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The paper suggests sufficient conditions for the existence of positive solutions to vector
boundary-value problems for second-order differential equations. For potential prob-
lems we develop the approach which combines the classical variational method with
methods of positive operators. The results are then applied to nonpotential problems
where the nonlinearities have potential minorants and majorants.
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1. INTRODUCTION

The paper deals with the two-point problem for systems of second-
order differential equations. The problem is reduced in the standard
way to an integral equation which can be written as

x(t) = BU'x(t). )
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600 R. MENNICKEN AND D. RACHINSKII

Here x(f), 0 < t < 1, is a vector-valued function with the range R"; I is
the superposition operator I': x(f) — g(z, x(¢)) generated by the non-
linear continuous function g(z, x); B is a linear integral operator with
a continuous kernel.! The operator B is self-adjoint® in L2 and posi-
tive definite.

The nonlinearity g(¢, x) and the operator I" are said to be potential
if g(¢,x) is the gradient (w.r.t. the variable x) of some scalar func-
tion G(t,x), i.e., g(t,x)=V,G(t,x). Equation (1) with the potential
operator I' can be studied by variational methods (see, e.g. [1-3]). A
general sufficient condition for the existence of a solution is that G(¢, x)
satisfies the quadratic estimate >

G(t,x) < k|x|” + b, 2)

for all x € RY, t € [0, 1] where &||B||;2_,;> < 1 and b is arbitrary.

In this paper, we are interested in positive solutions of Eq. (1) (the
vector-valued function x(¢) is called positive if all its components are
nonnegative functions). The problem considered leads to the equation
with the positive definite self-adjoint operator B that has additionally
the following property:

For every sufficiently large o the operator (I+aB)™'B is positive (in
the sense of Krein [6]) w.r.t. semiordering generated by the cone of
positive functions, i.e., this operator maps any positive function to a
positive function.

This property allows to combine the variational method with
methods of positive operators [7, 8] to obtain sufficient conditions for
the existence of positive solutions to the boundary-value problem.

The paper is organized as follows. In Sections 2 and 3 problems
with potential non-linearities g(¢, x) =V ,G(t, x) are considered; it is
supposed that G(¢, x) satisfies (2). Section 2 presents the main result on
the existence of a positive solution. In Section 3 we suppose that
g(t,0)=0 (so the problem has the trivial zero solution) and suggest
sufficient conditions for the existence of a nontrivial positive solution.

!'The kernel of B is the Green matrix-valued function of the two-point problem.

2Everywhere we use the spaces of vector-valued functions x(7): [0, 1]— R”.

3This result was originally proved by Golomb [4] and Hammerstein [5] for integral
equations.
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In Section 4, we consider applications to problems with nonpoten-
tial nonlinearities which have potential minorants and majorants.
Sections 5 and 6 contain some remarks on the results obtained and the
proofs.

The approach developed here or appropriate modifications can be
used to prove the existence of positive solutions for problems on
nonlinear oscillations, boundary-value problems for PDE etc.

2. EXISTENCE OF POSITIVE SOLUTIONS
Consider the problem

—x"+A(t)x = g(t,x), x(0)=x(1)=0 (3)

where* x € RY, N> 1. Everywhere we suppose that the N x N real
matrix A(f) depends continuously on ¢ and its elements satisfy the
relations

ag(t) = ap(t) <0 forallij, ij=1,...,N; te[0,1. (4

The function g(z, x) : [0, 1] x RY — RY is continuous w.r.t. the set of its
arguments.
Define the differential operator

Lx(t) = —x"(t) + A(t)x(t) with the boundary conditions
x(0) = x(1) = 0; (5)

now problem (3) can be written as Lx(¢) = g(¢,x(¢)). Since the matrix
A(f) is symmetric, £ is a symmetric operator in L2, The spectrum o(L)
of L (see e.g. [9]) is an increasing sequence of real eigenvalues

MM SLS s, o 00 (6)

In the following, we use the smallest eigenvalue Ay = Ag(L).

4Throughout the paper the basis in R is fixed; a vector x € R” is identified with its
coordinate column (xy,...,xy)7 or row (xi,...,xxy). The notations (-,-) and |-| are
used for the usual scalar product (x,y)=x;y;+- -+ +xnyy and the Eucledian norm
x| =/(x, x).
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Suppose that g(¢,x) is a potential nonlinearity, i.e., its components
are defined by

0
gi(t,xl,...,xN)=$G(t,x1,...,x,v) (7)

where x=(xy,...,xy)" € R, t €[0,1). Without loss of generality,
assume’ that G(¢,0)=0. Therefore the function G(t,x) is continuous
w.r.t. the set of its arguments.

Denote by K, the cone of the vectors x€ R" with nonnegative
components:

Ki={x=(x1,...,xn) €R¥ : x;,>0,i=1,...,N}.

We write x>y if x—y € K, and x(¢)=y(2) if x(¢) > y(¢) for every
t € [0,1]. A function x(?) is positive if x(£)=0.

TueoreM 1 Let (4) and (7) hold. Suppose that the function G(t,x)
satisfies estimate (2) with some k < M\(L)/2 for any x € K, . Suppose

xi=0a x::(xlv"’axN)TeK+ lm]’ly gi(tax)ZO . (8)

foreachi=1,...,N, t € [0,1]. Then problem (3) has a classical positive
solution.

Consider problem (3) with the nonlinearity of the simple form

g(t,X) =(gl(t’x1)7"'vgN(tva)) (9)

where the component g;(-, ) depends on the component x; of the
variable x and ¢ only.

This is a potential nonlinearity, the function G(t, x) is given by

N X;
G(tx) =3 /0 g1, €)dE.
i=1

Theorem 1 implies the following statement.

SIf G(1,0) is not identically zero, it can be replaced by the function G(f,x) =
G(t,x) — G(t,0). Obviously, G(t,0) =0 and (7) implies that g(¢,x) is the gradient of
G(t,x) w.r.t. x.
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THEOREM 2 Suppose that relations (4) and (9) hold and the estimate

N Xi N
Z/o'gi(t,ﬁ)désf~z2x?+b, x=(x1,...,x8) €Ky (10)
i=1 i=1

is valid with some k< MX(L)/2. Suppose that g(t,0) is a positive
Sfunction. Then problem (3) has a classical positive solution.

Nonlinearities of the form (9) are used below as minorants and
majorants in problems with the nonpotential nonlinear part.

3. NONZERO POSITIVE SOLUTIONS

In this section it is supposed that g(¢,0)=0, so problem (3) has the
zero solution.

Assume that (7) holds. To be simple, assume also that the function
g(t, x) is continuously differentiable in x, i.e., the Jacobian matrix

J(t,x) = [Ogi(t, x)/axf]i,j=l,...,N

exists for all € [0,1], xeRY and depends continuously on its
arguments. Relation (7) implies J(t, x) = J7(, x).
Set D(f)=J(t,0) and consider the differential operator

Mx(t) = —x"(f) + [A(¢) — D(¢)]x(f) with the boundary conditions
x(0)=x(1)=0. (11)

Like (5), this is a symmetric operator® and its spectrum is a sequence
of eigenvalues po < p; <y <- -+, thy, — 00.

THEOREM 3 Let all the conditions of Theorem 1 be satisfied and
g(t,0)=0. Let the smallest eigenvalue po = pp(M) of operator (11)
be negative. Then problem (3) has a classical nonzero positive solution

x*(1).

Suppose all the conditions of Theorem 3 are fulfilled. If estimate (2)
is valid for every x€e K, U{—K,} (not only for xeK,) and in

SThe linearization of problem (3) at the origin leads to the problem Mx(f) = 0.
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addition to (8) the relation
x=0, x=(xi,...,xy)  €{-K,} imply g(t,x)<0

holds, then problem (3) has at least three solutions. Indeed, in this
case the problem Ly(f) = —g(t,—y(¢)), which is obtained from (3)
by the change of the variable y= —x, also satisfies the conditions
of Theorem 3, therefore it has a positive nonzero solution y*(¢). Thus,
besides the positive solution x*() 0 and the zero solution, problem
(3) has the negative solution —y*(¢) 0.

If the nonlinearity g(t,x) has the form (9), then the matrix D(f)
is diagonal, i.e., D(t) = diag{d;(?), ..., dyn(t)} where d;(t) =0g{(t, x;)/
Bx,-.

THEOREM 4 Let relations (4), (9), and g(¢,0)=0 be valid. Suppose
o < 0 and estimate (10) holds for some k < A\o/2 where Ao, 1o are the
smallest eigenvalues of operators (5) and (11). Then problem (3) has a
classical nonzero positive solution.

Theorem 4 follows from Theorem 3.

4. NONPOTENTIAL PROBLEMS

In this section the nonlinearity in (3) is not supposed to be potential.
To stress this we use the new notation for the nonlinearity, so we
consider the problem

X"+ A()x =f(t,x), x(0)=x(1)=0 (12)

where A(r) satisfies (4). The main assumption about the continuous
function f(z, x) is that the estimates

hi(t’xi) Sﬁ(tvxla"')xN)Sgi(t;xi)> i= 17"'7N (13)

are valid on some domains specified below. Here A{z,&), gt &) are
smooth functions of their arguments 1€[0,1], £ € R.
Define the vector-valued functions

h(t,x) = (h(t,x1), ..., hn(t, xN)),

2(6%) = (&1(6,51), - gt ) (14)
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and consider the auxiliary problems

—x" +A(f)x = h(t,x), —x"+A(t)x=g(t,x), x(0)=x(1)=0.
(15)

LemMMA 1 Suppose that problems (15) have solutions x_(t), x ()
satisfying x_(t)<x (). Let estimates (13) be valid for every pair
{t,x} €[0,1] x RY such that x _(t) < x < x,.(t). Then problem (12) has
a solution x*(t) satisfying

x_(f) < x*(f) < x4(2). (16)
We combine Lemma 1 with Theorems 2 and 4 to obtain sufficient
conditions for the existence of positive solutions to the nonpotential

problem (12).
Let

A(r) = diag{Ai(2),. .., Ak(1) }; (17)

here A4;(¢) is a symmetric square matrix of order N;—N;_, where’
0=Ny<N;<---<N;=N, 1<k<N. Denoteby )y the smallest
eigenvalue of the differential operator L;z(t) = —z"(t) + A;(¢)z(t) with
the boundary conditions z(0)=z(1)=0 which acts in the space of
vector functions z(¢) : [0, 1] — RNi=Ni-1,

THeoREM 5 Let (4) and (17) be satisfied. Let
x; =0, x=(x1,...,xy)" €K, imply fi(t,x) >0 (18)
and
fi(tyxr, ..., xn) < 8j(t,x;) whenever x = (xy,... ,xv)T €Ky

for every 1<j<N. Suppose that for each i=1,...,k there are a
Ki < Xoif2 and a b; > 0 such that the estimate

Ni % N;
> / g(t&)deé<k Y x+b;
J=Nei10 J=Ni1+1
if xy_,+1>0,...,xy,>0 (19)

holds. Then problem (12) has a classical positive solution.

"Evidently, each symmetric N x N matrix A(¢) has the form (17) with k=1.
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The minorant A(¢, x) of the nonlinearity f(¢,x) is not mentioned
in the formulation of Theorem 5, it is constructed in the proof.

Now consider problem (12) where f{z,0) =0, i.e., the problem with
the zero solution. Suppose that f(z, x) satisfies two-sided estimates (13)
for all xe K and set

40 =G (00), Do) = dingld (1), ().

Denote by ug; the smallest eigenvalue of the differential operator
Miz(t) = =2"(f) + [Ai(t) — Di(1))z(f) with the boundary conditions
z(0)=2z(1)=0.

THEOREM 6 Let (4) and (17) be satisfied. Suppose that estimates (13)
are valid for all x€ K, and h(t,0)=f(t,0)=0. Suppose estimate (19)
with k; < Xi/2 holds for each i=1,...,k and

min{po1, - - -, ok} <O0. (20)

Then problem (12) has a classical nonzero positive solution.

5. REMARKS

(a) In the theorems above on the existence of positive solutions to
problem (3) it is supposed that the nonlinearity g(t, x) is defined for
all x. Naturally, one can consider the nonlinearities defined for
x€ K only. For example, Theorem 1 is true without any change
in formulation if the continuous function (7) is defined for xe K,
t€]0, 1] (it is necessary just to remember that g;(¢, x) is now the
one-sided derivative of G(¢, x) whenever x;=0). This follows from
the proof presented in the next section.

This remark is applicable to Theorem 3 as well.

(b) We say that the function f{z,x):[0, 1] x R¥ — R" increases in the
off-diagonal variables if for every i=1,...,N the relations
&y x) =x>y=0n1,...,¥8)7, x;=y; imply the estimate
fi(t,x) > fi(1,y), 0 <t < 1. Suppose that the estimates

h(t, x) <f(t,x) <g(t,x)
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with smooth A(-,-), g(-,-) are valid for 1€[0,1],x € RV and
problems (15) have the solutions x_(#), x . (¢) satisfying

x-(1) < x4(1) (21

like in Lemma 1. We do not assume here that the functions A(t, x)
and g(z, x) have the form (14). Nevertheless, if either the function
f(t,x) or both the functions A(z,x), g(¢,x) increase in the off-
diagonal variables, then the conclusion of Lemma 1 is true, i.e.,
problem (12) has a solution satisfying (16). In this case, one can
use Theorems 1, 3 to obtain sufficient conditions for the existence
of positive solutions to problem (12) in the same way as Theorems
5, 6 are derived from Theorems 2, 4 and Lemma 1 (see the proofs
below).
(c) Consider the problem

X" +A()x =f(t,x,x"), x(0)=x(1)=0 (22)

where A(r) satisfies (4) and f(t,x,):[0,1] x R¥ x RN - RV is a
continuous function. For this problem analogs of Lemma 1 are
also valid. In particular, if

x_() <x<x.(¢) imply hi(t,x;) <fi(t,x,y) < gi(t,x:)

forevery t € [0,1], y € RY, i=1,..., N where x_(¢), x.(¢) are the
solutions (21) of problems (15), then problem (22) has a solution
satisfying (16) (see, also [10]). This leads to analogs of Theorems 5
and 6 for problem (22).

6. PROOF OF THEOREMS 1 AND 3

6.1. The Linear Operator

First we recall some well-known facts about the operator £. Consider
the linear problem

Lx(t) + Ax(t) = u(t). (23)

Suppose — A is not an eigenvalue of the operator L, ie., A# — A,
n=0,1,2,... . Then a unique solution of problem (23) is given by the
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formula (see, e.g. [9])

1
x(t) = Byu(t) = /0 Hy (1, 5)u(s)ds

where the Green matrix-valued function H,(z,s) is continuous w.r.t.
the set of its arguments 0 <s, ¢ <1 and satisfies

Hy(t,s) = H, (s,f), 0<s,t<1. (24)

If u(¢) € C then x(t) = Byu(t) is a classical solution of problem (23). By
continuity of H\(t, s), the solution x(¢) = Byu(¢) is continuous for every
u(f) € L' and moreover, the operator B, is completely continuous from
L' to C (also, it is continuous from C to C?).

Relation (24) implies that B\=B3, i.e., B, is a self-adjoint operator
in L2. Since B, is the inverse of the operator £ + M, the spectrum of By
is the sequence

BN =+, n=0,1,2,...

If A> =X then A\ +X) '=B8N)>BN)> ... >8,0)>...>0,
hence the operator B, is positive definite and

0< (w,Baw)p < (A +2o) ' [Iwl7z, welL? (25)

where (-,-),. denotes the scalar product in L% Therefore, for each
A > — ) the self-adjoint positive definite square root BE\I/ 2 of the
operator B, is defined.® By splitting theorems (see, e.g. [11]), Bf\l/ Yisa
completely continuous operator from L' to L? and from L* to C.

Below we use the operators By and B(Al/ 2 with various A > — Xo. The
operators B, satisfy the resolvent equation

B, — Bx = (A — u)B,B) (26)
for every \ u# — Ay, n=0,1,2,... .

6.2. Equivalent Problem and Operator Equation
Define

1
Px =5 (x1+xil,. v+ )"

8 The square root B/ of B, is not necessarily an integral operator.
A
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The operator P projects the space R onto the cone K, and satisfies
the estimates |Px| < |x| and |Px— Py| < |x—y| for all x, y € R". Take
an o> 0 and set

gi(t,Px) forx; >0,

—20x; forx; <0 (27)

gi(t,x;a) = {

for every x=(xy,...,xy)T€RY, i=1,...,N. We replace problem (3)
by the problem
Lx(t) = g(t, x(1); @); (28)

here the components of the function g(¢,x;a) : [0,1] x RV — RV are
defined by (27); a is a parameter. Since g(¢, x; o) = g(¢,x) for x€ K,
the classical positive solutions of problems (3) and (28) coincide for
every a.

Note that the function g(¢, x; o) with a fixed ¢ is discontinuous in x,
its discontinuity points lie in the hyperplanes x;=0. The set of all
discontinuity points is

I = LNJ{X = (x1,...,x8)" : x; = 0, 8:(t, Px) # 0}. (29)
i=1

Define
G(t,x;a) = G(t,Px) — o|x — Px]*, xeR".

From (7) and (27) it follows that

g,—(t,x;a)=aimé(t,x;a), i=1,...,N (30)

for every x € RM\II,, t € [0, 1]. It is readily seen that

1
G(t,x+y;a)—f}(t,x;a)=/ (8(t,x + sy;@),y)ds, x,yeR". (31)
0

Let us rewrite (28) in the form

Lx(t) +x(t) = g(t, x(); @) + Mx(£), A> —Xo (32)
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and pass from problem (32) to the equivalent integral equation
x(t) = By[g(t, x(1); @) + Ax(1)] (33)

with the two parameters o >0 and X > — ). We consider Eq. (33) in
the space C: by the inclusion x(f) € C implies g(z, x(f); a) € L™ and
since B, is a completely continuous operator from L™ to C, it follows
that the operator B,[g(¢,x(¢); @) + Ax(f)] on the right-hand side of
(33) is completely continuous in C. If x(¢) >0 then the function

8(t, x(1); @) + Ax(1) = g(t, x(1)) + Ax(1)

is continuous, so the operator B, maps it to C>. Therefore every
positive solution of Eq. (33) is a classical positive solution of problems
(32) and (3). It is important to note that by construction, Eq. (33) with
a fixed a are equivalent® for all A> — \q.

Now, to prove Theorem 1 it suffices to show that for some pair o, A
Eq. (33) has a solution x*(f) € C, x*(£) =0. In Theorem 3 it is necessary
to show in addition that x*(¢) is not the zero solution.

6.3. Main Steps of the Proof

We prove the existence of a positive solution to Eq. (33) in two steps,
using the two lemmas below; the proofs of the lemmas are given in the
next subsections. First, it is shown by the variational method that for
every >0 Eq. (33) has a solution x,(¢) satisfying the uniform
estimate ||x,(?)]|c < Ro with the R, independent of «. In the second
step, we prove that the solution x.(¢) is positive for every sufficiently
large a.

Take any o > 0 and fix it up to the end of the first step. Set v = —2x;
by assumption, v > —\,. Following the general variational scheme
(see, e.g. [1,2]), consider the functional

1
Va(w) = %(w, W) 2 —%(w,B,,w)Lz —/ G(t, BV Pw(t); a)dt, wel?.
0

(34)

? Also, one can see this from resolvent Eq. (26): applying the operator I +(A—pu)B,, to
equality (33) one obtains x(f) + (A — p)B,x(f) = (Bx + (A — u)B,B) (8(t, x(t); ) + Ax(1))
and (26) gives x(f)=B,(g(t, x(t); &) + px(£)).
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Since w(f)€ L? implies B/ z)w(t)GC and the function G(t,x;a) is
continuous w.r.t. the set of its arguments ¢, x, the functional V,(w) is
defined on the whole space L2

Denote by £ the set of the functions w € L? satisfying

mes{t€[0,1] : BYDw() eI} =0

where II, is set (29). We claim that the functional V,(w) is Frechet
differentiable at every point w € £ and its derivative is given by

VVa(w) = w(t) — vB,w(t) — BV Dg(t, B1Pw(t);a), w=w(t)e€E.
(35)

If w, € £ is a critical point of the functional V,(w), then (35) implies
wa(f) = BY/D (8(1, B Pwi(1); ) + vBY P, (0)), (36)

therefore each critical point w, €& determines a continuous solu-
tion x.(f) = B/ 2)w,,(t) of Eq. (33) with A=v and hence with any
A>— Ao.

Evidently, w—vB,w is the Frechet derivative of the functional
1/2((w, w)2 — v(w, B,w);2). So to prove relation (35), we need to show
that the functional

1
Falw) = / G(t, BV w(t);a)dr, wel? (37)
0
satisfies
T (lnll (Fa(w + hn) = Fa(w) = (hay BSDg(, BYPw();))) = 0
(38)
for every we € and every vanishing sequence h,€ L2 Substituting
x(t)=B,(,'/2)w(t), y=B§l 2)h(t) in (31) and integrating over the
segment [0, 1], we obtain
1,1
Falw+h) = Fol) = [ [ @), 30w
o Jo

+ sBU/Dh(1); a))dsdt.  (39)
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Also note that B,(,l/ L (B,(,‘/ 2))" implies

(hn, BY 5, (BYPw(-); )2 = /01(39/2)%(0,?(’, BY/Dw(1); a))dt,
therefore (38) is equivalent to

1 1
Jim llenll 2 f f (BU /P hy (1), 8(t, B w(t) + sBL /Dby (8); )
- 0 Jo
—2(t, BV w(1);0)) dsdt = 0. (40)

The inclusion w € £ means that for a.e. ¢ € [0, 1] the point xp = xp(f) =

{1/ 2)w(t) is a continuity point of the function g(¢,x; ) (considered
as a function of x with the fixed 7). From |A,|,.— 0 it follows
1BY"? || — 0, hence

Tim [g(t,x0(1) + sBbhn(1); @) — &(t,x0(1); )| =0 forae.r€[0,1]

(41)
and for each s € [0, 1]. But the function g(¢,x; @) is locally bounded
and we have sup{||xo(¢) + sB.(,l/z)h,,(t)HC :5€(0,1,n=1,2,...} < o0,
hence

sup sup  [g(t,xo(t) + sBhn(1); @) — 8(t, x0(1); )] < 00,

n 0<ts<l1

and by the Lesbegue theorem, (41) implies

1 p1
lim / / 180, Bbw(t) + sBLhn(1); @) — 3(t, Bbw(1); o)) dsdt = 0.
=% Jo Jo
Since || B8P byl < 1BS/?|2cs this yields (40), thus (35) is
proved.

The following lemma guarantees the existence of a critical point
w* € £ for the functional V, (w).

LemMMA 2 Let the assumptions of Theorem 1 be satisfied. Then the
Sunctional V(w) has a point w, of global minimum. The function w}, =
wk (1) satisfies w), € € and

Iwill2 < V2b (42)

where b comes from (2). If in addition all the assumptions of Theorem 3
hold, then the function w,(t) is not the zero solution.
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The lemma is proved in Subsection 6.5.

By Lemma 2, VV,(w:) =0, wie&, so the function x,(f)=
Bl 2)w,’;(t) is a solution of Eq. (33) for every A> — ). From (42)
the estimate ||x,||c < Ro follows with

Ro = ||B8)| 2 cV2b (43)

which is independent of . To complete the first step of the proof note
that the relation VV,(w}) = 0 can be written as

w (1) = BY/D (3(t, xa(2); @) + vxa(t)). (44)

If all the assumptions of Theorem 3 are valid, then
2(2,0;0) = g(,0) =0, also by Lemma 2, w’, # 0. Thus, (44) implies
that x,(?) %0 under the assumptions of Theorem 3.

The second step of the proof of Theorems 1 and 3 is based on the
following fact.

LemMMA 3 Relation (4) implies that for every sufficiently large X the
operator B, is positive'® w.r.t. to the cone of positive functions in C,
i.e., x(t) =0 implies B\x(t)=0.

Lemma 3 is proved in the next subsection.
Now, substitute the function x,(¢) in (33) with A=a to obtain the
identity

X0 (1) = Bo[8(t, x4 (1); @) + axq(?)]. (45)

Suppose that either the function g(¢,x) has continuous derivatives
Ogit, x)/0x;, i=1,...,N and satisfies (8) (like in Theorem 3) or the
relations

x; =0, x=(X1,...,XN)T€K+ lmply gj(t,X)ZE (46)

are valid for all i=1,..., N with some ¢ > 0. It follows easily from the
definition of the function g(¢, x; ) that in both cases the estimate

g(t,x;a)+ax207 t€[0, 1]7 lxl <Ry

holds for every sufficiently large a. Since ||x,|c < Ro, the function
8(t,x4(1); @) + ax,(t) (with « large enough) is positive, and by Lemma

1%One can show that the operator B, is positive for every A > — \g, but we do not use
this fact here.



614 R. MENNICKEN AND D. RACHINSKII

3 the operator B, maps it to the positive function (45). Thus, x,(?) is
a positive solution of Eq. (33) for every large a.

This completes the proof of Theorem 3. This also proves the
conclusion of Theorem 1 if in its assumptions estimate (8) is replaced
by the stronger estimate (46).

We complete the proof of Theorem 1 with the following limit
construction. Set g;(¢, x; ) := g;(¢t,x) +¢,i=1,..., N and consider the
problem

Lx(t) = g(t,x(t);e), €>0. (47)

From (8) it follows that

xi=07-x= (xl""’xN)Te Ky lmply gi(t’x;E)ZE (48)
for all i=1,..., N, similar to (46). Furthermore, relations (7) and (2)
with K < Ag/2 imply the relations
- g .
g,'(t,X;E) = 'a—x_‘(G(t)x) +E(X1 +Xx2+ - +XN)), 1= 1’ (] ’N
1
and

G(t,x)+e(x1+x24+--+xy) < (k+ ao)lxl2 + (b + Ney) (49)

for all 0 <e<egy where we take €5 >0 sufficiently small so that
Kk+€g < Ao/2. Therefore problem (47) with e €(0,¢,) satisfies all the
assumptions of Theorem 1 and estimate (48) guarantees that prob-
lem (47) has a classical positive solution x.(¢) satisfying ||x.(¢)|| < Re,,
where R., is defined by formula (43) with ' =b+Neo and V' =
—2(k+¢€g) in place of b and v. Replacing problem (47) by the equiv-
alent integral equation x(¢) = Bx(g(t, x(¢);€) + Ax(t)), we obtain

xe(t) = Ba(g(t,x:(8);€) + Axe (), 0<e<ep. (50)

But B,:C— C is a completely continuous operator, therefore the
estimates

x|l R, sup{|g(t,x;€)|:t€[0,1],0 <e <eo, |x| <R} <00

imply that the set of functions (50) is compact in C, hence this set has a
limit point x*(¢) € C. Finally, passing to the limit in (50) as £ — +0, we
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see that x*(¢) satisfies the equation x(f)= By(g(t, x())+ Ax(?)), i.e.,
x*(?) is a classical solution of problem (3). Since x.(£)=0, 0 < e <&y,
it follows that x*(¢) >0 and Theorem 1 is proved.

6.4. Proof of Lemma 3

Denote by Q, the operator that maps a function v(f) to a unique
solution x(f) = Q,v(¢) of the vector problem

—x" + px = (), x(0)=x(1) =0 (51)

which is the system of the independent scalar problems —x; + ux; =
vi(t), x{0)=x{(1)=0. The integral operator Q, can be written
explicitely, it is well-known that Q, is positive, i.e., v(f)=0 implies
Q,v(t) >0, for every u> —m~2. The norm of Q, in L is

1Qullzre = (u+ 7r—2)—1’ u> - 2. (52)

Set v:=max{||la;t)|c:i=1,...,N} where a,(f) is the diagonal
element of the matrix A(f). Take any u(f) € C and put X(¢)=B,_,u(t)
where p is sufficiently large. By definition, X(¢) is the classical solution
of the problem

=" (1) + A(O)x(6) + (b — 1)x() = u(t), x(0) =x(1) =0,

therefore X(f) is also the classical solution of problem (51) with
v(t) = u(t)+yx(t) — A()x(2), hence %(f) = Q,(u(f) + yx(t) — A(£)X(2)).
Equivalently,

Buu(t) = Qu(BE — AW)B () = Qui(t), u()eC,  (53)

where E is the N x N identity matrix. Denote by ¢ = ¢(f) the norm
of the matrix yE— A(f) and by ® the operator ®:v(f) — [yE— A(?)]
w). From (52) the estimate ||Q,®|.2_ . <llo®)|c(k+72)"
follows. Therefore, for every sufficiently large u the operator I —
Q,® is invertible in L? and the inverse is represented by Neumann
series

I-Q®) ' =I+Q,0+ - +(Q0) "+,
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so applying this operator to (53), one obtains

B, u(t) =u(t) + Q,8Qu(t) + -+ + Qu(®Q,)'u(t) +---, u()eC
(54)

where the series converges'! in L% Finally, relations (4) and the
estimate > a;(f) imply that all the elements of the matrix vE— A(?)
are nonnegative for each ¢, hence the operator ® is positive. From the
positivity of the operators @, and & it follows that operator (54) is
also positive in C for every sufficiently large u, which completes the
proof.

6.5. Proof of Lemma 2

We write w, — w, for the weak convergence in L%

First note that the completely continuous operator B .12 > C
maps any weakly converging sequence w,€L?, w,—w, to the
sequence B,(,l/ 2)w,, € C that converges uniformly to the function
B{""?w,. Therefore functional (37) is weakly continuous, which means
that w, — w, implies f'a(w,,)—+.7-'a§w*;. The same is true for the
quadratic functional (w,B,w),.=|| {172 wlliz. At the same time, the
functional (w,w),, is weakly lower semicontinuous, i.e.,

Wi — W, implies limninf(w,,, Wn)pz > (Wey Wa) 12 (55)

Therefore the functional V,(w) = (1/2)(w,w).. — (v/2)(w, B,w);2 —
Fa(w) is also weakly lower semicontinuous:

Wy —w, implies lim inf Vo (wn) > Va(w.). (56)
By definition G(t,x,a) < G(t,Px) for all ¢, x. Since estimate (2)
holds for all xe K, and we have |Px|<|x| and Pxe K, for each

x € RY, the relations

G(t,x,a) < G(t,Px) <k|Px|* + b<k|x|* + b, xeRY

"'In fact, the series also converges in C, because 1Qull e < o0.
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are valid. Therefore

Faw) <k /0 1 |BL/Dw(e)|*dt + b
= k(B Pw,BUDw), + b= —g(w,B,,w)Lz +b.
Hence, functional (34) satisfies the estimate
Va(w) > -;—(w, W —b, well. (57)

Consider a minimizing sequence w,, for the functional (34):

ln'rln Va(wn) = wlrelfL' \ Va(w).

The equality V,(0) =0 implies 0 > lim ¥ (w,). But from (57) it follows
that V,(w) > €%/2 whenever ||w|,: > v2b + ¢, therefore

lim sup ||wnl|;z < V2b. (58)
n

This implies sup{||wn||;2:n=1,2,...} <oo, hence the sequence w,
is weakly compact and contains a weakly converging subsequence.
Without loss of generality, assume that the sequence w, weakly
converges itself and denote its limit by w},. From (56) the relations

inf Vy(w) = lim Vo (wy) > Vo (w})
welL? n

follow, so V,(w}) =inf,c 2 Vo(w), ie., w), is a point of global
minimum for the functional V,(w). From (55) and (58) estimate
(42) follows. To prove the inclusion'? w* € £, we use an idea close
to [13].

Fix any positive function y(f) € C? such that

¥0) =y(1) =0, y(f)>0 forall t€(0,1),i=1,...,N (59)

2In fact, the inclusion w! € £ means that the function x,(¢) = B{/2w%(¢) is a so-
called proper solution of problem (28). The notion of a proper solution was introduced in
[12].
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and put h(t) := B8 (=y"(£) + A(£)y(t) + vy(1)), then y(r) = B/ P k().
Consider the function

U(0) = Vo (W' + 0h) + Vo (wh — 0h) — 2V (wh), 6€]0,1].

Since w}, is a minimum point for V,(w), we have ¥(f) >0 for each
# € [0, 1]. But (39) implies the equality

Fa(W,, + 60h) + Fo(w), — 0h) — 2F o (w},) = 6(6)

where

1,1
w0 = [ [ 00,8050+ o(0)0)
— 8(t, xa(1) — Osy(1); o)) ds dt (60)
and x,(f) = B{'/? wi(1). Hence,
U(0) = 6*(h,(I — vB,)h)2 — 69(0), 0€(0,1]
and the estimate ¥(#) > 0 implies the relation

lim sup ¢(8) <0. (61)
9—+0

Set
H; = {x: (xl,...,xN)T 1x; =0, gi(tvpx) #0}

By definition, the function g,(¢, x; &) is continuous in x at every point
x° € RV \ IT}, hence

oﬁffo(g’i(t, X0+ 6z;0) — gi(t,x" — 0z,0)) = 0
for each x® € RV \ II}, ze RN. If x° €11}, then x¥ = 0 and (27) implies
eliTo(g‘(t’ X0+ 6z;0) — g;(t,x" — 0z;0)) = signz; - gi(t, Px°)
foreachx” €I}, ze RV.

Thus, passing to the limit in (60) as § — +0 and taking into account
that sy{f) > 0 for every ¢, s € (0, 1), we obtain

N
w0 =3 [ 3(0m(t, Pra(0)de
i=1 i
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where ; := {t€[0, 1] : xo(f) €II'}, so according to (61),
N
3 / yi(0)gi(t, Pxa(t))dt <O (62)
i=1 /€l

But from (8) it follows that g;(¢, Px)>0 whenever x;=0, x=
(x1,...,xn)7, hence g;(t,Px)>0 for each x€Ill and therefore,
gi(t, Px,(1)) >0 for all teQ; i=1,...,N. Together with (59) and
(62), this implies mes 2,;=0, i=1,..., N, which is equivalent to the
inclusion w}, € £.

It remains to show that under the conditions of Theorem 3 the
relation w, # 0is valid, i.e., zero is not a global minimum point for the
functional V,(w). We prove that zero is not even a local minimum
point. For this, an appropriate element 4’ L? is introduced so that
V.(6h%) < V,(0) for each small 60.

Denote by T, p# — s, n=0,1,2,..., the operator that maps any
function u(f) € C to the unique solution x(t)=TNu(t)eC2 of the
problem Mx(t) + px(t) = u(t) where M is operator (11). Since
2(t,0)=0, it follows from (8) that

X020, i) rel,1)
hence the off-diagonal elements of the symmetric matrix A(z)— D(?)
satisfy the estimate

a;(t) —dy(1) <0 foralli#j,i,j=1,...,N;t€[0,1],

similar to (4). By Lemma 3, this estimate implies that for every
sufficiently large > — g the operator T,: C — C is positive w.r.t. the
cone of positive functions. Also, T}, is completely continuous, so,
according to the general theorems on positive operators [8], there is a
positive eigenvector y° = y%(#) >0 such that 7,,)° =r(T,,)y° where r(T,,)
is the spectral radius of the operator 7,. For large u we have
n(T,)=(u+po)~ 1, therefore y°(7) is a classical nonzero positive
solution of the problem My(?) + py(f) = (1 + po)y(2), i.e., the identity
(M — poD)y°(t) = 0 holds.
Set

(1) = (v + uo)y®(6) + DY (1), H(¢) = B (o).
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Adding the function v°(¢) to the identity (M — uol)y°(t) = 0, we get
(€ + vD)y°(£) = v0(¢), therefore y°(f)=B,v°(t) and yO(£) = BU/20(1).
Consider the function x(8):= V,(6h°). Since G(t,x;a) = G(t,x) for
each x > 0 and y°(7) = B{/?10(1) > 0, we have

02 V02 1
Vo (0h0) = ~2—(h°,h°)Lz - T(hO,B,,hO)Lz - /0 G(t,6y°(¢))dt.

Our assumptions on the smoothness of function (7) imply the
representation

G(t,x) = G(1,0) + (g(1,0), x) + (x,D(1)x)/2 + (¢, x)

where
. _2 _
lim |x| Jmax, lo(t, x)| = 0.
But G(¢,0)=g(z,0) =0, so G(¢, x) = (x, D(t) x)/2+(t, x) and therefore

V@) = 5 (00,102 = 00, BA): = 60, DS ) +0(6),
0 — 0.
Now note that (K%, B,A%),. = (y°,)°),. and
(0,100 = 0%, B) = (4,30);
= (v + () + DY (0,5

hence V,(0h%) = 1o6?(3°,y°),2/2 + o(6?). By assumption, o <0, so
V,(0h%) < 0= V,(0) for all small #+£0, i.e., zero is not a minimum
point for the functional V(w) and the proof of Lemma 2 is complete.

7. PROOF OF THEOREMS 5 AND 6

7.1. Proof of Lemma 1

Define the nonlinear operator

Unx(t) = BA(f (2, x() + Ax(1)), x()eC
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with A#),, n=0,1,2,... Now problem (12) is equivalent to the
equation x(f)= U,x(f). We need to show that this equation has a
solution in the set!?

(= x4) = {x(1) € C: x_(1) < x(1) < x4 ()}

where x _(f) and x_ () are solutions of problems (15), i.e., they satisfy
the relations

x-(t) = Ba(h(t,x- (1)) + Ax_(0)),  x4(2) = Ba(g(t, x4 (1)) + Ax1.(1)).

Since U, is a completely continuous operator in C, it suffices to prove
U, maps the convex closed set (x_, x ) into itself, then the existence
of a solution x* = x*(¢) to equation x = U,x follows from the Schauder
principle.

Suppose x(#) € (x_, x.); then by assumption,

h(t, x(£)) <f (8, x(1)) < g(t, x(2))- (63)
Since the components A;(t,x;), g:(t,x;) of the functions A(z,x) and
g(t, x) are smooth, for every r >0 there is a A(r) such that the func-
tions Aft, x;)+Ax; and gft, x;)+ Ax; increase w.r.t. x; in the segment
—r<x;<r for every A>A(r) and every t€[0,1], i=1,...,N.
Therefore,

h(t,x_(2)) + Ax_(¢) < h(t, x(£)) + Ax(¢)
g(t, (1)) + Ax(t) < glt, x4.(8)) + Mx (1

whenever x(f) € (x_, x,) and A>Xro) with ro=max{||x_||c,
[|%+ ]| +}. Combined with (63), this implies the estimates

h(t,x_(2)) + Ax_(t) <f(t,x(2)) + Mx(t) < g(t, x4+ (1)) + Ax4.(¢). (64)

If )\ is sufficiently large, then by Lemma 3 the operator B, is positive,
so applying this operator to (64), one obtains

Bx(h(t, x-(£)) + Ax— (1)) < Unx(f) < Bx(8(t, %+ (1)) + Ax4 (1))

or, which is the same, x_(f)<x(f)<x, (). That is, x(¥) € (x_, x)
implies U)x(¢) € (x_, x ) and the proof is complete.

13This set is the so-called cone interval with the vertexes x_, x ...
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7.2. Proof of Theorems 5 and 6

Suppose the conditions of Theorem 5 hold. Set g(t, x) =(g:(t, x1),
...,gn(t xx))T and consider the problem

—x"+A()x = g(t,x), x(0)=x(1)=0. (65)

Relation (17) implies that problem (65) is equivalent to the k

independent two-point problems in the subspaces RV N1 i=1,...,k

of RM. Evidently, each of the smaller problems satisfies all the

assumptions of Theorem 2, hence there is a positive solution z}(¢) :

[0,1] — RNi=Ni-t o each smaller problem, so the direct sum of these

solutions is a positive solution x_ (£):[0,1] — RN of problem (65).
Assume that in place of (18) the stronger estimate

fi(t,x) >e whenever x; =0, xekK, (66)

holds with some € > 0 for each j=1,..., N. In this case, we can find a
large v such that

—yx; <f;(t,x) forall 0 <xy,...,xy <R:=||x:(t)l¢ (67)

andallt € [0,1],j=1,...,N. Now, if we take h(t,x) = —yx, x _() =0,
then all the conditions of Lemma 1 are satisfied, hence problem (12)
has a solution 0< x*(f) <x_ (f). Thus, the conclusion of Theorem 5 is
true if additional assumption (66) holds.

To complete the proof, one can first replace the functions f{z, x) and
g(t,x) in (12) and (65) by the functions

f(t’ X, E) = (fl(t’ x) +e,... afN(tv x) + E)Ta
g(t,x;€) = (g1(t,x1) +e,...,en(t,xn) +€)"

and prove just as above the existence of a positive solution x.(#) to the
problem

—x" +A()x =f(t,x;¢), x(0)=x(1)=0.

Then the same limit construction as used in the proof of Theorem 1
can be applied to obtain a positive solution of problem (12) (we omit
the further details).

Finally, let us prove Theorem 6. By assumption (20), at least one of
the numbers pg; is negative, without loss of generality suppose that
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o1 < 0. Consider the problem
—Z"+ A ()2 =h(t,z), z(0)=z(1)=0 (68)

where ze€RM, h(t,z) = (hi(t,z1),...,hn,(t,2x,))". Since hiz,€) <
git,§) forall £>0,j=1,...,N, estimate (19) implies that

NI Z] N|
Z/O h(t,§)dE<k1 Y 2 +bi, z1,...,28, 20.
Jj=1 Jj=1

Therefore problem (68) satisfies all the conditions of Theorem 4, so it
has a nonzero solution z*(f)>0 and hence the function x_(f) =
(z1(2),. .., 23, (1),0,. .. ,O)T is a nonzero positive solution to the first
problem of (15). Now it suffices to show that the second problem of
(15) has a solution x (f) = x _(#) + y(¢) with y(#) >0 and to use Lemma
1. After the change of the variable x = y+x_(¢), the second problem
of (15) takes the form

-y +A()y =2(ty), »(0)=y(1)=0 (69)
where
8(t,y) = g(t, x-() +y) + (x_(r) — A(t)x—(1))
= g(t, x-(1) +y) — h(t, x_(1)).
First note that x_(f)>0 implies g(¢,0) = g(¢,x_(¢)) — h(t,x_(t)) >
0, i.e., the function g(¢,0) is positive. Secondly, from estimates (19) it

follows that for any number g; € (k;, A;) there is a sufficiently large
B;> 0 such that the components of g(¢,y) satisfy

Ni

Yj Ni
Z / 8;(t,8)dE < qi Z )’,2 + Bi
J=Ni-1+1 Jj=Ni-1+1

whenever yy,_,+12>0,...,y5, >0

for each i=1,...,k. Splitting problem (69) according to (17) into
the k independent problems in the subspaces RY~Mi-1 of RV, we see
that each of the k problems satisfies all the assumptions of Theorem 2
and so has a positive solution. The direct sum y*(¢) of these solu-
tions is a positive solution of problem (69). It determines the solution
x,(O=x_(O+y*@®)=x_(t) to the second problem of (15) and by
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Lemma 1, problem (12) has a solution x*(¢) € (x_, x ). The relations
x_(0)=0, x_(£)#£0 imply that x*(¢) is the desired nonzero positive
solution of (12). Theorem 6 is proved.
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