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1. INTRODUCTION

In this paper, we deal with the existence and a variational of constant
formula for solutions of the nonlinear functional differential equation
governed by the variational inequality in Hilbert spaces.

Let H and V be two complex Hilbert spaces. Assume that ¥ is dense
subspace in H and the injection of V into H is continuous. The norm
on V (resp. H) will be denoted by ||-|| (resp. | - |) respectively. Let 4 be a
continuous linear operator from Vinto V* which is assumed to satisfy

(Au, u) > wi|lul® = waluf,

* Corresponding author.

227



228 J.-M. JEONG AND J.-Y. PARK

where w; >0 and w, is a real number and let ¢: V— (—o0, +00] be
a lower semicontinuous, proper convex function. Then we study the
following the variational inequality problem with nonlinear term:

<S‘id(t—tz + Ax(1), x(1) - Z) +o(x(1) — 4(2)

<(f(x(0)+k(),x(t) —2), ae.0<t<T,zeV,

x(O) = XQ.

(VIP)

Noting that the subdifferential operator 9¢ is defined by
9¢(x) ={x" € V" 6(x) < ¢(y) + (x"x—y), yeV}

where (-, -) denotes the duality pairing between V* and V, the problem
(VIP) is represented by the following nonlinear functional differential
problem on H:

9’;_([’2+Ax(t) +06(x(2)) 3 f(t,x(1)) + k(1), 0<t<T,

x(0) = xo.

(NDE)

The existence and regularity for the parabolic variational inequality
in the linear case ( f'=0), which was first investigated by Brézis [5,6], has
been developed as seen in Section 4.3.2 of Barbu [3] (also see Section 4.3.1
in [2]).

When the nonlinear mapping f'is a Lipschitz continuous from R x V'
into H, we will obtain the existence for solutions of (NDE) by converting
the problem into the contraction mapping principle and the norm esti-
mate of a solution of the above nonlinear equation on L2(0, T, V)N
w20, T; V*)N C([0, T]; H). Consequently, in view of the monotonic-
ity of &¢, we show that the mapping

Hx L*0,T;V*) 5 (xo,k) —x € L2(0, T; V)N C([0, T]; H)

is continuous. An example illustrated the applicability of our work is
given in the last section.
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2. PRELIMINARIES

Let ¥V and H be complex Hilbert space forming Gelfand triple V' C
H C V* with pivot space H. For the sake of simplicity, we may consider

llall, < ful < luell, weV

where ||-||. is the norm of the element of ¥*. We also assume that there
exists a constant C; such that

1/2
llull < Cullul gy 1l 2 (2.1)

for every u € D(A), where
el oy = ((Aul® + Juf?)"

is the graph norm of D(4). Let a(:,-) be a bounded sesquilinear form
defined in V' x ¥ and satisfying Garding’s inequality

Rea(u, u) > wi||u|® — waluf’, (2.2)

where w; > 0 and w, is a real number.
Let A4 be the operator associated with the sesquilinear form a(-, -):

(Au,v) = a(u,v), u,veV.

Then A isa bounded linear operator from V'to V* and —4 generates an
analytic semigroup in both of H and V* as s seen in [9; Theorem 3.6.1].
The realization for the operator 4 in H which is the restriction of 4 to

D(A)={ueV;Auc H}

be also denoted by A4.
The following L*-regularity for the abstract linear parabolic equation

dx(z)
dr
x(0) = xo

+Ax(?) =k(1), 0<t<T, (LE)
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has a unique solution x in [0, 7] for each T'> 0 if xo € (D(A), H )12, and
ke L*0,T: H) where (D(A),H)1p2,2 is the real interpolation space
between D(A4) and H. Moreover, we have

”x”L2(0,T;D(A))r1W‘»2(0,T,H) < C2(||x0||(z)(,4),11),/2,2 + ||k”L2(0,T;H)) (2.3)

where C, depends on T and M (see Theorem 2.3 of [4,8]).
If an operator A is bounded linear from V to V* associated with the
sesquilinear form a(-, -) then it is easily seen that

T
H= {x er” / | 4e~“x|?ds < oo},
0

for the time T'> 0. Therefore, in terms of the intermediate theory we can
see that

(V’ V*)]/2,2 =H

and obtain the following results.

PROPOSITION 2.1 Let xo€ H and ke L*(0, T; V*), T>0. Then there
exists a unique solution x of (LE) belonging to

LX0, T V)N W20, T; v*) c C([0, T]; H)
and satisfying
”x”LZ(O,T;V)nW'»Z(O,T;V*) < Co(|xo| + ”k”LZ(O,T;V*))’ (2.4)

where C, is a constant depending on T.
Let ¢: V — (—o00,+00] be a lower semicontinuous, proper convex
function. Then the subdifferential operator d¢ of ¢ is defined by
08(x) = {x" € V", ¢(x) < ¢(y) + (x",x—y), yeV}

First, let us concern with the following perturbation of subdifferential
operator:

P | ax() +00(x(0) k), 0<1<T, (VE)

x(O) = X0-
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Using the regularity for the variational inequality of parabolic type
as seen in [3; Section 4.3] we have the following result on the Eq. (VE).

We denote the closure in H of the set D(¢) = {u € V: ¢(u) < oo} by D(9).

PROPOSITION 2.2 (1) Let ke L*(0,T;V*) and xy € D(¢). Then the
Eq. (VE) has a unique solution

xe€ L0, T:V)NC(0,T); H),
which satisfies
x!(1) = (k(r) — Ax(2) - 0(x(1)))°
and

€20 < Ca(1+ |xol + Ikl 20, +)) (2.5)

where C; is some positive constant and L*NC=L*0,T:V)N
C(I0,TL; H).

(2) Let A be symmetric and let us assume that there exist h € H such that
for every € >0 and any y € D(¢)

Je(y +¢h) € D(¢) and ¢(J(y + €h)) < ¢(y)

where J.=(I+€A)~". Then for ke L*(0, T, H) and xo € D(¢) N\ V the
Eq. (VE) has a unique solution

x € L*(0, T;D(4)) N W0, T H) N C([0, T]; H),
which satisfies
Xl 2mranc < Ca(1 + |IX%oll + (&l 20,7119 - (2.6)

Here, we remark that if D(4) is compactly embedded in ¥V and
x € L*0, T, D(A)) (or the semigroup operator S(z) generated by A4 is
compact), the following embedding

L*(0,T; D(4)) N W20, T H) c L*(0, T, V)
is compact in view of Theorem 2 of Aubin [1]. Hence, the mapping k +— x

is compact from L*0, T; H) to L*(0, T; V'), which is also applicable to
optimal control problem.
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3. EXISTENCE OF SOLUTIONS

Let f be a nonlinear single valued mapping from [0,00) x V" into H.
We assume that

1/ (t,x1) = f (6, x%2)| < Lx1 = X2, (F)

for every xj,x, € V.
The following Lemma is from Brézis [6; Lemma A.5].

LEMMA 3.1 Let m€ L'(0, T;R) satisfying m(£) >0 for all t€(0,T)
and a >0 be a constant. Let b be a continuous function on [0,T] C R
satisfying the following inequality:

%bz(t) < %a2 + /otm(s)b(s) ds, 1€0,T).

Then,

bl <a+ [ me)as re 7]
Proof Let

B0) =5 (a+ 0 + /0 "m(s)b(s)ds, € 0.
Then
WD _ iy, re.1)

and

L0 < B <A, 1e0.T] (1)

Hence, we have

B4 < ma)VEVED.

t
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Since t — B(¢) is absolutely continuous and

d 1 dB(y)
Et' V ﬂe(t) - 2\/B—€m dt

forall t € (0, T), it holds

Q-IQ_

t

VB < %m(t),

that is,

VB < VB0 +-‘ﬁ ]0 "m(s)ds, t€(0,T).

Therefore, combining this with (3.1), we conclude that

O] < VEVED < VAVE@ + | m(s) ds
=a+e+/0 m(s)ds, t€0,T]

for arbitrary € > 0.
We establish the following results on the solvability of (NDE).

THEOREM 3.1 Let the assumption (F) be satisfied. Assume that k €
L?*(0, T; V*) and xy € D(@). Then, the Eq. (NDE) has a unique solution

xe X0, T;V)nC(0,T); H)
and there exists a constant C, depending on T such that
%1l 2nc < Ca(l + |xol + [1Kll 20, 70+))- (32)

Furthermore, ifk € L*(0, T; H) then the solution x belongs to W0, T; H)
and satisfies

€l w1207y < Ca(l + |xol + (1Kl 20, 78r))- (33)
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Proof Invoking Proposition 2.2, we obtain that the problem

DO 4y (1) +06(3(0) 5/(6.3(0) +k(), 0<I<T,
¥(0) = xo

has a unique solution y € L*(0, T; V)N C([0, T]; H).
Assume that (2.2) holds for w, #0. Let us fix T > 0 such that

L 2w, T
201 . .
oo ) <1 (3.4)

For i= 1,2, we consider the following equation:

DD 4y.(0) +060n) 2 /1 30) +K(), 0<1<T,

yl(o) = Xp.

(3.5)

We are going to show that x — y is strictly contractive from L*(0, Ty; V)
to itself if the condition (3.4) is satisfied. Let y;, y, be the solutions of
(3.5) with x replaced by x;,x, € L0, Ty; V) respectively. From (3.5)
it follows that

€ (1) = 32(0) + Aa(0) = 12(0) + 86 (1) — B6(32(1)
3 f(t,x1(2)) = f(t,x2(2)), t>0.

Multiplying on both sides of y,(¢) — y,(¢) and using the monotonicity of
O¢, we get

2 L1510 = 32(0F + (1) - 32(0.1(0) = 32(0)

< (f(&x1(0)) — £ (1, x2()), 31 (2) = (1)),

and hence,

2 S0 220 +anll () )P

< waly1(t) = p2 () + Lix1 (1) = x2(0)| 131 () = y2(OI.  (3.6)
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Putting
G(1) = Llx1 (1) = x2(0) [ [ »1(2) — 2(2)]
and integrating (3.6) over (0, ), this yields that

F0 = 20F +en [ 1316 - (0P s
<o [ 106 -nOfas+ [6@a )

From (3.7) it follows that

e [1n0-nofas)
=22 20 - 50 o2 [ 1) - ) as}
< et /0 t G(s) ds. (3.8)
Integrating (3.8) over (0, #) we have

= "I91(5) = ya(s)Pds < 2 Ji e / " G(s) dsdr

—2/ / e~ 2" drG( s)ds—2/ G(s)ds
=— / (e72 — e~ 22")G(s) ds,
w2 Jo

thus, we get

wz/ |1(s) = y2(s)[*ds < /( 22(1=5) _ 1)G(s) ds. (3.9)

From (3.7) and (3.9) it follows that

30 =20F +er [ 100 -1 as

t
< / -9 G(s) ds
0

- /otez‘”’("%ltxl(s> —x2(5)| | 71(5) — y2(s)|ds,  (3.10)
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which implies

310 =700 e [ () (9P as

t
<L [ el = sa(olle 1) - a9l ds
0
By using Lemma 3.1, we obtain that

e (1) =32 < /01 Le™||x1(s) — xa(s)| ds. (3.11)

From (3.10) and (3.11) it follows that

l t
31910 =320F +r [ 1316 =l ds
t S
SLZ/ e2“2(’“s)||x1(s)—x2(s)l|/ e20 7 lx1 (1) — x2(7)[| drds
0 0

=z [\ - mO [ ) - (el drds

1d g ’
= 2ot [T [ () - mlar ) s

t 2
= %Lzez‘”?’{/ e~ ||x1 (1) — x2(7)]| dr}
0

t t
S%Lzez“”” /0 2 gy / x1(r) = x2(r) |2 dr
0

1 1 —e 22t i
=—L2e2“’2'——/ x1(1) = x2(7)|> dr
3 T A 11 (7) = x2(T)|

= 41‘;—22(e2“’2’ -1) /Ot llx1(s) — x2(s)|* ds. (3.12)

Starting from initial value x¢(f)=x,, consider a sequence {x,(-)}
satisfying

%xnﬂ (0) + AXp1 () + 06(Xn11 (1)) . f (1, %2(2)) + K(1), 0<1<T,

x,,+1(0) = X0.



NONLINEAR VARIATIONAL INEQUALITIES 237

Then from (3.12) it follows that
1 t
30 = 5OF + 1 [ 51 (9) = 59l ds

2
< e @) [In@ -0l B

So by virtue of the condition (3.4) the contraction principle gives that
there exists x(-) € L*(0, To; V) such that

xn(-) = x(-) in L*(0, Ty; V),
and hence, from (3.13) there exists x(-) € C([0, Ty]; H) such that
Xu(:) = x(-) in C(0,To; H).
Next we establish the estimates of solution. Let y be the solution of

d}(;(t) + Ay(t) + 0¢( (1)) 2 k(1), 0 <1t < Ty,
¥(0) = xo.
Then, since

%(x(t) — () + A(x(1) — ¥(1)) + 8 (x(2)) — 8d(¥()) 2 £ (2, x(1)),

by multiplying by x(¢) — y(¢) and using the monotonicity of ¢ and (2.2),
we obtain

> S0 = O +anllx() ~ 3 OIP
< wrlx(t) —yOF + LIxOl () —y@.  (3.14)
By integrating on (3.14) over (0, t) we have
3500 =3O+ [ ()= p(5)1Pds
<n [ 159 =3P a5+ L [ 1) ~»0)lds. (319
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By the procedure similar to (3.12) we have

S0 =30+ [ 1) -5 as
% / 2209 x(s)| / &) x(r) | dr ds

= (e? — /”x )|I* ds.

L 2un Ty
= — (e —1).
4w1w2( )

Put

Then it holds

[lx — Y“Lz(o,T.,;V) < Nl/znx“Lz(O,To;V)

and hence, from (2.5) in Proposition 2.2, we have that

1
11l 20,705y < T~ | Yll 22 (0,70;7)

G
< 1_N12 (1 + lIxoll + ”k||L2(0 To;V*) )

< Ca(1 + |Ixoll + &l 20,704y (3.16)
for some positive constant Cy.
If w, =0, replace (3.4) by L*T,/2 < 1, the results mentioned above

still hold.
Acting on both side of (NDE) by x'(¢) and by using

%q&(x(t)) = (g(t) x(t)) ae. 0<1t,
for all g(¢) € 94(x(2)), it holds

Ji a0 + 2 (A0, 52(0) + 9(50)

1

< 5 (Ax0,30) + 6(x0) / 1/ (5, xn(s)) + k()] [X()] ds,  (3.17)
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thus, we obtain the norm estimate of x in W0, T; H) satisfying
(3.3). Since the condition (3.4) is independent of initial values and we
can derive from (3.17) that ¢(x(nT)) < oo, the solution of (NDE) can
be extended the internal [0,nT] for natural number n, i.e., for the
initial x(nTp) in the interval [nTy, (n+ 1)To], as analogous estimate
(3.16) holds for the solution in [0, (n + 1) T]. Furthermore, the estimate
(3.2) is easily obtained from (3.15) and (3.16).

THEOREM 3.2 Let the assumption (F) be satisfied and (xo,k) € H x
L*0,T;H), then the solution x of the Eq. (NDE) belongs to x&
L*0, T: V)N C([0, T1; H) and the mapping

Hx L*(0,T;H) 3 (xo,k)—x € L*(0, T; V)N C([0, T}; H)

is continuous.

Proof If (xo,k)eH x L*0,T;H) then x belongs to L*0,T:V)N
C([0, T); H) from Theorem 3.1. Let (xo;, k;) € H x L*0, T; H) and x; be
the solution of (NDE) with (xy, k;) in place of (x, k) for i= 1, 2. Multi-
plying on (NDE) by x;(f) — x»(¢), we have

3 S0 = x0F + el () - P
< enler (1) = 22O + 1706 3(0) = 16 22D s () = 2200
+1Ra () = k0] 131 (0) = (0] 3.19)
Put

H(t) = (Ll () — 0] + ()~ k(O () 201
Then
1) = xaF +anr [ () - 32 ds

1 t t
§—2~|x01 —x02|+w2/ |x1(s)——x2(s)|2ds+/ H(s)ds (3.19)
0 0
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and we get that

t
dg{e‘z“’”/ |1 () — x2(s)]? ds}
t 0
1 t
< 26_2“’2'{5 |xo1 — Xo2| +/ H(S)} ds
0
thus, by the similar way to (3.9) we have
! 2
wy / |x1(s) — x2(s)|" ds
0
t
< %( 22t _ 1) xo1 — xo2|® +/ (e*2(=9) _ 1)H(s) ds
0
Combining this and (3.19) it holds that
1 2 ! 2
5 i (0) = 22 ()" +wr ||xl (5) = x2(s)||" ds
ezwztIX()l - szl -+ / CM(t_S)H(S) ds. (3.20)
0

By Lemma 3.1 the following inequality

(7|1 (1) = x2(1)])? + wre ™" /0 t lIx1(s) = x2(s)|* ds

N =

1 t
<sbw =l + [ e (L)~ xa(s)]
0

+ |k (s) — ka(9)))e™*" |x1(s) — x2(s)| ds
implies that

e |x1(2) — x2(1)]
< |xo1 — xo2| + /0 e (Lllx1(s) — x2(s)|| + |1 (s) — ka(s)]) ds.
(3.21)
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From (3.20) and (3.21) it follows that
1 2 ! 2
5 () = x2(O +w A l|x1(s) = x2(s)[|" ds

< = |xg; — x0o)

N —

s [ L0 (9) — 526 + a(5) — hals)Dr = el ds

+ [ L (0) =52 + a(s) ~ Rale))

y /0 " (L (7) = 1 (M) + la(7) — ka(F)) drds.  (3.22)
The third term of the right of (3.22) is estimated as

D [ L) 0l + o)~ kP ds. (329

Let T < T be such that

L2 2wy T
— = (T —1) > 0.
w1 4w2(e )>0

Then we can choose a constant ¢ > 0 such that

L2
w) — Ez (CZWZT" - 1) - LCMTI g‘ >0

and
1 2 C 2
[xo1 — o2/ [|x1(5) — x2(s)|| < % |01 — x02|” + 3 [lx1(s) — xa2(s)I"

Thus, the second term of the right of (3.22) is estimated as

L+c 2
Tie?»T r | 201 — Xo2]

e2‘4)2 sl

T3

/0 ’ (cLlx1(s) = x2(s)II* + Jer (s) = ka(s)") ds. (3.24)
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Hence, from (3.22) to (3.24) it follows that there exists a constant C >0
such that

Ty
3T =n(m)P +er [ () - x()Pd
Ty
< C(|x01 — xoof* +/0 k1 (s) — ka(s)|? ds). (3.25)

Suppose (xg,, kn) — (xg, k) in H x L*(0, Ty; V*), and let x,,and x be the
solutions (NDE) with (xo,, k,,) and (x, k), respectively. Then, by virtue of
(3.24), we see that x,, — xin L*(0, Ty, V) N C([0, T}]; H). This implies that
x,(T1) — x(T1) in H. Therefore the same argument shows that x,, — x in

L*(Ty, min{2T}, T}; V) N C([T1, min{2Ty, T}}; H).
Repeating this process, we conclude that x,—x in L*0,T; V)N

C([0,T]; H).

Remark 3.1 Under the condition that either the nonlinear term f(-, x)
is uniformly bounded or w; — L > 0, we can show that the mapping

Hx L*0,T;V*) > (x0,k)—x € L*(0, T; V)N C([0, T}; H)

is continuous for any k € L*0, T; V'*).

4. EXAMPLE

Let Q be a region in an n-dimensional Euclidean space R” with boundary
0 and closure Q. For an integer m >0, C™(Q) is the set of all m-times
continuously differentiable functions in €, and CJ’(2) is its subspace
consisting of functions with compact supports in . If m > 0 is an integer
and 1 < p < oo, W™P(Q)is the set of all functions f whose derivative D°f
up to degree m in the distribution sense belong to L?(€2). As usual, the
norm of W™?(Q) is given by

1/p 1/p
1Sy = ( 3 uo"fuz) ={ Y /Q ID“f(x)I”dx} ,

lal<m la<m
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where 1< p < 0o and D’ =f. In particular, W*?(Q) = L”(Q) with the
norm ||-|lo,,- Wy"?(Q) is the closure of C3(Q2) in W™P(R). For p'=
pl(p—1), 1<p<oo, W™™P() stands the dual space W7 () of
W' (2) whose norm is denoted by |-[| _m,p-

Let Q be a bounded domain in R” with smooth boundary 9Q. We take
V= Wom’2 (Q), H=L*) and V* = W~™*(Q) and consider a nonlinear
differential operator of the form

Ax= Y (=) D4, (u,x,...,D"x),

Joj<m
where A,(u, £) are real functions defined on Q x R" and satisfy the
following conditions:

(1) A, are measurable in « and continuous in . There exists k € L*(Q)
and a positive constant C such that

Ay (u,0) =0,
| 401, 6)] < C(|€] + k(u)), ae. uef,

where £ = (a3 || < m).
(2) Forevery (£,1) € RY x R" and for almost every u € 2 the following
condition holds:

Y (Aa(u,€) = Aa(u,m) (Ea = 1) = will€ = Tlm2 — w2ll€ = 7llo2

led<m

where w, € R and w is a positive constant.

Let the sesquilinear form a: V' x ¥ — R be defined by

a(x,y) = Z /QAa(u,x,...,D’"x)(D)“ydu.

la|<m

Then by Lax-Milgram theorem we know that the associated operator
A: V— V* defined by

(Ax,y) = a(x,y), x,y€V

is monotone and semicontinuous and satisfies conditions (A1) and (A2)
in Section 2.
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Let g(¢,u, x,p), p € R™, be assumed that there is a continuous p(z,7):
R x R— R* and a real constant 1 <+ such that

(f1) g1(2,u4,0,0) = 0,

(f2) lg1(t,u, x,p) — g1(t, u,x,q)| < p(t, [x))(1+ [ p|"™" + 1" )| p — 4,
(f3) lg1(t,u, x,p) — g1(t,u, 3, p)| < p(t, |x| + | ¥])(1 + | p[")|x — p|.

Let
g(t,x)(u) = g1(t,u, x, dx, D*x,..., D™x).

Then noting that

lg(t,x) — g(L )2, < 2 /Q 1816 3%,0) — 1 (1, u, x, ) du

+ 2/ tg](ta u,X>¢1) _gl(ts u,y, q)(z dua
Q

where p=(Dx,...,D™x) and g=(Dy,...,D™y), it follows from (f1),
(f2) and (f3) that

llg(t, %) — g(t: M52 < LUEl s | Pl 1% = Pllms

where L(||x||m,2, || ¥|lm,2) is @ constant depending on ||x||,,2 and || ||,2-
We set

7(6%) = [ k(e 9gls.x(9)) ds

where k belongs to L*0, T). Let ¢: ¥ — (—o0, +00] be a lower semi-

continuous, proper convex function. For every xo € D(¢) and
ke L*0,T;V*) the following nonlinear problem:

(51%’2 + Ax(1), x(1) — Z) +o(x() - 4(2)

< (f(t,x(0)) + k(£),x(t) —2), ae.0<t<T,z€H,
x(O) = X9
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has a unique solution

x € L0, T; W (@) N C([0, T); L*(9)).
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