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In this paper we prove that the Landau-Kolmogorov inequality for functions on the half line
holds for any Orlicz space with the constants, which are best possible for L.-space.
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1 INTRODUCTION

The Landau—Kolmogorov inequality

IF®N2 < Kk, m)ll £S5 FU%, (1)

where 0 < k < n, is well known and has many interesting applications
and generalizations (see [1-6, 15, 18-21]). Its study was initiated by
Landau [11] and Hadamard [7] (the case n = 2). For functions on the
whole real line R, Kolmogorov [9] succeeded in finding in explicit
form the best possible constants K(k, n) = C , in (1), and Stein proved
in [20] that inequality (1) still holds for L,-norm, 1 < p < oo, with
these constants (the same situation also happens for an arbitrary Orlicz
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norm [1]). The best constants C,:fn for the half line R, = [0, o) are not
known in explicit form except for n = 2, 3, 4 (see [11, 13]), but an algo-
rithm exists for their computation (Schoenberg and Cavaretta [17]). In
this paper, essentially developing the Stein method [20], we prove
that, for the half line, inequality (1) still holds for an arbitrary Orlicz
norm with the constants C;’,.

2 RESULTS
Let G=R,Ry or [a,b],®:][0,+00) — [0, +00] be an arbitrary
Young function [10, 12-14], i.e., ®(0) = 0, ®(¢) > 0, O(f) £ 0 and ®

is convex. Denote by

@(1) = sup {ts — D(s)}
5>0

the Young function conjugate to ® and Lg(G)-the space of measurable
functions # such that

< 0

J u(x)v(x)dx
G

[{u, v)| =
for all v with p(v, ®) < oo, where
p(0.T) = JG B(o()l)dx.

Then Ly(G) is a Banach space with respect to the Orlicz norm

J u(x)v(x)dx
G

lullo,c = sup
p(n,®)=1

’

which is equivalent to the Luxemburg norm

I/ @) = inf {i >0: L (| f()N/ A)dx < 1} < 00.
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Recall that || - lo,6) = Il - llz,() Where @) = # with 1 <p < o0,
and || - l@,6) = Il - llz..c) When @(f) = 0 for 0 < ¢ < 1 and ®(¢) = o0
fort > 1.

We have the following results [13—14]:

LEMMA 1 Let u € Lo(G) and v € Lg(G). Then

JG [uGx)o()ldx < llullo cllvl G g)-

LEMMA 2 Let u € Lo(R) and v € L;(R). Then

luxvlor < lulowrllvl;.

LEMMA 3 [5,p.37]Letn > 1. Iff € Ly jo.(R+) has a generalized n-th
derivative g € Ly joc(R+.), then f can be redefined on a set of measure
zero so that f"Y) is absolutely continuous and ) = g a.e. on R,.

THEOREM 1 Let ® be an arbitrary Young function, f and its generalized
derivative f™ be in Lo(Ry). Then f® € Lo(Ry) for all k¢
{1,...,n—1} and

@R, < CEMLIGE NSOl g, - )

Proof We divide our proof into two steps.

Step 1 We begin to prove (2) with the assumption that f® e
Lo(Ry), k=0,1,...,n.

Fix O<k<n Let ¢e>0 be given. We choose a function
v; € Lg(Ry), p(vs, ®) < 1 such that

”0 fP@u@dx| = | [Plog, — & 3)
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Put
R = [ e .
Then F,(x) € Loo(R,) by virtue of Lemma 1, and it is easy to check that
Fx) = J:o FO0+»o,(»dy, r=0,1,...,n 4)

in the D'(0, 0o) sense.
Since p(v;, @) < 1, ||v; ||@‘R+) < 1. So, for all x € R, clearly,

IFP@! < 106+ Mo, vl gm,) < 1/ log,-

Now we prove the continuity of 7 on R,. We show this for » = 0 by
contradiction: Assume that for some & > 0, a point x° and a sequence
{tm} in R with x° +#,, > 0 and ¢,, — 0 we have

l J:o(f(x" ) — S LoD 2 smeN.  (5)

Since f e Lop(Ry) we easily get feLj(Ry). Then f(x"+
tw + ) = f(x* + ) in L,[0, /] for any j = 1,2, .... Therefore, there exists
a subsequence, denoted again by {t,}, such that f(x° + t,, + ) = f(* + )
a.e. in [0, /]. So, there exists a subsequence (for simplicity of notation we
assume that it coincides with {f,}) such that f(x° + t,, + ) — f(* +)
a.e. in [0, 00).

For simplicity of notations we consider only the case when x = 0.
Because inequality (2) holds for f if and only if it holds for f/C,
where C is an arbitrary positive number, without loss of generality we
may assume that p(2f, ®) < oo. By the Young inequality we get

lf(tm +y) "f(y)”vc(y)l
< O f(tm +3) =S (D) + D(lv(»)])
< 10| f(D) + FDQ| S (tw + 1)) + B(|ve( ). (6)
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Since ®(2| f1), ®(|v;|) € L1(R,) and £, — 0, there are positive num-
bers M and h such that for all m e N

j M(q)(2| T+ QI f(tn + D) + B(lo(y)))dy < g Q)
y>

and

| oo <3| ol -+ <3 | Bnim <3
B B B

®

if B C R4, mes(B) < h. On the other hand, by the Egorov theorem,
there is a set 4 C [0, M], mes(4) < h such that f(t,, + y)v:(y) uniformly
converges to f(y)v,(») on [0, M]\A. Therefore, applying (6) and (8), we
have

m— o0

M
Tim L |f o +3) —F Do)y
SEL[ ) =Dl
[0,M\A
+ hm J | f(tm +3) = f(Dve( p)ldy

= 11m J [ f(tm +) f()’)”Uc(y)ldy_ 0 %4_2__—;

Combining (7), (9) and using (6), we get for sufficiently large m

L ((Fln +9) —FO)oeP)ldy < 6,

which contradicts (5). The cases 1 < r < n are proved similarly. The
continuity of F" has been proved.
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The functions F") are continuous and bounded on R.. Therefore, it
follows from the Landau-Kolmogorov inequality and (3)-(4) that

U1/ ®llo g, — 8" < IFPOI" < IFPI5
< CLIFNSG IF N5 (10)

On the other hand,

IFelleo < 1/ G+ Maor, VOl Gr,) < 1/ lor, (11)

1F oo < /G A+ Mog, VOlga, < 1/ lor,.  (12)
Combining (10)-(12), we get
U/ Plor, — 8" < oM MNew 1SN g, -

By letting ¢ — 0 we have (2).

Step 2 To complete the proof, it remains to show that f® ¢
Lo(Ry), Ve e(l,...,n—=1}) if f,f™ € Lp(R;). By Lemma 3 we can
assume that £, f/, ..., f”~" are continuous on R, and f"~V is absolutely
continuous on R,.

We define for k =0,1,...,n,

_ /), xelo,00)
Juo®) = {o, x € (=00, 0).

Let € C(0, 00), ¥ > 0,Y(x) =0 for x > 1 and [ Y(x)dx = 1. We
PUt V(1) = 1/A(x/2), A > 0 and f; = fio) % U
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Fix b>0. Then Vo € C{°(b,00) we have for 0 <1 <b and
k=1,...,n

(2, 0) = (DK 3, o)
— (-1 jo (jo fox —ym(y)dy) oD ()
A 00
= (1) jo ( L fiox —y)<p<k>(x)dx) V()
A
-1,

OO )
-[ (j f""(x—y)l/u(y)dy)(p(x)dx

0

[ —y)«p(x)dx) U ()dy

b

=1, (fiy * ¥ )X)p(x)dx

J

= (fw * V¥ 0).

So, we have proved that for0 < A <band k=1,...,n

10 = fuo x ¥, 13)

in the D'(b, 00) sense. Therefore, for 0 < A < b we have

1o * )™ o gb.00) = I fony * Wil p.00)
< fw*¥illor = Il fimllor (14)
=l fimllog, = 1/llog,

On the other hand, wusing (fjo) *V ,1)(") = flo) * ://flk) € Lo(R),
Vk=0,1,...,n and the proved in Step 1 Landau—Kolmogorov in-
equality for functions on [b, 00), we get for k=1, ...,n—1,

k —k k
A1 600y < Clnll il 0yl 2715 1500y
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Hence, combining (13), (14) we obtain for all 0 <A< b, k=
1,....,n—1,

—k
IS * Wl ooy < Clnll J0) * Wil b ooy Il fen) * '/’;,lllé,[b,oo)
< CE fo * Wl ml fony * W5l (15)
< G 116001/ 1 10.00)-

On the other hand, because f) is continuous on R, we easily get
tim fi *1,(9) = fio (@) =/ (), e > 0. (16)

Indeed, for A < x we have from the continuity of f() at x that

| fiky * ¥ ,06) = fiy ()| = JRf(k)(x — W, (y)dy — JRf(k)(x)l//z(J’)dY|

IA

2
. | o = ) = fiy )N, (»)dy

v
=1, 1O —y) = O, (ydy
< sup | [P —y)—f®x)| — 0asi — 0.

0<y<2

For each function v € Lg[h, 00), p(v, ®) < 1 and 0 < 1 < b, by (15)
and the definition of the Orlicz norm we get

(L Kf(k)*t//;.)(x)v(x)ldx) < G Mg 0,001 S 18, 0.00)-

Therefore, using Fatou’s lemma, (15) and (16) we obtain

U (FO@u0dy| < (J li.ml(ﬁk)*!/u)(x)v(x)ldx)
b b A0
< (m% J i * t//z)(x)v(x)ldx)

Cll ot ool S8 10,000
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So, by the definition of the Orlicz norm we have

/PG 000 < CEall S5 10,0001/ N, g0,00) < 00

On the other hand, it follows from the continuity of f® on [0, co) that
f® e Lg[0, b] for any b > 0. Therefore,

1/ ®log0.00 < 1/ Pllago.+ 1/l p00) < 00-

The proof is complete.

Remark 1 To obtain Theorem 1 we have developed the Stein method
because, for example, the property [g(x + &) — g(x)]/h — g'(x) in the
L, mean (1 < p < 00), which is used in [16], holds for Le only if ®
satisfies the A,-condition (see [12, 14]).

REMARK 2 By the representation [14]

lull@,c) = sup

Vg o<

J u(x)v(x)dxl,
G
it is easy to see that Theorem 1 still holds for any Luxemburg norm.
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