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In this paper, we introduce and study the existence of solutions and convergence of
Ishikawa iterative processes with errors for a class of nonlinear variational inclusions
with accretive type mappings in Banach spaces. The results presented in this paper
extend and improve the corresponding results of [4-9,11,16-17,19].

Keywords: Nonlinear variational inclusion; Accretive mapping; ¢-hemicontractive
mapping; Ishikawa type iterative sequence; Convergence

AMS Mathematics Subject Classifications 1991: 49130, 4TH06, 49340

1. INTRODUCTION

Throughout this paper we suppose that X is a real Banach space,
X* is its dual space, (-, -) is the pairing of X and X*. Let D(T') and
R(T) denote the domain and the range of T, respectively.

Let B: X— X, g: X — X* be two mappings, and ¢ : X* — R U {+ o0}
a proper convex lower semi-continuous function. For any given f € X,
we consider the following problem:
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Find an u € X such that
{ g(u) € D(0yp)
(Bu—f,v—gu)>p(gu)) —p(v), YveX,

where ¢ denotes the subdifferential of . The problem (1.1) is called
a nonlinear variational inclusion in Banach space.
Special cases:

(1.1)

1. If B =T—A, where T and A4 are two mappings from X to X, then
the problem (1.1) is equivalent to finding an u € X for given f € X
such that

{g(u) €D(0yp)
(Tu—Au—f,v—gu) > p(g()) —p(v), Vrex*

2. If X is a Hilbert space H and B=T— A, where T and 4 are two
mappings from H to H, then the problem (1.1) is equivalent to
finding an u € H for given f € H such that

{g(u) € D(dyp)
(Tu — Au—f,v — g(u)) 2 p(g(w)) — (v), VveEH,

which is called the variational inclusion problem in Hilbert space
studied by Hassouni — Moudafi [6], Ding [4, 5], Huang [8, 9], Kazmi
[11] and Zeng [19].

3. If X is a Hilbert space H, B=T—A, where T and 4 are two
mappings from H to H and ¢ =6k, where K is a nonempty closed
convex subset of H and 8 is the indicator function of X, i.e.,

(1.2)

(1.3)

0, xe€K
6K(x)={+oo, x¢K:

then the problem (1.1) is equivalent to finding an u € KX for given
f € H such that

K
{fi(fz)—e Au—f,v—g) >0, WeK, (1.4)

which is called the strongly nonlinear quasi-variational inequality
problem studied by Huang [7], Noor [13, 14], Siddiqi et al. [16, 17)].
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The purpose of this paper is to study the existence and uniqueness of
solutions and the convergence problem of Ishikawa iterative process
with errors for the nonlinear variational inclusion problem (1.1) with
strongly accretive mapping and ¢-hemicontractive mapping in Banach
spaces. The results presented in this paper extend and improve the
corresponding results in Ding [4, 5], Hassouni—Moudafi [6], Huang
[7-9], Kazmi [11], Siddiqi et al. [16,17] and Zeng [19].

2. PRELIMINARIES

A mapping J : X — 2X" is said to be a normalized duality mapping,
if it is defined by

J(x) ={feX*: {x, £) = Ilxl| - 1AL A1 = lIxll},  xeX.

It is well known (see, e.g., [18]) that J is bounded and if X is uniformly
smooth, then X is smooth and reflexive, and J is single-valued and is
uniformly continuous on bounded subsets of X.

A mapping T:D(T)DX— X is called accretive, if for any x,
y € D(T), there exists j(x—y) € J(x—y) such that

(Tx — Ty, j(x - y)) 2 0.

T is called strongly accretive, if there exists a constant k € (0, 1) such
that for all x, y € D(T) there exists j(x—y) € J(x—y) satisfying

(Tx — Ty, j(x —y)) 2 k- [|x = y|)*.

The constant k in above inequality is called the strongly accretive
constant.

T is called ¢-strongly accretive if, for all x, y € D(T), there exist
J(x—y) € J(x—y) and a strictly increasing function ¢: [0, co) — [0, c0)
with ¢(0) =0 such that

(Tx — Ty,j(x = y)) 2 ¢(||x = y)llx = yll-

It is known (see, e.g., [15]) that the class of strongly accretive
mappings is a proper subset of the class of ¢-strongly accretive map-
pings. Closely related to the class of strongly accretive (respectively,
¢-strongly accretive) mappings is the class of strongly pseudocontrac-
tive (respectively, ¢-strongly pseudocontractive) mappings.
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A mapping 4:D(4)C X — X is called strongly pseudocontractive
if, for each x, y € D(A), there exist j(x—y) € J(x—y) and a constant
t> 1 such that

, 1
(Ax — Ay, j(x =) < - llx =y

A is called ¢-strongly pseudocontractive if, for each x, y € D(A),
there exist j(x—y) € J(x—y) and a strictly increasing function
¢:10, 00) — [0, 00) with ¢(0) =0 such that

(Ax — Ay, j(x =) < [lx = yI* = ¢(llx =yl = yll.

Furthermore, A4 is said to be ¢-hemicontractive if the fixed point
set F(A) of A is nonempty, and for each x € D(4) and x* € F(A),
there exist j(x—x*) € J(x—x*) and a strictly increasing function
¢:10, 00) — [0, 00) with ¢(0)=10 such that

(Ax —x*,j(x = x%)) < llx = x*I” = (llx — ") llx — x|

It was shown in [15] that the class of strongly pseudocontractive
mappings is a proper subset of the class of ¢-strongly pseudocon-
tractive mappings. The example in [2] shows that the class of ¢-
strongly pseudocontractive mappings is a proper subset of the class of
the class of ¢-hemicontractive mappings. It is easy to see that 4 is a
strongly (respectively, ¢-strongly) pseudocontractive mapping if and
only if T=I— A is strongly (respectively, ¢-strongly) accretive where I
is the identity mapping.

In the sequel we need the following Lemmas.

LEMMA 2.1 Let X be a real uniformly smooth Banach space, T: X — X
a ¢-strongly accretive mapping and S: X — X an accretive mapping.
Then T+ S:X — X is also a ¢-strongly accretive mapping.

Proof Since X is uniformly smooth, we know that the normalized
duality mapping J is a single-valued mapping. Hence, for any x, y € X,
we have
(T +8)x — (T +8)y,J(x —y)) = (Tx — Ty,J(x — y))
+((Sx — Sy, J(x —y))
> gl = Dllx = 3|

So T+ S is ¢-strongly accretive mapping.
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LemmA 2.2 (See [1]) Let X be a real Banach space, then for any x,
y € X the following inequality holds:

llx + 1P < %) +2(y,jCe + ), Vilx+y)€J(x+).

LemMMmA 2.3 (See [12]) Let {a,}, {b.}, {c.} be three sequences of
nonnegative numbers satisfying the following conditions: there exists ng
such that

Any1 < (1 - tn)an +by+cn, VYn2>ng,
where
00 +00
t,€(0,1), Et,, = +00, by =o(ty), Zc,,< + 00.
n=0 n=0

Then a,— 0 (n— +00).

LemMA 2.4 Let X be a real reflexive Banach space, then x*€ X is a
solution of the nonlinear variational inclusion problem (1.1) if and only if
x* € X is a fixed point of the mapping S:X — 2* defined as follows:

S(x) =f — (Bx + dp(g(x)) + x.

Proof Let x* be a solution of the nonlinear variational inclusion
problem (1.1), then g(x*) € D(dy) and

(Bx* —f,v—g(x")) = p(g(x*)) — p(v), VveX*.

By the definition of subdifferential of ¢ it follows from the above
expression that

f = Bx" € 9p(g(x")).
This implies that
x* € f — (Bx" + 9p(g(x"))) + x* = 8x7,

and so x* is a fixed point of S in X.

Conversely, suppose that x* is a fixed point of S in X. We have

x*€8Sx* =f — (Bx* + dp(g(x*))) + x*.
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This implies that

f — Bx" € 9p(g(x")).

From the definition of dy, it follows that

p(v) - p(g(x")) 2 (f — Bx",v — g(x*)), WveX",

ie.,

(Bx* —f,v—g(x")) 2 p(g(x")) — p(v), VveX".

This implies that x* is a solution of the nonlinear variational inclusion
problem (1.1). This completes the proof of Lemma 2.4.

3. MAIN RESULTS

THEOREM 3.1 Let X be a real uniformly smooth Banach space,
B:X— X be semi-continuous (i.e., x,— x implies that Tx,— TXx),
g: X — X* be continuous and ¢:X* — R U {400} be a function with a
continuous Gateaux differential Op. Suppose that

(i) B: X— X is a strongly accretive mapping with strongly accretive
constant k € (0,1);
(ii) dpog: X — X is accretive.

Then the nonlinear variational inclusion problem (1.1) has a unique
solution x*€ X. Moreover, for any given f € X, define a mapping
S:X— X by

Sx = f — (Bx + 8p(g(x))) + x.

If the range R(S) of S is bounded, then for any given x, € X, the
Jfollowing Ishikawa iterative sequence {x,} with errors defined by

Xntl = (1 - an)xn + 0nSyn + Ointty,

n=0,1,2,... 3.1
= (1 —,Bn)xn + BnSxn + Bnvn, } ( )

converges strongly to x*, where {a,}, {8,} are the sequences in [0, 1] and
{un}, {va} are two bounded sequences in X satisfying the following
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conditions:

o0
Jo Vol = fim 0 = Jim o =0, 3 jow=co.  (32)
Proof First we prove that the nonlinear variational inclusion
problem (1.1) has a unique solution x* € X.

From the conditions (i), (i) and Lemma 2.1, the mapping
B+0pog:X— X is a strongly accretive semi-continuous mapping
with a strongly accretive constant k € (0,1). By Theorem 13.1 of
Deimling [3], we know that B+ 3y o g is surjective. Therefore, for any
given f € X, the equation f= (B+ Jyp o g)(x) has a solution x*, and so
x* is a fixed point of S, i.e., x* = Sx*. Since X is reflexive, it follows
from Lemma 2.4 that x* is also a solution of the nonlinear variational
inclusion (1.1). Now we prove that x* is the unique solution of the
nonlinear variational inclusion (1.1) in X. Suppose the contrary, u* € X
is also a solution of (1.1), then u* is also a fixed point of S and so

[l = w)? = (x* —w, I (x" — )
= (Sx* — Su*,J(x* — u*))
=(f— (B+0pog)(x")
FX = (f = (B+Bpog)u) +u'), (" — "))
= |Ix* —w*|* — ((B+ Bp o g) (x")
= (B+0pog)(u*),J(x* —u"))
<l = wl? = Kljxr - ut.
Since k € (0, 1), this implies that ||x*—u*||*=0. Hence x* =u*. This
proves that x* is the unique solution of (1.1).
Next we prove that the Ishikawa iterative sequence {x,} with errors
converges strongly to x*.

Since S has bounded range R(S) and {u,}, {v,} are two bounded
sequences in X, we set

M = sup{||Sx — x*|| + ||xo — x*|| : x€X}
+ sup{||un|| : n > 0} + sup{||va|| : n > 0}. (3.3)
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Obviously, M < co. Now we prove that for all n >0,
% = x* | <M, |lya —x*|| < M. (34)

In fact, for n=0, it follows from (3.3) that ||xo— x*|| < M. Therefore
we have

lIyo — x*Il = (1 = Bo)(x0 — x*) + Bo(Sx0 — x*) + Bovoll
< (1= Bo)llxo — x*| + BollSx0 — x*|| + BolIvoll
<M.

Suppose that (3.4) is true for n=k > 0, then for n=k+ 1, we have

X1 = x*|| = (| (1 — o) (ke — x*) + i (Syk — x*) + akuak|
< (1 = o)l = x*|| + ISy — x*|| + cuiel|ae|
<M

and
lye+1 — x*|| = (1 = Bra1) Xk — x7)

+ Brer1(SXk1 — X*) + Bt 1 Vi |
< (1 = Brr)xrsr — x*||

+ Brer118xk1 = X*|| + Ber1 il
<M.

From the above discussion, we can conclude that (3.4) is true.
Since the normalized duality mapping J is single-valued, it follows
from (3.1) and Lemma 2.2 that

[%ms1 = x> = [1(1 = n) (Xn — X*) + 0n(Syn — X*) + ctnttn|*
< (1= an)?||%n — x*|* + 200(Syn — x*
+ “mJ(xn+1 - x*»

< (1 — an)llxn — x> + 20 (Syn — x*,J(yn — x*))

+ 20| (Syn — X* + thn, J (Xpg1 — X*) = T (yn — x*))l

+ 20 |(ttn, J (yn — x*))|
= (1 - an)’|3n — x*|I?

+ 2an(s)’n - X*aJ(}’n - X*)) + 20‘n(en +fn)7

(3.5)
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where

én = |<Syn —-x"+ “mJ(xn+1 - X*)
=JOn =N, o= [tn, IOy — %))
Since B+0pog is a strongly accretive mapping with a strongly
accretive constant k € (0, 1), we have
(Syn - x*aJ(yn - X*» = (Sy" - Sx*aJ(yn - X*))
=(f—(B+0pog)(yn)
+yn— (f = (B+0pog)x*
+ x*),J(yn — x*))
= [lyn — x*|I* = (B + B © 8) (yn)
— (B + 0p o g)(x*),J(yn — x"))
<(1=K)llyn — x*|. (3.6)
On the other hand, from (3.1), (3.3), (3.4) and Lemma 2.2, we have

llyn = %11 = [I(1 = Ba) (e — X*) + Ba(Sxn — X*) + Bavall®
< (1= Bl = x* I + 2Bn(S%n — x* + vy Iy — X*))
<|lxa — x*"2 + 285 (1Sxn — x*|| + ||vall) - llyn — x*||
< l%n = x| + 28.M2. (3.7)

It follows from (3.6) and (3.7) that
(Syn = ", 00 = ) < (1 = K){llxn = x°|I* + 26,07} (3.8)
Now we prove that
en—0, fo—0(n— o). 3.9
In fact, by (3.3), we have

€p = |(Syn - x* + u,,,J(x,,+1 - x*) - J(y,, - x*))l
<M - |V (Xns1 = x*) = T (yn — x")]|.

Since

Xni1 = X" = (Yn — X*) = Xny1 — In
= (ﬁn - an)xn
+ 0 SYn — BuSXn + Qntty — Bpvy
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and {x,}, {Sya}, {Sxn}, {ttn}, {vn} are all bounded, by a,— 0, 5,—0
(n— o0), we obtain

Xpi1 =X — (Yn —x*) > 0 (n— 00).
Using the uniformly continuity of J, we know that ||J(x,,—x*)—
J(yn—x*)|| = 0(n — o0) and so e, — 0(n — 0o). Furthermore,
Jo < unll - llyn = x*|| < ||l - M = O (m — 00).
Therefore, (3.9) is true.
It follows from (3.5) and (3.8) that
llxnt = 17 < [(1 = a)? + 2a(1 = B))llxn = 7]
+ 20,[(1 - k) - 2,3,,M2 +en +fu].
= (1 + a2 — 20,k) || xs — x*||?
+ 20m[(1 = k)28,M? + e + fi]
=1 = ok + an(an — k)][}xs — x*|2
+ 2a,[(1 = k)2B8,M* + e, + f]- (3.10)

Since a,, — 0(n — o), there exists an ny such that for n>ny, a, <k.
Hence for any n > ny, by (3.10), we have

%1 = X7 < (1 = aunke) [ — x*[1* + 20[(1 = k)26,M? + €5 + o).
(3.11)

Now let (x,—x*|>’=an,, ak=t, 20,0(1-k)28,M*+en+f,]=b,
and ¢, =0. Then the inequality (3.11) reduces to

py1 < (1 - tn)an + by.

By (3.2), we know that {a,}, {b.}, {c,} and {t,} satisfy all conditions
in Lemma 2.3. Hence a, — 0(n — c0), i.e., x,, — x*(n — 00). This com-
pletes the proof of Theorem 3.1.

Tueorem 3.2 Let X be a real reflexive Banach space, B:X — X,
g: X—>X* and p:X*— R U {+00} be a function with a continuous
Gateaux differential dp. For any given f € X, define the mapping
S: X—X by

Sx = f — (Bx + 0p(g(x))) + x.
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If S is a ¢-hemicontractive mapping with bounded range R(S), then for
any given xy € X, the following Ishikawa iterative sequence {x,} with
errors defined by

Xn+1 = (1 - a,,)x,, + 0nSyn + oy,

=0,1,2,... 3.12
Yn = (1 = Bn)Xn + BnSXn + Buvn, } " ( )

converges strongly to the unique solution of the nonlinear variational
inclusion problem (1.1), where {ay,}, {8,} are the sequences in [0, 1] and
{u.}, {va} are two bounded sequences in X satisfying the following
conditions:

Jim ||Syn — Sxnyrl| = lim an = lim |lun]| =0, ga,, =o0. (3.13)

Proof Since S is ¢-hemicontractive, then the fixed point set F(S) of §
is nonempty. Let x* € F(S), i.e., x* = Sx*. It follows from Lemma 2.4
that x* is also a solution of the nonlinear variational inclusion problem
(1.1). We will show that x* is the unique solution of (1.1). Suppose
that ¢ € X is also a solution of (1.1) and ¢g# x*. Then ||x* —g¢|| > 0 and
é(Jlx* —ql|) > 0, since ¢ is strictly increasing with ¢(0) =0. Hence,

¢(llx* — glDllx* — gll > 0. (3.14)

Since S is ¢-hemicontractive and Lemma 2.4 implies that g € F(S),
there exists j(x* —gq) € J(x* —q) such that

lIx* = glI” = (Sx* — Sq,j(x* — @)) < lIx* — qll* — $(llx* = gll)l|Ix" - qll,

ie., ¢(|x*—q|)llx*—q|l <0, contradicting (3.14). Thus, x* is the
unique solution of (1.1).

Let
M = sup{||Sx — x*|| + ||xo — x*|| : x€X}
+ sup{||ux|| : n >0} + sup{||vx|| : n>0}. (3.15)

Obviously, M < oo and it follows from the Proof of Theorem 3.1 that
for all n>0,

lxnss = X" S M, lynr — x| <M. (3.16)
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It follows from (3.12) and Lemma 2.2 that for all j € J(x,41—x*),

3ne1 = x* (1% = [[(1 = om) (%n — %*) + Ctn(Syn + t4n — x*) ||
< (1= om)?[lxn = %*|* + 20n(Syn + tn — x*,)
= (1 = on)*1%n — X*II* + 20n(Syn — S¥ns1,J)
+ 2an<umj) + 20-'n(an+l - x*7j>' (317)
Since S is ¢-hemicontractive, we know that there exists a
Jrpur e €J(Xns1 — x*) such that
(St = X Faper) < ot = 217 = (et = XD}t = x°].
(3.18)

Substituting (3.18) into (3.17), we have
l1%n+1 = x*||2 <(1- a,,)2||x,, - x*”2 + 20 (Syn — an+1’.7x,.+|,x‘)
+ 2an(”njx,,+1,x‘)
+ 20| %11 = X*|1* = 200(1%n41 = %*[) X1 — x°]]-

(3.19)

Since a, — 0(n — 00), there exists a positive integer ny such that for
all n > ngy, 2a, < 1. By (3.15) and (3.16), we rewrite (3.19) as

R R
s Wt =1
< o= 1P 4 =2 (M 4 20,) —
2a 1-2a,
Bl w1 — " 1|)||xn+1—x u (3.20)

for all n > ny, where

an = Ksyn - an+1 ’.}:x,ﬁ.l,q)‘ + I(un’.;x,,+|,x")l'

Since {x,—x*} is a bounded sequence, we know that {J(x,,;—
X*)}n > 0 is bounded, and so {jx..+;,x‘ }n>o is @ bounded sequence in
{J(xn+1—%*)}n > 0. By (3.13), we have

a, —0, Ma,+2a,—0 (n— ). (3.21)
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Let inf{||x,—x*||:n>0}=46. Then § > 0. Suppose 6§ >0, we have
|lx,—x*||>86, Vn>0. Since ¢ is strictly increasing, we get
&(|xn+1—x*|]) > ¢(6). From (3.21), there exists a positive integer
N> ng such that M?a,+2a, < $(6)5, Yn> N. It follows from (3.20)
that

*12 — *]I2 Qp _ 2an
”xn-H X II S ”xn X ” + l _ zan ¢(6)6 1 _ 2(1,, ¢(6)6
_ ok 2 _ Oln
= I = 2 - 25— 4008

< |1%n = x*|1* = 0n(6)6, Vn>N.
This implies that
o 2
¢(6)6Za,. < |lxn — x4]|° < 00,
n=N

which contradicts condition (3.13). Thus inf{||x,—x*||:n>0}=0,
so that there exists a subsequence {|lx, — x.||}72y of the sequence
{llxn — x*[1};29 such that ||x, — x*|| = 0(j — oo). Let >0 be arbi-
trary. Then there exists a positive integer »;, such that

X, —x*|| <e, MPoy+2a,<¢(e)e, Yn>nj. (3.22)
We prove by induction that
IIan'+p - X*” < E, p = 1, 2, cee (3.23)

For p=1, we prove that ||x,,.1 — x*|| <e. Suppose ||xy,+1 — x*|| > ¢,
then ¢(||xs,+1 — x*||) > ¢(¢). By (3.20) and (3.22), we have

Q,
"xnj.+1 - x*" < e — _1-—;a¢(€)6 < 62,
n

which contradicts [|x,+1 — x*|| > €. Thus ||xy, 11 — x*||) <e. Assume
(3.23) is true for p=po>1. Then we can prove that ||X,,(p+1)—
x*|| <e. In fact, if [[xn,+(pp+1) — X*|| 2 &, then ¢(||Xn,+po+1) — X*(1) 2
&(€). It follows from (3.20) and (3.22) that

* 2 Qpn 2
”xnj.+(po+1) -x|<e” - 1-2a, p(e)e < €%,
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a contradiction. So ||x,,+(p+1) — X*|| <e. This implies that (3.23) is
true for all p > 1 and therefore lim,, _, o ||x,—x*|| =0. This completes
the Proof of Theorem 3.2.

Remark 3.1

(1) In Theorem 3.2, if S is an uniformly continuous mapping with
bounded range, {u,}, {v,} are bounded sequences and «,— 0,
B, — 0(n — 00), then || Sy, — Sx,41]| = 0(n — oo) (See [10]). In fact,
from the Proof of Theorem 3.1, we know that ||y,—x,41]|—
0(n — 00) and 50 |[Syn— Sx,+ 1] — 0(n — 00).

(2) Theorems 3.1 and 3.2 extend and improve the corresponding
results in Ding [4, 5], Hassouni —Moudafi [6], Huang [7—9], Kazmi
[11], Siddiqi et al. [16,17] and Zeng [19].
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