2)) — p3(2) > 0.

Like in the proof of Lemma 2.3 this yields a contradiction with the
assumption that u(ty) — o2(2o) is the maximal value of u(¢) — o5(f) on[a, b].
Thus, the relation u(z) < o5(f) is true on [a, b]. Similarly we can show that
01(9) < u(t) on [a, b] as well, i.e. u satisfies (2.4). Therefore u is a solution
of (0.1) on [a, b]. Moreover, w satisfies (1.2) or (1.5) for all y € R. Hence
by Lemma 1.1 we get (1.3).

LEMMA 3.2 Let the assumptions of Lemma 3.1 be fulfilled. Then for any
u >0 the couples (o) — u, p1) and (02 + p, p2) are respectively strict lower
and upper functions to the problem (3.4).

Proof Let(o4, p1) and (03, po) be respectively lower and upper functions
to the problem (0.1), (0.2) such that (2.3)is true. Let an arbitrary u > 0 be
given and let us define

G2(t) = 02(¢t) + 1 on [a,b].

Obviously, the couple (&3, p) satisfies the boundary conditions (1.18).
Further, making use of (1.15) and (3.2), we get for a.e. ¢t €[a, b]

62(1) + h(t, 62(0), pa(1)) = p+ £(1,02(0), palt)) + w2 (t, ﬁ)

> f(t,02(), p2(2) 2 P (1)
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This means that (63, p») are upper functions to (3.4) and 6, is not a
solution of (3.4).

Now, let us put e = (u/2)/((/2) + 1). Since e < p/2, for any ¢ €|a, b]
and any couple (x, y) € R? such that

|x —62(t)] <e and |y — p2(f)| < € (3.5)

we obtain x — g5(f) > p/2 and |y — pa(2)| < (x — 02(2))/(x — 02(2) + 1) and
hence also

Consequently, for a.e. ¢ € [a, b] and all (x, y) € R? fulfilling (3.5) we can
compute

x+h(t,x,y) > x—o2(t) + wy (t,

x = o2(1)
x —oy(1) + 1)

—wa(t, |y = p2(0)]) +£(2,02(2), p2(2))
> f(t,02(2), p2(1)) = p5(2),

i.e. the functions (&2, p2) are strict upper functions to the problem (3.4).
Analogously we could show that for any u > 0 the functions (o7 — u, p1)
are strict lower functions of (3.4).

THEOREM 3.3  Let the assumptions of Theorem 2.4 be fulfilled, but with
(01, p1) and (o2, p2) not necessarily strict. Then either the problem (0.1),
(0.2) has a solution which belongs to 00, or

deg(I- LTF,fy) = 1. (3.6)

Proof Let(o, p1)and (o2, p2) berespectively lower and upper functions
to the problem (0.1), (0.2) fulfilling the relation (2.3). Let us choose an
arbitrary p > 0. By Lemma 3.2 the couples (o7 — u, p1) and (o2 + p, p2)
arerespectively strict lower and upper functions to the modified problem
(3.4). It means that by Theorem 2.4

deg(/— L"H,Q,) =1,
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where H : x € C'[a, b]— Hx € L{a, b] x R?,

(Hx)(6) = (h(t, x(), x'(1)), 0, W(x'(b))) . in [a,B],
Q.= {xeC'a,bl: o1(t) —p < x(t) < oa(t) +

on [a,5] and [|x"l|c < ||l }

and either m(t) =m(t) — p—wi(s,1) or m(t) =m(t) + p+w(z, 1)
(according to whether we assume (1.1), (1.2) or (1.4), (1.5)). On the
other hand, by Lemma 3.1 the problem (3.4) does not possess any solu-
tionin Q,\cl(2;). Moreover, H= F on cl(2;) and so if the problem (0.1),
(0.2) has no solution belonging to 92, the modified problem (3.4) has
no solution belonging to 82y, either. Therefore, by the excision property
of the degree we have (3.6).

In the case that oy and o, fulfill the relation (2.16) or (2.21), making
use of Theorem 3.3 we can modify the proofs of Theorems 2.5 and 2.6
in such a way that we get the following assertions.

THEOREM 3.4 Let the assumptions of Theorem 2.5 be fulfilled, but with
(01, p1) and (03, py) not necessarily strict. Then either the problem (0.1),
(0.2) has a solution which belongs to 9, or

deg(I— LTF, ;) = —1.

Proof Let(oy, p1)and (o,, po) berespectively lower and upper functions
to the problem (0.1), (0.2) and letm, A4, A, g,G, (03, p3), (04, pa), Q, Ay, Ay
and A have the same meaningasin the proof of Theorem 2.5. The couples
(o1, p1) and (o, py) are respectively lower and upper functions to the
problem (2.18), (0.2) which need not be strict now. By Theorem 2.4 we
have again

deg(I- L*G,Q) = 1.

Let u be a solution of (0.1), (0.2) such that u € 8€,. Then u is also a solu-
tion to (2.18), (0.2). Moreover, as in the proof of Theorem 2.5, making
use of (2.20) and of Lemma 1.1 we can show that

lullc < 4 and [ju'llc < fimlly- (3.7)
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Thus, there exist i € {1, 2} and ¢, € [a, b] such that
u(t,) = oi(ty), (3.8)

ie. uedA,;

On the other hand, let u be a solution of (2.18), (0.2) such that u €
A UBA,. By Lemma 2.2 we have —(A4 +2) < u(t) < A+ 2 on [a, b].
Furthermore, by (2.19) and Lemma 1.1 we get ||u’||c < ||m|j.+ 1. Asin
the proof of Theorem 2.5 this implies by (2.20) that ||ul|c < 4, i.e. u s
a solution of (0.1), (0.2). Now, using (2.20) and Lemma 1.1 once more
we obtain again (3.7) and (3.8), i.e. u € 0.

To summarize, (0.1), (0.2) possesses a solution belonging to 9, if and
only if (2.18), (0.2) possesses a solution belonging to 9A; UJA,.

Consequently, if the problem (0.1), (0.2) possesses no solution u such
that u € 0),, then making use of Theorem 3.3 we get

deg(/ — L*G,A;) =1 and deg(I— LTG,A;) = 1.

Finally, by the same argument as in the proof of Theorem 2.5 we can
show that any solution u € A of the problem (2.18), (0.2) belongs to 2.
Therefore

deg(I — L*G,§) = deg(I — LTG,Q) — deg(I — LG, A)
—deg(I - L*G,Az) = —1

and taking into account that F = G on cl(£2,), we complete the proof.

THEOREM 3.5 Let the assumptions of Theorem 2.6 be fulfilled, but with
(01, p1) and (o2, p2) not necessarily strict. Then either the problem (0.1),
(0.2) has a solution which belongs to 03 or

deg(I— LTF,Q3) = —1.

Proof Follows from Theorem 3.3 by a modification of the proof of
Theorem 2.6 similar to that used in the proof of Theorem 3.4.

4. EXISTENCE THEOREMS

Theorems 3.3-3.5 give directly existence results for our problem (0.1),
(0.2). Similarly as in [7] (cf. Theorem 6) it is possible to show the existence
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of a solution to this problem even in the cases that the strict inequalities
(2.3) and (2.16) are replaced by the nonstrict ones.

THEOREM 4.1 Let the assumptions of Theorem 2.4 be satisfied but with
(01, p1) and (o4, py) not necessarily strict and instead of (2.3) let us assume

o1(t) < oa(t) on [a,b]. 4.1)

Then the problem (0.1), (0.2) possesses a solution u such that u € cl(€);)
(with Q0 given by (2.13)).

Proof Consider an auxiliary problem

u" =f(t,u,u’), (0.2), 4.2)
where f is for a.e. t €[a, b] and any y € R given by

i _(fxy)  ifx <o),
f(tx,y) = {f(t, oa(t),y) if x > oy(2).

Clearly (o1, p1) are lower functions to (4.2). Now, let an arbitrary k € N
be given. The functions (o, + (1/k), p») are then upper functions to (4.2)
and by Theorem 3.3 the problem (4.2) possesses a solution x; such that

%) € [r0.02(0) 4 1] on fad] and Il < il

Using the Arzeld—Ascoli theorem and the Lebesgue Dominated Conver-
gence Theorem for the sequence {x;} we get a solution x € cl(2;) of (0.1),
(0.2) as a C'-limit of a proper subsequence of {x;}.

THEOREM 4.2 Let the assumptions of Theorem 2.5 be satisfied but with
(01, ;1) and (05, py) not necessarily strict and instead of (2.16) let us assume

(1) < 0‘1(t) on [a, b]. (4.3)

Then the problem (0.1), (0.2) possesses a solution u such that u € cl(),)
(with S, given in Theorem 2.5).
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Proof ForanykeN,a.e.t€[a,b]and any x, y €R put

gk(t, x,y) = k(f(t,02(2), ) = f (1, %, 7)) (" - (”2(0 B %»

and
Je(tx,)
(£(t,%.3) if x < oa(1) ~ 7,
_ f(t,o2(2),y) + gi(t,x,y) ifxe [02 - %,020) - %>,
f(t,02(2), ) ifxe [02 - %,Uz(t)),
Lf(t,x,7) if x > 02(1).

The couples (a1, p1) and (o3 — (1/k), po) are then respectively lower and
upper functions to

u" =fi(t,u,u'), (0.2) (4.9)

and satisfy (2.16). It is easy to verify that for any k € N the function fk
satisfies the assumptions for f of Theorem 2.5 with the same m € La, b].
Thus by Theorem 3.4 for any k €N there is a solution x; to the prob-
lem (4.4) and a point sy € [a, b] such that

1 1
Ixellc <4+ Ixcllc < llmlly, and o2 (sx) —%< Xk (sk) < o1(5k)s

;9

where A has the same meaning asin Theorem 2.5. Using the compactness
of the interval [a, ] and the Arzela—Ascoli theorem we get the existence
of a subsequence {xz,} in {x;}, s* €[4, b] and x € C'[a, b] such that

lim ||xg, — x||ct =0 and lim s, = 5",
£—00 £—00

Obviously, x € cl(€2,) and by virtue of the Lebesgue Dominated Conver-
gence Theorem, x is a solution of (0.1), (0.2).
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THEOREM 4.3  Let the assumptions of Theorem 2.6 be satisfied but with
(o1, p1) and (o3, p2) not necessarily strict. Then the problem (0.1), (0.2)
possesses a solution u such that u € cl(23) (with Q3 given in Theorem 2.6).

Proof 1If oy and o, satisfy neither (4.1) nor (4.2), they fulfill (2.21) and
hence by Theorem 3.5 we have a solution u € cl(£23) to (0.1), (0.2).

COROLLARY 4.4 Let z1,z, € Cla, b],

my = max z(t) < my = min z,(?) (4.5)
t€lab) t€a,b]

and let for a.e. t € [a,b] and all x,y € R
f(taxsy) <0 ifx € (Zl(t)922(t)) (46)
and

f(t,x,9) >0 ifx<zi(t) or x > zp(¢). 4.7

Further, let (1.1) be satisfied with m € L{a, b] and U(t) =[z,(¢), z2(2)],
t€la,b]. Then

(i) there are at least two different solutions u and v to the periodic
boundary value problem

u" =f(t,uu'), ula)=ud), u'(a) =u'(b) (4.8)
such that
v(t,) <my  for some t, € [a, b] 4.9)
and
max{my, v(1)} < u(f) on [a,b]; (4.10)

(ii) if we suppose in addition that for any compact K C [m,, 00) X R there
is a nonnegative function h; € L[a, b] such that

f(t’xl,yl) _f(t,x2,J’2)
> —h(t)|y1 — y2| for a.e. t € [a,b]
and all (x1,y1), (x2,¥2) € K such that x; > x,, (4.11)

then u is the only solution of (4.8) bounded below by m.
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Proof (i) Without any loss of generality we may assume that m(f) <0
a.e. on [a, b, i.e. we have

f(t,x,y) >m(t) forae.t€[a,b] and all (x,y) € R%.
Furthermore, by (4.5) there are ry, r,, such that

r1 < min z;(2) <my < my < max z3(t) < rp.
t€(a,b) telab]

According to (4.6) the couples (m;,0) and (m;,0) are lower functions
of (4.8) and by (4.7) the couples (r1,0) and (r,0) are upper functions
of (4.8). Hence, by Theorems 4.1 and 4.2 there are solutions v and v; of
(4.8) such that

ry < v(t,) <m for some ¢, € (a,b)
and my < v(f) <r, forallte]la,b].

Suppose that v and v, are not ordered on [a, b], i.e. there is s, such that
v1(sy) < v(s,), and set

o1(t) = max{v(¢),vi(¢)} for ¢ € [a,b]. (4.12)

Then o, € ACla, b), o] € BV|a, b], o, is not a solution of (4.8) but the
functions (1, o) are lower functions of (4.8). According to (4.7) we can
find a number r* > ||o||c such that (r*,0) are upper functions of (4.8).
This implies the existence of a solution u of (4.8) satisfying o(#) <
u(t) <r* on [a, b]. Provided v and v, are ordered, we set u=v;.

(ii) Suppose (4.11) and let u; #u be a solution of (4.8) such that
my <uy(2) on [a, b]. Set z(#) = uy(¢) — u(f) and choose a compact K such
that (u(z), u’(¢)) € Kand (u;(£), u{(¢)) € Kforallt € [a, b]. We can assume
that max,ejqs2(f) = z(to) > 0 and z'(ty) =0 for some ) €[a,b). Then
there exists ¢* > f, such that z/(¢*) < 0 and z(¢) > 0 on [y, *]. Now (4.11)
implies

2"(t) > —hi(1)|2'(2)| = — (i (2)sgn(z'(2)))z' (1) for a.e. t € [to, 1]
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Thus,

(z'(t) exp ( /’0 t(hk(s)sgn(i(s)))ds)>l> 0 on [to, ]

and

=) exp( | (s () 85) > #(10) =0,

a contradiction.

Remark 4.5 Provided z;is a constant function for some i € {1,2}, itisa
solution of (4.8). In this case we can set v(f) = z;(¢). If z; is not constant,
then there exists s, € [, b] such that v(s,) > z(s,). Similarly, if z, is not
constant, we get u(t,) < z»(t,) for some ¢, €[a,b]. These observations
follow from the fact that any solution of (4.8) cannot have all its values
outside (z,(2), z2(2)).

Remark 4.6 1In the case that f(z, x,y)=g(t, x) the assertion (i) of
Corollary 4.4 is fulfilled under the assumptions (4.5), (4.6) and (4.7).
Thus our Corollary 4.4 generalizes Theorem 4.7 from [3]. Further, the
assertion (ii) of Corollary 4.4 is true provided g is increasing in x on
[ma, 0o) for a.e. t €a, b).

Remark 4.7 The lower and upper functions method which is described
in this section (cf. Theorems 4.1-4.3 and Corollary 4.4) can be used for
singular boundary value problems, as well. For multiplicity results for
periodic boundary value problems which were obtained by this method,
see [8].

Remark 4.8 Conditions ensuring the existence of constant lower
and upper functions of the problem (0.1), (0.2) were mentioned in
Remark 1.8. In the proof of Corollary 4.4 we constructed nonconstant
lower functions whose first component was the maximum of two solu-
tions of the problem (4.8) (cf. (4.12)). In general, it is not easy to find
conditions which guarantee the existence of nonconstant lower and
upper functions. One of the possibilities is shown in [9] where they are
constructed as solutions of linear boundary value problems for general-
ized linear differential equations.



226 I. RACHUNKOVA AND M. TVRDY

Acknowledgements

I.R. was supported by the grant No. 201/98/0318 of the Grant Agency of
the Czech Republic and by the Council of Czech Government 114/98:
153100011 and M.T. was supported by the grant No. 201/97/0218 of the
Grant Agency of the Czech Republic.

References

[1] C. De Coster and P. Habets, Lower and upper solutions in the theory of ODE
boundary value problems: Classical and recent results, in: Nonlinear Analysis and
Boundary Value Problems for Ordinary Differential Equations (CISM Courses and
Lectures Vol. 371, Springer-Verlag, Wien 1996), pp. 1-78.

[2] J. Cronin, Fixed Points and Topological Degree in Nonlinear Analysis, AMS, 1964.

[3] S. Gaete and R.F. Manasevich, Existence of a pair of periodic solutions of an O.D.E.
generalizing a problem in nonlinear elasticity, via variational methods, J. Math. Anal.
Appl., 134 (1988), 257-271.

[4] Ch.Fabryand P. Habets, Lower and upper solutions for second-order boundary value
problems with nonlinear boundary conditions, Nonlinear Analysis, TM A, 10 (1986),
985-1007.

[5] 1. Kiguradze, On some singular boundary value problems for nonlinear ordinary
differential equations of the second order (Russian), Differencial’nye Uravnenija, 4
(1968), 1753-1773.

[6] I. Rachunkova, Lower and upper solutions and topological degree, J. Math. Anal.
Appl., 234 (1999), 311-327.

[7] I. Rachtiinkova, Multiplicity results for periodic boundary value problems in the
Carathéodory Case, Faculty of Science, Palacky Univ. Olomouc, Preprint, 22 (1998),
1-23.

[8] L. Rachinkova, Existence of two positive solutions of a singular nonlinear periodic
boundary value problems, J. Comput. Appl. Math. (to appear).

[9] I. Rachiinkova and M. Tvrdy, On the existence of nonsmooth lower and upper
functions to second order nonlinear boundary value problems (in preparation).

[10] G.Scorza Dragoni, Il problema dei valori ai limiti studiato in grande per gli integrali di
una equazione differenziale del secondo ordine, Giorn. di Maz. di Battaglini, 69 (1931),
71-112.

[11] I. Vrko¢, Comparison of two definitions of lower and upper functions of nonlinear
second order differential equations, J. of Inequal. & Appl. (to appear).



