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In this paper, we deal with two point boundary value problem (BVP) for the functional-
differential equation of second order

x"(t) +kx' () + £ (1, x(h (1)), x(h2(1))) = 0,
ax(—1) = bx'(-1) =0,
ex(1) +dx'(1) =0,

where the function f takes values in a cone K of a Banach space E. For h;(f)=1t and
hy(t)=—t we obtain the BVP with reflection of the argument. Applying fixed point
theorem on strict set-contraction from G. Li, Proc. Amer. Math. Soc. 97 (1986), 277-280,
we prove the existence of positive solution in the space C([—1, 1], E). Some inequalities
involving fand the respective Green’s function are used. We also give the application of
our existence results to the infinite system of functional-differential equations in the
case E=1[".
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1 INTRODUCTION

Let K be a cone in a real Banach space E. We will assume that the norm
|-l in E is monotonic with respect to K, that is, if # <x <y then
lxllz < ||yl z, where < denotes the partial ordering defined by K and
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0 stands for the zero element of E. Further, denote by C(Z, E) the space
of all continuous functions defined on the interval [—1, 1] and taking
values in E, equipped with the norm

Il = ma x(o)

Obviously, C(1, E) is a Banach space. Let
Q={xeC(LE): 6 <x(t) fort€1}.

It is easy to prove that Q isa cone in C(/, E).
In this paper we will study the following boundary value problem
(BVP for short) for functional-differential equation of second order

x"(t) + kx"(t) + £ (t, x(hi (1)), x(h2(2))) = 0,
ax(—1) — bx'(=1) = 0, (1)
ex(1) +dx'(1) =0,

where tel, keR, a,b,c,d>0 and ad+ bc+ ac > 0. Throughout the
paper we will assume that

(1°) f:Ix K x K— Kis a continuous function,
(2°) hy, hy: I— I are continuous functions mapping the interval I onto
itself.

Notice that for 4,(¢)=t and hy(¢) = —t we obtain the BVP involving
reflection of the argument

x"(8) + kx'(t) + £ (¢, x(t), x(—1)) = 0,
ax(—1) — bx'(-1) =0,
ex(1) +dx'(1) =0.

Such problems (that is BVPs with reflection of the argument) have
been considered for example in the papers [8,15] for k=0 and
f:IxR xR—Randin[9,10] for ftaking values in a real Hilbert space.
For more details concerning the differential equations with reflection of
the argument we refer the reader to the papers mentioned above and the
references therein.
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Our purpose is to discuss the existence of positive solutions of (1).
We will use the following fixed point theorem from [12] which is a
modification of well-known Krasnoselskii theorem on operators com-
pressing and expanding a cone (see [7,11]).

PROPOSITION 1 [12] Let P be a cone of areal Banach space X, and let the
norm || - || in X be monotonic with respect to P. Let B, = {x € X: ||x|| <r},
Br={x€ X:||x|| <R},0<r < R. Suppose that F: PN Br — Pisastrict
set-contraction which satisfies one of the following conditions:

(i) x€ PNOB, = ||Fx| < ||x|| and x € PNOBr=> ||Fx|| > ||x|| or
(i) x€ PNOBr=||Fx| < ||x|| and x € PNOB,= || Fx|| > ||x||.

Then F has a fixed point in P N (Br\B,).

Recall that F: D — X, D C X, is said to be a strict set-contraction if
F is continuous and bounded and there exists 0 <L <1 such that
a(F(S)) < La(S) for all bounded subsets S of D, where « denotes the
Kuratowski measure of noncompactness (see for instance [2]).

2 PRELIMINARY RESULTS

First we will study some properties of the functions

( ) {%e_kt[ek(s_l)ﬂ,] 4 c][ek(t“)uz _ a]’
t,s) =

~1<t<s
Le e, — a[ek-Dp +¢], —1<s<t

St
<s

where
k#0, w=dk—c, pp=>bk+a and p =%[ae‘ku1 -+ cekuz],

and
Lc+d—cs)a+b+at), —1<t<s<1,
G*(t,5) =1
w(a+btas)c+d—ct), -1<s<t<1,

where p* =2ac+ bc + ad. 1t is easy to show that the function (2) fulfils
the following inequalities:

)\ G(t.s) 20 (4)

tsel
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and

N G(t.s) < G(s,9). (5)

tsel

Moreover, for any —1 <y<§<1and ¢ €[y, ] we have
G(t,5) > mG(s,s), (6)

where s € Tand

ki, — ae—kv ek —ké
m = min ey ae_ ’e_u|+cek )
ekpy —ae*’ ekpy + ce
It is easily seen that m < 1.
The function G* also satisfies the inequalities (4), (5) and (6) with m
replaced by

.« . Jatb+ay c+d—cé
" ‘m“‘{ 2a+b ° 2c+d } ®)
Clearly, m* < 1.
Next, consider the integral-functional operator
1
(B0 = [ G5)(sx(h(5). (o)) ds, ©)

where t€ 1, x € Q, the function G is defined by (2) and f, h; and h,
satisfy 1° and 2°. Let

M = max G(t, s),
tsel
T,={x€E|x|g<r},
and

B, ={xe C(LE): x| <r}.

The following lemma is a slight modification of that given in [6].



ON POSITIVE SOLUTIONS 363

LEMMA | Assume that for any r > 0:

(3°) the function fis uniformly continuous on I x (KN T,) x (KN T,),
(4°) there exists a non-negative constant L,, such that 4ML, < 1 and

o(f(1,9,9) < La(Q)

forallteIandQ Cc KN T,.
Then, for any r > 0 the operator (9) is a strict set-contraction on Q N B,.

Proof From 3° it follows that fis boundedon 7 x (KN T,) x (KN T,).
By the uniform continuity of f(see [3])

a(f(IxQ2x Q)= ntxealxa(f(t, Q,Q)),

hence, in view of 4°
a(f(Ix Q2 x Q) < La() (10

for every 2 C KN T,. The uniform continuity and boundedness of f
on Ix (KNT,) x (KNT,) implies also continuity and boundedness
of operator F on QN B,. Let S C Q N B,. Since the functions Fx are
equicontinuous and uniformly bounded for x € S, we obtain (see [4])

a(F(S)) = sup o(F(S)(1)),

where F(S )(¢) denotes the cross-section of F(S) at the point ¢, that is
F(S)(t) = {(Fx)(#): x € S, t is fixed}.
Furthermore, for every ¢ € I we get (see [14])

3(Fx)(1)
=1 /L, G(t,9) (s, x(m(s)), x(ha(s))) ds
€ conv{G(t,s)f (s, x(h1(s)), x(h2(s))): s€ L, x € S}
C conv{{Mf (s, x(hi(s)), x(h2(s))): s € I, x € S} U {6}}.
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Thus, in view of the properties of the Kuratowski measure of non-
compactness we obtain for €

a(3F(S)(1))

< Ma({f(s,x(hi(s)), x(h:(s))): s€ L, x € S})

< Ma(f(I'x S(I) x S(I))),
where S(7) = {x(s): s € I, x € S}. Hence, by (10) we have

a(F(S)(1)) < 2Ma(f(I x S(I) x S(I))) < 2ML,a(S(I)).
Finally, proceeding as in the proof of Lemma 2 [6], we can show that
o(S(1)) < 2a(S).
Hence forany S ¢ QN B,
a(F(S)) = sup a(F(S)(1)) < 4ML,o(S),

which means that Fis a strict set-contraction on Q N B,.

Remark Obviously, the above lemma remains valid for the operator (9)
with the function G* given by (3) and the constant

M* = max G*(t,s).

t,sel

3 EXISTENCE THEOREMS FOR PROBLEM (1)

Now we state and prove our results on positive solutions of (1). First,
consider the case k #0.

THEOREM 1 Let G be given by (2) and let —1<~v<6<1 be such
that h;:[y,6]—[v, 6}, i=1,2. Suppose that the assumptions 1°-4° are
satisfied and

(5°) there exists X € K, A # 0, such that

1

flt,x,y) < [/_ll G(s,s)ds]_ A

forallt€Iandx,y € K such that ||x||g, |yl £ € [0, ||\ £],
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(6°) there exist n € K, n#0, ||nllz# ||\l £ and to € I such that

§ -1
[ a9 n=<stx)
8!
Sforallte Iand x,y € K such that ||x|| g, ||¥|| £ € [m||nl| & |7l| £, where
m is given by (7).
Then the problem (1) has at least one positive solution.

Proof Notice that each positive solution of the problem (1) (with k # 0)
is a fixed point of the integral-functional operator (9), that is

1
(Fx)(1) = /_ 1 G(2,5)f (s, x(hi (5)), x(h2(s))) ds

where t € I, x € C(I, E) and the function G is given by (2). On the other
hand, if x belonging to Q is a fixed point of F, then x is a solution of (1)
(see [6]). Thus, to prove our theorem it is enough to show that F has a
fixed point in Q. In the space C(I, E) consider the set

P= {x € C(LE):0<x(f)onland J\ A\mx(s)< x(t)} )
tely,8) s€l

Clearly, Pisaconein C(/, E) and the norm || - || in C(Z, E) is monotonic
with respect to P. Consider the operator (9) for € I and x € P. We will
show that F satisfies the assumptions of Proposition 1. First, we will
prove that F(P) C P. To this end observe that by 1° and (4)

0 < (Fx)(t) (11

for every x € P and t € I. Moreover, it follows from (6) that for any
tefy,6landsel

e =m [ 11 G(5,5) £ (5,50 (5)), x(a(5))) s

< / '1 G(1,5) f (5, (1 (5)), x(ha(s))) ds

= (Fx)(1).

Combining it with (11) we conclude that F(P)C P. Without loss of
generality we may assume that ||\|| g < ||n|| g Fix r =||A|| pand R = ||7]|| .
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By Lemma 1, F is a strict set-contraction on PN Bg. Moreover, for
x € PN B, we have 0 < x(hy(7)) on I and ||x|| = || || z, hence

Alx@@)llp < Il

tel

Analogously

Alx(a@d)lly < Il

tel

Thus, by 5°, for any ¢ € I we obtain

1
(Fx)(1) < / 66, (x( (5),+(4n(s) ds

-</_26(gs)(/_2 G(T,T)dr)‘l)\ds=)\.

Hence, in view of monotonicity of || - || z we get

AIEOIE < 1Ml

tel

and in consequence ||Fx||<||x|| on PNJB, Furthermore, for
x € PNOBg we have

A A0 < mx(hi(s)) < x(hi(2)).

tely,6) s€l

Since the norm || - || g is monotonic we obtain

A Nlmx(ta(s)llg < Ix(h(0)ll g

tely,6] s€l
which gives

/\ m max (NNl E < Nlx (e ()l g-

tely,8]
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But 4, maps 7 onto itself, hence for ||x|| = |||l

A minll < Ix(rO)lg < lnllg.

tefy,6)

In the same manner we get

A mlinllz < Ix(ta@)llg < lnllz
tefy,6]

Thus in view of 6°

n= [;6 G(1o, ) (/j G(tg, 7) dr)“lnds

6
=< / G(,5) f (s, x(hi(s)), x(h2(s))) ds
v

1
< /_ G(10,5) (s X (5)) x{h(s))) ds
= (Fx)(to),
SO

(Fx)(20)l| g 2 lInll s

which implies ||Fx|| > ||x|| on PNJBg. By Proposition 1 the operator
F has a fixed point in the set PN (Bg\B,). This means that the
problem (1) has at least one positive solution x € P such that

Mg < llxll < llmll g-

This ends the proof of Theorem 1.

Next, consider the problem (1) with k£ =0. Using the properties of
the function G* given by (3) we can prove the following theorem in the
same way as Theorem 1.

THEOREM 2 Let G* be given by (3) and let —1 <y < 6 <1 be such that
h;:[v,6]— [, 6], i=1,2. Suppose that 1°—4° are satisfied and
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(7°) there exists A € K, A\ # 0, such that
1

ft,x,p) < [/-: G*(s,s)ds]“ A

forteIandx,y € K such that ||x||g, |y|| £ € [0, || M| 21
(8°) there existn€ K, n#0, |nllg# |\ g and to € I such that

-1

[ L 6 (1) ds] n=(t%5)

for te I and x,y € K such that ||x||g, |yl £ € [m*||n|| &, Inll£), where
m* is given by (8).

Then the problem (1) has at least one positive solution.

Remark For similar theorems on positive solutions of BVPs in the
case f: I x [0, 00) — [0, 00) we refer the reader to [5,13].

Finally, we will give an example of application of Theorem 2 to the
infinite system of functional—differential equations.

Example Let E be the space /™ of all bounded sequences x = {x,,} with
the supremum norm

llxll ¢ = suplxal. (12)
neN

Then
K= {er: /\x,,ZO}
neN

is a cone in E and the norm (12) is monotonic with respect to K.
Consider the following BVP of an infinite system of functional-
differential equations:

Xy (£) + A(0)xn (1 (1)) + B(2)xa(ha(2)) + C(0)

+ waV/ Xa (1 (1)) + Xn(ha(£)) = 0,
Xn(—1) = x,(=1) =0, x,(1)+x,(1) =0, (13)
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wheren=1,2,3,...,tel,x={x,} € Q C C(I, E), the functions 4, B, C:

[-1,1]—[0,00) are continuous, w={w,} € K and lim, _, , cw,=0. In
our case

M* =maxG*(t,s) = 1
tsel

and

[[ﬁw@ayl%.

1 .
ntlealx(A(t) + B(1)) < 7 and min C(t) > 0.

Assume that

Moreover, suppose that the functions #A; satisfy 2° and
hi([-1,3]) c [-4, 1], i=1,2. Then for y=—1, 6=1 we have m* =}

and for to=—1,
12 -1
G*(—1,5)ds} =2.
-1/2

Consider the function
f(t,x,y) = A(t)x + B(t)y + C(t) + wv/x +,

where t€l, f={f.}, x,y€K, x={x,}, y={y,}. Obviously, f is uni-
formly continuous on I x (KN T,) x (KN T,) for any r>0. We will
show that f'satisfies 4°. Notice that fadmits a splitting

f=F+F
where
f(t,x,y) = A(t)x + B(t)y + C(2)
and
f(t,x,y) = wy/x+y.
Evidently, the function fis lipschitzian, hence

a(f(1,2,9) < max(A(7) + B(1))a(R2) (14)
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for all teand Q C KN T,. To find a(f(1,9Q,9Q)) we will apply the
following compactness criterion in the space /°° (see [1]):

If DCI® is bounded and limsup, _, oo[supxep|x,|]=0, then D is
relatively compact in [*°.

Denote

X(0) =f(t,Q0,Q) = {f(t,x,): x,y € Q, tis fixed}.
ForneNand x,y € Q C KN T, we have

| £o(t, %, )] = | wnv/Xn F Iu | < V2rwp.

Since lim,, _, ,cw, =0, we obtain

limsup| sup |fu(t,x,»)|| =0,
n=00 | f(txy)eX (1)

and in consequence X (¢) is relatively compact. Therefore

a(f(1,9Q,Q)) = 0. (15)

By (14) and (15) and the property of the Kuratowski measure of non-
compactness we have

a(f(6,2,9) < a(f(1, Q) +1(1,2,9))
< rrtlealx(A(t) + B(1))a()
which means that 4° is fulfilled. Finally, we can show by simple

calculation that 7° and 8° are also satisfied with A= {)\,}, n={n.} € K,
such that

2
22\?2 13
— (2= 2 4
/\"_(13) [\/iwn+\/2wn+“ntlgGC(t)]

and

m=4minC(), n=12...
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By Theorem 2, the problem (13) has a positive solution x € P such that

lInlle < lxll < NI g-
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