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A global bifurcation theorem for the following nonlinear Sturm- Liouville problem is
given

u(0)cosn — o/ (0)sinn = 0 (%)

u'(f) = —h(\, t,u(t),# (t)), ae. on(0,1)
{u(l)cos(+u’(l)sin(=0 with n,¢ € [0,].

Moreover we give various versions of existence theorems for boundary value
problems

u(0)cosn — /' (0)sinn = 0 (x%)

lll(t) = "8(t) u(t))ul(t))v a.c. on (07 1)
{ u(1)cos¢ + o/ (1)sin¢ = 0.

The main idea of these proofs is studying properties of an unbounded connected subset
of the set of all nontrivial solutions of the nonlinear spectral problem (*), associated with
the boundary value problem (), in such a way that A(l,-,-,-)=g.
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AMS Classifications: 34C23, 34B24

In this paper we will study the nonlinear spectral Sturm— Liouville
problem

{u”(t) = —h(\ t,u(t),u'(t)), a.. on (0,1) %)
uesS
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where

S = {ueC'[0,1] : u(0)cosn — u'(0)siny
=0 Au(1)cos¢ + o' (1)sin¢ = 0}

for n,{ €[0, (x/2)]. Let us also denote

So = {ueC0,1] : u(0)cosn — v/ (0)sinn
= 0 Au(1)cos¢ + o/ (1)sin¢ = 0}

where 7, ( € (0, (7/2)]. In Section 1 we give some sufficient conditions
for the existence of an unbounded connected subset of the set of all
nontrivial, nonnegative solutions of this problem.

In Section 2 we give some conditions for function g:[0,1] x R x
R — R, sufficient for existence of nonnegative solution of the follow-
ing problem

{u”(t) = —g(t,u(t),u' (1)) forte(0,1) ()
ues.

All we assume is a behaviour of g(¢,-,-) : R”* >R in the neigh-
bourhood of the zero point (0,0) € R? uniformly with respect to t€
[0,1] and for the large arguments (s,y) € R?, and the Bernstein con-
ditions (cf. [2]) need not be satisfied.

Mawhin and Omana showed in [4] that if a Caratheodory function
£:]0,1] x R — R satisfies the following conditions

£(,0) = 0; liminf s~'3(s,5) > o and limsups~'g(¢,s) < o
s—+00 s—0t
uniformly with respect to ¢ € [0, 1]

then there exists a nonnegative solution of the problem

{ W'(0) + (P (O)/p(O) (1) = ~3(t,u(D) ae.on(0,1) 4y
u(0) = 0,u(1) = 0

where g is the minimal eigenvalue of the linear problem

{“"(t) + (P (0)/p()) (1) = —du(r) a.e.on (0,1)
u(0) =0,u(1) =0 ’

and p : [0, 11— R is continuous and such that p| ;€ ', 1], p(0)=0,
p(6) >0 for te(0,1] and (1/p) € L'(0, 1).
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In this paper we prove a theorem which is a generalization of the
above result for some class of Picard problems with a Caratheodory
right hand side ¢ depending on ¢, u,u’'.

All proofs of the existence theorems are based on ideas differing
from those used in papers [2] or [4]; we can see that a priori bounds and
topological transversality theorems are not necessary here. The main
idea of these proofs is studying properties of an unbounded connected
subset of the set of all nontrivial solutions of a nonlinear spectral
problem (%) associated with the boundary value problem (xx), such
that A(l,-,-,-)=g. The existence of this subset can be established by
the global bifurcation theorem (cf. [6, 3]).

1. GLOBAL BIFURCATION THEOREM
FOR STURM-LIOUVILLE PROBLEM

In this paper we will need the following notations. Let (-,-) be a scalar
product in L*0, 1). Let ||-||o be the supremum norm in C[0, 1] and ||-||;
be the norm in C'[0, 1] given by ||u]|; = |jullo+||#’]o.

Let F : (0, +00) x C'[0,1]— C'[0,1] be a completely continuous
map such that F(-,0)=0 and let f': (0, +00) x C'[0,1]— C'[0,1] be a
map given by f (A, u)=u—F(\ u). The point (\g,0) is a bifurcation
point of the map f : (0, +o00) x C'[0,1]— C'[0,1] if for all open
Uc (0, +00) x C'[0,1] satisfying (Ao, 0)€ U there exists (\,u)e U,
such that u#0 and f (\,u)=0.

If (Mo, 0) is the bifurcation point that is an isolated one in the set of
all bifurcation points of the map fthen there exists such &y > 0 that for
any 6 € (0, o) there exists positive R > 0, such that

[0, 7'(0) NK(0,R) = {0} for

1.1
)\E[)\o—60,)\0—6]U[/\0+5,)\0+Eo] ( )

Moreover, by additivity and homotopy properties of topological
degree the number

S[f, )‘0] = deg(f(/\o + €o, ')aK(Ov R),O)—
- deg(f()‘o — €0, ')’K(Oa R)’O)

is well defined.
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On the other hand if A\g€ (0, +00) satisfies condition (1.1) and
SLf, Aol # 0 then (), 0) is the isolated bifurcation point of f.

The next theorem is a corollary from the global bifurcation theorem
(cf. [6,3]) and will be the main tool used in this paper.

TueorReM A If (\g,0) € (0, +00) x C'[0,1] is the unique bifurcation
point of f and sLf, \o]£0 then there exists a connected component C of
the set

R ={(\u)eRx C0,1] : f(A\,u) =0 Au+#0}
such that C is not compact and ()\g,0) € C. ]

Let us remind that 4 : [0, +00) x [0, 1] x R x R— R is a Caratheod-
ory function, if A(-,t,-,-) : [0, +00) x R x R—R is continuous for
tel0,1], A(N,-,s,»):[0,1] — R is measurable for (), s,y)€[0, +00) X
R x R and

Vr > oamk el (O,I)V(,\,s,y) € [0,+00) x szfe [0,l]|)\' + |S| + |y‘
SR = A\ t,5,y)| < mg(2).

Assume that

h('v',oi ) =0 (12)

h(Oa'a"') =0 (13)
and

> 0Ve > 035> 0¥s > oYy e RVA > 0Vr e o, yls] + |

(1.4)
<= |h(\t,s,y) — mAs| < ells|
THeOREM 1  Assume h:[0, +00) x[0,1]x Rx R— R is the Car-
atheodory function satisfying conditions (1.2)—(1.4). Then there exists
unbounded connected subset CC (0, +00) x C'[0,1] of the set of all
nontrivial solutions of the problem

u"(t) + pu(t) + h(\ t,u(t), ¥ (1)) =0 a.e. on (0,1)
{ueS

(1.5)
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such that {(0, ((uo — p)/m))} € C and for every (\,u) € C we have u >0,
where p < g is any nonpositive number and p1 is the minimal eigenvalue
of the linear problem

u"(6) +Mu(t) =0 te(0,1
(rgrmo=s o

Proof First let us remind some properties of linear problem (£)). It
is well known (see [5]) that there exists the minimal eigenvalue po >0
of the problem L,, such that the space of its eigenvectors is generated
by a function u € C*[0, 1] satisfying uo(£) > 0 for € (0, 1). For every A
which is not the eigenvalue of £, there exists a continuous linear map
Ty:L'(0,1) — C'[0, 1], such that

Tyv=uc {Z”e(g‘-'_ Mu(f) +v(t) =0 a.e. on (0,1) (1.6)

and Ty:L*0,1)— L*0,1) is self-adjoint, and T} : C[0,1]— C[0, 1] is
completely continuous (see [1]).
We can see (cf. [5]), that for A <0 and v >0 we have T)v>0.
Condition (1.4) implies that

s> 03y >OVsZOVyeRVAZOVte[(),l]ls‘ + [yl <ro = h(X t,5,y) > ABs
(1.7

Let us define the Caratheodory function 4 : [0, +00) x [0,1] X R x
R — R by

= _ [ h(\t,s,y) fors>0
(A 6,5,5) = { 8| for s<0

Let us choose u<min{yu,0}. We will consider the map f :
[0, +00) x C'[0,1]— C'[0,1] given by fO\u)=u—T, uwG(A\, u), where
G:[0, +00) x C'[0, 11— L'(0, 1) is Niemytskii operator for function h,
given by GO\, u)(2) = h(\, t,u(t),d(1)).

We can see that for u >0 we have

fu)=0
" (2) + pu(t) + h(X, t,u(f),¥/(£)) =0 a.e. on (0,1)
@ { ues '
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First we are going to show the map f is a completely continuous
vector field. We will prove that T,,0 G : [0, +00) x C'[0, 1]— C'[0, 1] is
completely continuous. Let us then take a sequence {(\,,u,)}C
[0, +00) x C'[0,1] such that |\,| < (R/2) and |lu,|; < (R/2) for some
positive R > 0. Then |G(\,, u,)(#)] < mg(t). We will prove that if v, =
T,G(\,, uy) then sequences {v,} and {v,} are uniformly bounded and
{v,} is equicontinuous.

We know (see [1]) that there exnsts continuous Green function G :
[0, 1> — R such that (T,u)(f) = fo G(t, s)u(s)ds and (6G/6t)(t 5) exists
for (t,5)€{(t,s)€[0,1]*: ts£s}. We can also see that (8G/d1)(t,s) is
uniformly continuous on triangles {(z,5)€[0,1]*:t< s} and {(t,5)€
[0, 11*:5 < 1}, hence is bounded function.

That 1s why we have lIvallo < suP( ¢ 0,12 |G(t, 5)| fo mg(t)dt and
v (8) = fo ((9G/6t)(t s)un(s). We can see then that |[v,||,<
u(aG/at)an([o 11 fo mg(t)dt. Now we will show that {v,} are equi-
continuous. Let #,, 7, €[0, 1] be such that ¢; < 75; then we have

Pyt — (el < / ‘ e - ,(tz,s)

/ } 3 00~ % (.9

We can see that because (8G/dr) is uniformly continuous we can
choose 6 > 0 such that for |#; —1,| < 6 the first and second terms of the
right hand side of the above inequality are less then (g/3). The third
term can be bounded by |t — t1|||(6G/6t)||Lm(m]z) fol mg(t)dt so we
can see that for any € >0 we can find § > 0 such that for every neN
and t;,5,€ [0,1] such that |t —1| < § there is |V, (t1) — V,(r2)| <e.
Hence by Arzela—Ascoli theorem there exists a subsequence of {v,}
convergent in C'[0, 1].

The rest of the proof will be divided into 3 Steps.

mg(s)ds =

mR(s)ds +

mg(s)ds +

mg(s)ds

Step 1 First we will prove that if (), ¥) =0 then « > 0. Let us observe
that if #,€(0,1) is a negative minimum of u then for ¢ from the
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neighbourhood (¢— 8, to+6) there is u(f) <0 and for almost every
t€(tyg—96, ty+8) we have
W' (£) + pu(t) + k(X t,u(t),u'(£)) =0
W' () + pu(t) — \Bu(t) =0
hence
u'(£) <0

which is impossible in the neighbourhood of local minimum. So we
can see that the negative minimum of u is achieved on the boundary
of the interval [0, 1], but it is impossible for u € S (see [5]). That is why
for every solution (A, ) of f(\,u) =0 there is u > 0.

Step 2 Now we are going to show that if (A, 0) is a bifurcation point
of f then A=((up—u)/m). To prove the above statement we will
observe that for any sequence {(\,,u,)} such that f(\,,u,) =0,
l#nlls #0, An — X and |juy||; — O there is X = ((po — p)/m). Let

up = T,G(Mny tn).

Labeling v, = (u,/||un||0) We have

Vo = Tu(mAvs) + T, (G(A"’ ) — mA,,u,,)

llunllo

we can see then that lim,,_, | o (|G, tn) — MmN utn)|0)/ || 4]]0) = O sO the
sequence {v,} must have a subsequence convergent in C[0, 1]. Labeling
this subsequence as {v,} and letting n — + 0o we have

vo = mAT,vo

where lim,,_, , o, v, = vo. Because ||vo|lo=1 and v, > 0 we can see that v,
is nonnegative eigenvector of the problem u=AT,u, and m) is an
eigenvalue associated with it, hence m\ = yg — p, which is our claim.
The above reasoning allows us to observe that for every compact
interval [a, b] C [0, + 00)\{((#o — t)/m)} there exists r > 0 such that

Vo e fab) x ko7 f Au)=0=>u=0.
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Step 3 Now we are going to show that the point (Ao, 0) satisfies
condition (1.1) and s[f, A\g]= —1 for A\g= ((o— 1)/m). Let us choose
any 0 < Ay < ((uo— p)/m). There exists r > 0, such that

Vo e x ko S #) =0=u=0

Hence the homotopy #; : [0, 1] x K(0,7) — C'[0, 1] given by h; (¢, u) =
Sf(Out,u) is well defined and d~ =deg(f()\,0), K(0,r),0)=
deg(f (0,-), K(0,r),0). Because f(0,u)=u—T,G(O,u)=u we have
d~ =deg(l, K©0,r), 0)=1.

Let Ay > ((uo— p)/m) be fixed. Just like before we can observe that
for any A3 > )\, there exists r € (0, o), such that f()\, ) may be joined
by homotopy with f ()3, ) on K(0,r). Let A3 > A, be such that (8\;/
(uo—mw) > 1. Consider the homotopy h, : [0,1] x K(0,r) — C'[0,1]
given by hy(t,u)=f (A3, u)—tup. We will show that h(f,u)#0 for
t€(0,1] and u€ K(0,r). On the contrary, assume that hx(t, u) =0. First
we should notice that for u€K(0,r) there is G(A\3,u) >0 and if
u=MAaT,G(\3,u)+tup then u> 0. So we have

0 = (u,up) — (T,G(Xa, u), uo) — tlluol)* <
< (u, uo) — (T, Bau, ug) — t]|uo|* =
= (u,up) — Bhs(u, Tyuo) — tluol® =

_(y__Br 2
-(1 Mo_ﬂ)(u,uo) t|uo)|“ <0 (1.8)

for T, is self-adjoint and T,uo = (1/(1o— 1£))uo, a contradiction. That is
why dt =deg(f(\2, ), K(0,7),0)=0.

Because s[f, ((uo—p)/m)]= —1 and (((uo— p)/m), 0) is the unique
bifurcation point of f by Theorem A there exists an unbounded
connected component C of the set of nontrivial solutions of f(A, ) =0
such that (((uo — 1)/m),0) € C. Because for all (\,u) € C we have u >0
and (), u) is a solution of the problem (1.5). So C is a connected and
unbounded subset of the set of all nontrivial solutions of the problem
(L.5). n

We can see that the Niemytskii operator G:[0, +00) x c'io, 11—
L'(0,1) for Caratheodory function 4 :[0,+00) x [0,1] x Rx R — R
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given by G(\,u)(f) = h(\, t,u(t), /(1)) satisfies following conditions

Fm > 0Ve > 036> 0Vue c1(0,1u > 02 > 0 Ve e o,y 14|l

(1.9)
<8 = |G\ u)(f) — mau(t)] < eMlu(?)|.

and
Ve [0,1]\7'“ ec! [0’1]\7’,\ > ou(t) <0=> G(A, u)(t) >0. (1 .10)

We call the map G:[0, +00) x C'[0,1]— L'(0,1) an integrably
bounded when

VR > 0T3mp € 1(0,1) V(A1) € [0,400) x c'[0,1] Ve e [o,1]|A]
+ llully R = |G\, u)(2)| < mg(2).

We can see that the proof of the above theorem remains unchanged
if we assume G : [0, +00) x C'[0,1] — L!(0, 1) is an integrably bounded
map satisfying (1.9)—(1.10), not necessarily a Niemytskii operator for
a Caratheodory function. So we have the following lemma.

LemMMA 1.11  Assume G:[0, +00) x C'[0,1]— L(0, 1) is a continuous
and an integrably bounded map satisfying conditions (1.9)—(1.10) and f":
[0, +00) x C'[0, 11— C'[0,1] is given by f(\, u)=u— T,G(\, u), where
T, : L'(0,1)— C'[0,1] is given by (1.6) for any nonpositive number
< o and g is the minimal eigenvalue of the problem (L)). Then there
exists unbounded connected subset C C (0, +00) x C'[0, 1] of the set of
all nontrivial solutions of the equation f(\,u)=0 such that (((uo —
w)/m),0) € C and for (\,u) € C we have u> 0. [ |

2. EXISTENCE THEOREMS

THEOREM 2 Let pg be the minimal eigenvalue of the linear problem
(L)) and a,B€R be constants such that o< py<p, let p,q1,q2€
L'0,1) and let g:[0,11x Rx R— R be a Caratheodory function
satisfying the following conditions

Jr>0Vs>0Vyers+ |y <ro = g(t,5,5) <as, ae intel0,1]; (2.1)
Vycr8(2,0,y) >0, ae. inte(0,1] (2.2)
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and

Jry > 0Vs > 0VycrS + || > Ro = Bs < g(t,s,y)

<p() + qi(t)s + q2(0)yl, (2.3)
a.e. intel0,1)

Then there exists nonnegative, nonzero solution of the problem

{u”(t) + g(t,u(t),u'(t)) =0 a.e. on(0,1)
ues.

Proof Let us choose any y < min{0,a} and denote a=a—p>0
and =0 - p.
Let us define the Caratheodory function g : [0,1] x R x R — R by

- _ [ &(t,s,y) —pus fors>0
B(t:s,y) = {o‘z|s| +g(2,0,y) fors<0

Let us observe that for s <0 because of (2.2) we have g(¢,s,y) >
als| > 0.

Let U, =K(0,r) and U, = C'[0,1]\K(0, (ro/2)). These sets are the
open cover of the space C'[0, 1]. Let {¢y, $,} be a continuous partition
of unity on CI[O, 1] such that supp¢; C U; for i=1,2. Let Gy:[0, +
00) x C'[0,1] = C'[0,1] be given by Go(\,u) = A1 (u)a|ul+ Ada(u)
G(u), where G: C'[0,1] — C'[0,1] is Niemytskii operator for func-
tion . Let G, : [0, +00) x C'[0,1]— C'[0, 1] be given by Gi(\,u) =
A1 (u)alu| + A2 (u)Blul.

Let u, py be positive numbers such that ((uo — p)/@) < p < pa.
Consider the continuous partition of unity 1, 1, assigned to an open
cover {[0, uo), (11, +00)} of the interval [0, +00). Let G : [0, +00) x
C'[0,1]— C'[0, 1] be given by

G(Au) = Y1 (N)Go(A, 1) + ¥2(X)Gi (A, u). (24)

Of course for A > u, we have G(\, u) = G1(\, u), and for A < p; there
is GO\, u) = Go(\,u). We can also see that for ||ul|; < (ro/2) and any
A >0 the equality holds G(\, u) = Aa|u|.

Consider the completely continuous vector field f : [0, +o00) X
C'[0,1]— C'[0, 1] given by f (\, u) = u— T,G(\, u). We can see that G is
an integrably bounded map satisfying (1.9) and (1.10) so by Lemma
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1.11 there exists unbounded connected subset C of the set of nontrivial
solutions of the equation u = T,,G(), u) such that (((uo — p)/@),0)€C
and for (A\,u)e C we have u>0. If we additionaly assume that
[lull1 > ro and A €0, p4] then u is a solution of the problem

{ W' (1) + pu(t) + A(g(t, u(t), ' (1)) — pu(t)) =0
ues ’

Because a < po — p, there is 1 < ((uo — p)/@) < p1 and for ||ul[y > ro
we have

uw'(1) + g(t,u(t),w (1) =0

u="T,G(l,u) & {ueS

We have just seen that for (A, u) € C such that A > u, we have
G(\ u) > A@|u|, which means (¢f. (1.8)), that 1 — (&\/(uo — p)) >0,
80 A< ((mo — p)/@) < pp. That is why the component CC [0, u,] X
C'[0,1], and there must exist a sequence {(\,u,)}C C satisfying
lim,,_, ; oo ||t4a]|1 = +00 and A, — X €0, uy]. We are going to show that
X< 1. Let us denote by II(C)C[0, +00) the projection of the
component C on the first factor of the product [0, +o0) x C'[0, 1].
Of course ((uo — p)/@) € II(C) and if X < 1 then there must exist X < 1
such that XeTI(C) so we have also 1 €II(C). Hence there must exists
such u€ C'[0, 1}, that u= T,G(1, ).

Let the sequence {(\,,u,)} CC be such that ||u,|l; — +oco and
An — A. We can assume that ||u,||; > Ry > ro. Let mg, € L'(0, 1) be an
integrable function such that |g(¢,u(¢),u/(f))| < mg,(f) for |u(t)|+
|u'(@)] < Ro.

Then we have G(\n, tn) > AyBtin — Aymg, — MBRo and

8t (0, )] _ ma(0) _ mmy(0)
llell T lually T Ro
for ¢ such that |u,(f)| + |, (f)] < Ro

lg(2, un(2), 1, (1)) e
Tl S0+ a0+ T

for ¢ such that |u,()| + |1,(£)| > Ro.

We can see then that the sequence (G(\,,uy)/||tn|l1) € L'(0,1) is
uniformly bounded by an integrable function, so the sequence
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T,(G(An, tn)/||un||1) has a subsequence convergent in C'[0,1]. Let us
denote v, =(u,/||us||1). Because v,=N,T. (G, u)/||tnll1) we can
assume that v, — vo in C'[0, 1].

Since T, is a self-adjoint operator and (uo—u)T,uo =ty We can
observe that,

G(/\,,, u,,) > 1 < G()\n, u,,) >
Vnythy) = { Ty———> up ) = ,up ).
{om v} <“HMh %) = =\ Tually "™

By (2.3) and because u, > 0 we have

)\,, <— —-mRo—-R() >
Vp, Up) > ————( By — B———, Up ).
(o) 2 2 \BYn = B oo

Letting n — + 00 we have

by
Ho — p

(vo, o) > (Bvo, uo)

and

(o — 1 — AB)(vo, u0) >0
which because g, vo€ C! [0, 1] are nonzero and nonnegative gives

T Ho—H
AL ———«1
g

which is the desired conclusion.

We will show that if (1, )€ C then |ju|; >ro. To obtain a
contradiction, suppose that |lufl; <ro and u=T,G(1,u). Then u>0
and

G(1,u)(t) < d1(u)au(t) + d2(u)au(t) = au(t)

So we can write
1
0= (uv u()) - <TMG(1au),u0) = (u’u()) —M(G(l’u)auO) >

)(u, o).

%)= (1-

o
Ho — p

Z(u’u()) _/JO



NONLINEAR EIGENVALUE PROBLEMS 495

This means that 1 — (&/(uo — 1)) <0 and & > yo — p which contra-
dicts (2.1).

So we proved the existence of u € C'[0, 1, such that u > 0, llu|ly = ro,
and u=T,G(1,u) which completes the proof. ]

As far as problems with (Sy) boundary conditions are concerned the
condition (2.3) may be replaced by weaker ones. Let Ry>0 be a
positive number, such that Caratheodory function g:[0,1] x R x
R — R satisfies (2.1)—(2.2) and

Vs> oVyerly| > Ro = g(,5,y) >0, ae.int€[0,1]  (2.5)

Vs> oVyers > Ro = g(t,5,y) > s, ae.inte(0,1] (2.6)

THEOREM 3 Suppose g:[0,1] x R x R— R is a Caratheodory function
satisfying conditions (2.1), (2.2), (2.5), (2.6). Then there exists nonzero,
nonnegative solution of the problem
{u"(t) + g(t,u(?),u'(t)) =0, a.e. on(0,1)
uesSy.

Proof As in the proof of Theorem 2 we define the compact vector
field f: [0, +00) x C' [0, 1] — C'[0, 1] given by f(\, u)=u—T,, G(\ u),
where G: [0, +00) x C'[0,1]— L'(0,1) is given by (2.4), such that
there exists the connected component C of the set of nontrivial
solutions of the equation f (), u) = 0 bifurcating from (((uo — 1)/ &), 0)
and CcC[0, ] x C'[0,1]. It is sufficient to show that there exists
(A, u) € C, such that A< 1.

As before we can observe that there exists a sequence {(\,, u,)} CC

such that ||u,||; — +o00 and A, — X. Assume that ||u,||; > Ro. Suppose,
contrary to our claim, that A > 1> ((uo — p)/B). Then we have

A8
po — s

(un, o) > (un — mg, — Ro,up)

hence

MZﬁ(mRo, ug) > (BB — (ko — 1)) {tn, o)
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We can assume that \,3 — (o — i) > € >0 for some € > 0. Then

0< (un,t0) < 22 (g ).

Now we are going to show that the sequence {(u,,up)} is not
bounded which contradicts the previous inequality and ends the
proof.

We know that |lu,|l; = llusllg + ||#,]lp = +oo. If there exists a

constant M > 0 such that ||u,||, < M then we must have ||un|lo — + oo,
and because

mm=mm+4%mm

there is also
Vie [O,I]un(o) +M > uy(t) > un(0) — M

and so u,(0)— +o0o and inf,cpo1; us(f) > +o00. This means that
1im,, _, 4 ooy, i) = +00.

Let us assume then [|u,||, — +oo. For 7, ¢ €(0, (r/2)] there we have
inequalities

1#,(0) = ux(0) ctg n>0. (2.7)

u,(1) = un(1) ctg (0. (2.8)

Assume ||u, ||, > Ro. First suppose there exists fo€ (0, 1) such that
ll#,llo = u,(t0). Then there exists §>0, such that u(f) >Ry for
t€[to— 0, to+ 6] and because of (2.5) and A, > 1 there is

w,(£) = —pu(£)(1 = An) — Mng(t,u(1), 4 (1)) <O

for a.e. t€[ty—46, to+6]. Hence u,(to) < u,(to — 6). We can see then
that there must be u),(0) > ,(t). Similarly we show, that if —||u,||, =
u,,(to) then there is u,(1) <u(ty). That is why if ||u}|, >Ro then
ll#llp = max{u,(0), —,(1)}.
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We should consider four cases:

(A) If 4},(0) = u},(1) = 0 then there must be ||u}||, < Ry which, as we
have shown before, implies (u,, ugp) — +00.

(B) Assume (1) = 0 and u},(0) = ||u,||, > Ro. Because 1 # (w/2) then,
and u,(f) > — Ry we have

un(t) 2 un(0) — Ro = 1,(0) tg n — Ro = |||y tg n — Ro — 00

for ¢t €70, 1]. Of course, then we have (u,, uy) — +oo.

(© Ifu,(0) =0and u,(1) = —||u,]lo < — Ro then as in (B) we can see
that ), (f) <Ry and
un(t) 2 un(1) = Ro = —u,(1) tg ¢ — Ro = [y ]lo t& { —Ro — o0

(D) Suppose u,(1) <0 and #},(0) > 0. Then of course 1, ¢ € (0, (7/2)).
We need only consider the case of «,(0) > Ry and #,(1) < — R,.
Then we have u,(0) > () > u),(1). Because

tn(1) = tn(0) + /0 ', (5)ds < s (0) + 1, (0)

there is also

un(1)
. I A
(0) 2 1+ctgn

Similarly we can get

1n(0)

> .
(1) 2 T+ctg ¢

We conclude from the above inequalities, (2.7) and (2.8) that
u,(0) = +o0 & —u),(1) = +00 & u,(0) = 400 & u,(1) = +oo.

Since max{u,(0), —u,(1)} — +o0o each part of the above equiva-
lence must be true.

Let 61, 62€(0, 1) be the numbers such that u,(f) > Ry for ¢t€[0, 6]
and ) (f) < — Ry for t€[6,, 1]. Then u,(f) > u,(0) for ¢€[0, 6;] and
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u, (1) > u,(1) for t €[,,1]. Then we have
t
) = 1n(60) = [ (55 > 61) — Ro 2 0) = Ro
6

for t € [6;, 65).
Hence u,(f) > min{u,(0), u,(1), u,(0)— Ro} — +o0o which ends the
proof. |

Now we are going to deal with the situation symmetrical to that
considered in Theorems 2 and 3.

THEOREM 4 Let po be the minimal eigenvalue of the linear problem
(£»). Suppose g : [0,11 x R x R— R is a Caratheodory function such
that there exist integrable functions b, p, q1, ¢2€L'(0,1) and real
constants o, B€ R such that o < po < 3 and following conditions are
satisfied

3ro >0V320VyeRs+ ‘yi S ro = g(taS,y) Zﬂs’ ae.inte [0> 1] (29)

Vyerg(,0,) >0, a.e. intel0,1] (2.10)

3Ry > 0¥s > 0¥y e S + |y] > Ro = p(t) + q1(1)s + q2(1)y
<g(t,s,y) <b(t) + as, (2.11)
ae.intel0,1]

Then there exists nonzero, nonnegative solution of the problem

u”(t +8(¢, (t)’ /(t))=0v -€. (0,1
{ue‘; g(t,u(t),u a.e. on ) 2.12)

Proof Let us choose y < min{0, o} and denote 3 = 3 — u. Of course
< po and B> pg — p. Define : [0,1] x Rx R — R by

o — 8_(‘»%)’)-—%9 fors>0
g(t,s,y) = {ﬂlsl +g(t,0,y) for s<0

by (2.10) we have g(¢,s,y) > B|s| > 0 for s <O0.

Let {¢1, ¢2} be the continuous partition of unity associated with the
open coverage U;=K(0, ry), Uz = C![0,1\K(0, (r0/2)) of C'[0,1]
defined as in the proof of the Theorem 2. Let G : [0, +00) x C'[0,1] —
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C'[0,1] be given by G(\,u) = Ap1(u)B|u| + Ap2(u)G(u), where G :
C'[0,1] — L'(0,1) is the Niemytskii operator for g and f()\, u)=
u—T,G(\, u). We can see that G is an integrably bounded map
satisfying (1.9)—(1.10) so by Lemma 1.11 there exists an unbounded
component C of the set of nontrivial solutions of f(\, ¥) =0 such that
(((o — p)/B),0) € C and for (), u) € C we have u>0.

We conclude from the definition of G that if ||u||; <roand u > 0 then

G(1,u)(£) 2 1 (u)Bu(t) + a2(w)Bu(t) = Bu(t).

Hence, as in the proof of Theorem 2 we can see that for u satisfying
u="T,G(1, u) we have ||u||; > ro.
That is why

u="T,6(1,u) & { 410 + 80010, (1) = 0

Because the component C is unbounded the set C N ((0,+o00) x
(C'[0,1]\K(0, ro))) is unbounded, too. We will show that there exists
ue C'[0,1] such that (1,u4) € C. By II(C) we denote the projection of
C to the first factor of the product (0, +00) x C'[0, 1].

There are two possible situations:

(A) 1€TI(C). Then there exists such ue C'[0, 1], that is nonnegative
solution of problem (2.12).

(B) () (O, D).

If (B) is satisfied then because the component C is unbounded there
must exist the sequence {(\,, #,)} C C such that ||u,||; —» + oo and
A — A€[0,1]. As in the proof of Theorem 2 we can assume that (u,/
"unlll) =Vn— Vo in CIIO, 1]

Then we have

) =21 L8 ) = ()

Ho — pt

Letting n— + oo we have
(ko — p+ 1 — a)(vo,up) <0

by (2.9) and because u, > 0. That is why (u—a) <0, a contradiction.
That proves that (B) is impossible, which completes the proof. W
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Assume p: [0, 1] — R is an absolutely continuous function such that
p(f)>0 for te(0,1] and (1/p)eL'(0,1). Let g:[0,1]x R—R be
a Caratheodory function, and go : R— R be continuous. We follow
Mawhin and Omana [4] in studying the problem

{ W'(1) + (7' (0)/p()u (1) + (8, u(t))go(¥ (1)) = 0, a.e. on (0,1)
u(0) = u(1) = 0.

2.13)

Let uo > 0 be the minimal eigenvalue of the linear problem (cf. [1, 4])

{u”(t) + @' () /p()d (£) + Mu(t) =0, a.e. on (0,1)
u(0) = u(1) =0.

Assume, as before, that there exist constants «, S€R such that
0 < a < pg < B. Additionally let a,, a, > 0. Suppose g, satisfies

Vyerar <go(y) < a2 (2.14)

Let g satisfies following conditions

Fp>0Vs>08<ry = g(t,s)ay < as, ae.intel0,1] (2.15)
g(t,0)=0, ae.intel0,1] (2.16)
g, > 0¥s > 08 > Ro = g(t,5)a1 > Bs, ae.inte(0,1] (2.17)

or
> 0Vo<ss<ro = g(t,5)a1 < PBs, ae. inte(0,1] (2.18)

J5 > 035> 0Vs > 0|5 — 50| <6 = g(¢t,5) <0, ae.inte€l0,1] (2.19)

THEOREM 5 Suppose a continuous function gy : R — R satisfies condi-
tion (2.14).

(i) Ifg:[0,1] x R x R — R is a Caratheodory function satisfying condi-
tions (2.15)—(2.17) then there exists nonzero, nonnegative solution
of (2.13).

(i) Ifg:[0,1] x R x R— R is a Caratheodory function satisfying condi-
tions (2.18), (2.19) then there exists nonzero, nonegative solution of
(2.13) such that ||ul|o < so.
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Proof It is well known (cf. [1,4]) that there exists a linear continuous
operator T : L'(0,1) — C'[0, 1] such that

{u"(t) + @ (0)/p(0))d (1) + (1) =0, ae.on(0,1)
If =ué&
ues.

given by
l A
(T)(1) = /0 &(t, )f (S)p(s)ds

where G:[0,1] x [0,1] — R is the Green function. We can see (cf. [4])
that G is continuous on [0, 1] x [0, 1], G(¢, s) > 0 and G(¢, s) = G(s, f) for
(s, ) €[0,1] x [0, 1].

We begin by proving (i). Let G : [0, +00) x C'[0, 1] — L!(0,1) be
defined as in the proof of Theorem 2 by (2.4) where G : C'[0,1] —
L'(0,1) is given by G(u)(f) = g(t,u())go(#/(£)), and f : [0, +00) x
C'[0,1]— C'[0,1] be a completely continuous vector field given
by f (A, u) =u—TG(\,u). As in the Step 1 of the proof of Theorem 1
we can show that if £ (\,4)=0 then u > 0. The reasoning similar to
that in the Step 2 of the proof of Theorem 1 gives that for
every compact interval [a, ] C [0, +o0o)\{uo/a} there exists r > 0 such
that

Yo elap) x Ko S (A #) =0=>u=0.

As in the Step 3 of Theorem 1 we can observe that the point
((1o/@),0) satisfies condition (1.1) and d~ =1. Now we are going to
show that d* =0 and s[f, (uo/a)] = —1.

Our analysis will be similar to that in Step 3 of the proof of Theorem
1. Let Ay > (10— pr)/m) be fixed. Just like before we can observe that
for any A3 > A, there exists r€(0,(ro/2)), such that f()\,,:) may be
joined by homotopy with f (\3,-) on K(0,r). Let A3 > X, be such that
(@Xs/pg) > 1. Consider the homotopy 4 : [0,1] x K(0,r) — C'[0,1]
given by hy(t,u)=f (A3, u)—tuy. We will show that hy(t,u)#0 for
te(0,1] and u€ K(0, r). First we should observe that for ||u||; < (ro/2)
we have f (A3, u) =u— XzaT|u|.
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On the contrary, assume that hy(f,u)=0 for 1€ (0,1] and [Jul|; <r.
We can see that if u= \3aT|u|+tuy then u > 0. Now we have

1
0= /0 I (t,4) (€)uo (€)p (€)dE =
1 1 1
= [ uem@p©de - raa [ ( / é(s,n)su(n)Lv(mdn)
1
u(E)p(€)dE — 1 / B(E)p(E)dE =
0
1
- /0 u(€)uo(€)p(€)de
1 1
- ( | e s)uo(op@)ds) () p (r)dln—
1
-1 [ d@p(e)de =
1 1
- /0 “(5)“0(5)1’(5)‘15—2\;'—(? /0 o (m)u(m)p(m)dr—
1
~1 [ doweds =
1 1
- (1—532) [ wemip©as -1 [ demeac <o

Ho

a contradiction. That is why d* =deg( f ()2, -), K(0, r),0)=0.

So by Theorem A there exists connected component C of the set of
nontrivial solutions of the equation f(\,u) =0 bifurcating from the
point ((o/),0), and C C (0, u] x C'[0, 1]. We can also observe that
all solutions belonging to C are nonnegative. Now it suffices to show
that there exists (\, u) € C, such that A< 1.

Of course there exists the sequence {(\,,u,)} CC such that
|||y = +o0. If we assume that ||u,|lo < K then

|un(5)] < mg(Dp(t)azpsz.
and for u >0 and u(0) =u(1)=0 we have ,(0) >0 and

1
“:;(0)"‘02#2/0 my (£)p(t)dt > |u, (1)

1
>1,(0) - azyny /o mx(Dp(0)dt.
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If ||u}, )|y — +oo then u,(0) — 400 and this means that for 1€ (0, 1)
there is u,(f) > 0 which is impossible since u(0)=u(1)=0.

Hence we can assume that ||u,||o — + o0 and ||u,||o > Ro. Of course
we can assume that A, — . Now we are going to show that A < 1. We
can see that there exists such an integrable function vy L'(0, 1) that
4> 0 and GO\, u,) > \,Bu,—~. For every u, such that u, = TG(\,, u,)
we have

1
/o n(OYto (£)p(£)dt =
1 1
= [ ( / G(t,s)oun,unxs)p(s)ds)uo(t)p(t)dt=
-/ GO )(s)p(s)( / (s t)uomp(t)dt)dv -
0 ny n 0 b

-1 ' 60w 1) ()P (5)t0(5)p(5)ds

Now suppose, contrary to our claim, that A, > 1. So we can write
1 1
po [ unp(0dt = [ GO 1) Oop(0)de >

1
> B /0 ()t ()p(£)dt—

1
- /0 POV Ouo(t)dt >
1
>p /o un (£ t0 ()P ()t~
1
- /0 POY(Ouot)dt
and
1 1
[ mtepmtpodr < 52— [ syt
0 0

which implies

1 1
| 60w u @m0 < 2 [ ponm(o.
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Let us define T : (0, 1) x (0, 1) = R by I'(s, /) = (G(¢, 5)/uo(s)). We can

see that I is bounded function (see Lemma 1 in [4]).
Hence we have

0 <un(f) < / (6,96 O ) ()p(s)ds =
0

= [ T 9GOm 6 oe)p(9ds <
0

1
< swp (50152 /P(t)"/(t)uo(t)dt
(5,0) € (0,1)° —HoJo

which means that the sequence ||u,||o is bounded, a contradiction.
So there must be X < 1 and there must exist A < 1 such that (\,u)e C.

Now we are going to prove (ii). Let f: [0, +00) x C'[0,1] — C'[0, 1]
be a compact vector field given as in the proof of Theorem 4. We can
apply reasoning from (i) to the map f to get the existence of a
connected component C C (0, +00) x C'[0, 1] of the set on nontrivial
zeros of f such that ((uo/B),0)€C and CN((0, +00) x K(0, rp)) C
((0, (10/8)) x K(0, r9)).

Let us observe that the projection of the component C on the first
factor of the product must be unbounded. Suppose, contrary to our
claim, it is not. Then we can observe that for any r > 0 there exists
(A, u) € C such that ||lul|o=r. Of course the above is true also for sq
given in (2.19). Because there exists 7€ (0, 1) such that ||uljo=u(t)
then almost everywhere in the neighbourhood of #, we have #"(¢) >0
which is impossible in the neighbourhood of the local maximum. This
contradiction ends the proof. |

3. EXAMPLES

Example 3.1 Let us consider the problem

(1) + (' ) (f) + (¢, =0
[tz ggerosso=o gy

where p : [0, 1] — R is a continuous function such that p|q ;€ c'(o,11,
p(0)=0 and p(¢) > 0 for ¢ €(0, 1] and (1/p) € L'(0, 1).
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In [4] Mawhin and Omana proved that there exists a solution of the
above problem if

(¢,0) = 0; liminf s713(2,5) > uo and limsups~'3(z, s)
§—+00 s—0+
< po uniformly with respect to ¢ € [0, 1].

Let g=g. Let us observe that if go : R— R is given by go(y)=1 and
we choose a; =a, =1 then for ¢ satisfying the above conditions func-
tions g and g satisfy conditions (2.14)—(2.17). Hence by Theorem 5(i)
there exists solution of problem (2.13). Of course it is also the solution
of (M). So Theorem 5(i) is a generalization of the above result given
in [4].

Example 3.2 Let uy be the minimal eigenvalue of the linear problem

{ (124 (1)) + Meu(t) =0 for te(0,1)
u(0) =u(l)=0

where 0 < a < 1. Let us consider the problem

{ (224 (2)) + at*(e*®) — 1)P(u(f)) =0 for te(0,1)
u(0)=u(l)=0

where P : R— R is the polynominal such that P(0)=1, there exists
So > 0 such that P(s¢) <0 and lim,_, , ., P(s)= +o00.

If a < po then by Theorem 2 in [4] there exists a nonnegative solution
of the above problem. In the case of a > py we conclude the existence
of a nonnegative solution of the above problem by means of the
Theorem 5(ii).

Example 3.3 1In [2] authors studied the problem

{ Zﬁefs‘ ()Zk:o ay (1, u )k (3.1)

They proved that if m is odd, a,,(z,0) >0 and a; are continuous
functions satisfying

|ak(2,5,¥)| < pr(t,s) + q(t, s)y2

where py, qi : [0, 1] x R— [0, + 00) are bounded on compact subsets of
[0, 1] x R then there exists the solution of (3.1).
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Here we consider the case of m > 2, not necessarily odd, and ay
continuous. Assume that there exist such ry, Ry, o, 8> 0, that

ao(t,y) =0

Ve < n@1(t,y) >
ViepVyeram(t,y) < - 8

VieoaVpl 2 ko (6,Y) <0, k=2,3,...,m

Because —a <0 there is of course —a <y, and we can choose R,
such that Ry3> po. Then the conditions (2.1), (2.2), (2.5), (2.6) are
satisfied. By Theorem 3 there exists nonnegative solution of (3.1).
We can see that none of the Bernstein conditions (cf. [2]) need not be
satisfied.
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