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We explore the relation between matrix measures and quasi-birth-and-death processes. We derive
an integral representation of the transition function in terms of a matrix-valued spectral measure
and corresponding orthogonal matrix polynomials. We characterize several stochastic properties

of quasi-birth-and-death processes by means of this matrixmeasure and illustrate the theoretical
results by several examples.

1. Introduction

Let (2, ¥, P, (Xt)1») be a continuous-time two-dimensional homogeneous Markov process
with state space

E={(i,j) eNox{1,...,d}}, deN, d<ow (1.1)
and infinitesimal generator

Bo AO 0
Cl B A

T
Q= (Qij)i,j=o,1,...= G B A , (1.2)
CT By As
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where Ay, Ay,...,Bo,B,...,C1,Ca,... € R4 The transition rate from state (i, ) to state
(k,€) is given by the element in the position (j,¢) of the matrix Qj. Markov processes
with an infinitesimal generator matrix of the form (1.2) are known as continuous-time
quasi-birth-and-death processes. These models have many applications in the evaluation of
communicating systems and queueing systems (see, e.g., [1-3]) and have been analyzed
by many authors (see, e.g., [4-6]). The case d = 1 corresponds to a “classical” birth-and-
death process with a tridiagonal infinitesimal generator which has been investigated in great
detail using the theory of orthogonal polynomials by Karlin and McGregor [7, 8]. Since this
pioneering work several authors have used these techniques to derive interesting properties
of birth-and-death processes in terms of orthogonal polynomials and the corresponding
measure of orthogonality (see, e.g., [9, 10]).

It is the purpose of the present paper to extend some of these results to quasi-birth-
and-death processes with a generator of the form (1.2) using the theory of matrix measures
and corresponding orthogonal matrix polynomials.

We associate to a matrix of the form of (1.2) a sequence of matrix polynomials,
recursively defined by

~xQn (%) = ApQui1 () + BuQu (%) + C Qo1 (%) (1.3)

with initial conditions Q_1(x) = 0 and Qp(x) = Is. A matrix measure X = {o;;}
the real line is a function for which %(A) = {0;;(A)}
definite matrix in R%4 for each Borel set A C R, where the entries o;j are finite signed
measures. In Section 2 we formulate sufficient conditions on the infinitesimal generator (1.2)
such that there exists a matrix measure X on the real line with

ij=1,..,d O

ij=1,..,d 18 @ symmetric and nonnegative

(@9 = | Qd=wQ] () =61 (14)

that is, the matrix polynomials are orthonormal with respect to the matrix measure X (see
[11]). In this case we derive an integral representation for the blocks of the transition function
in terms of the orthogonal matrix polynomials Q; and the matrix measure X, which generalize
the representation of Karlin and McGregor [7] to the case d > 1. We also investigate relations
between the Stieltjes transforms of random walk measures corresponding to two quasi-birth-
and-death processes, where only a few blocks differ. In Section 3 we discuss several examples
to illustrate the theory. Finally, in Section 4 the theoretical results are used to characterize a-
recurrence of quasi-birth-and-death processes.

2. Quasi-Birth-and-Death Processes and Matrix Polynomials

The moments of the matrix measure X are defined by the d x d matrices

Sk = kadZ(x), k=0,1,..., (2.1)
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and throughout this paper we will only consider matrix measures with existing moments of
all order. The “left” inner product with respect to X of two matrix polynomials Q and P is
defined by

(QP) = fQ<x>d2<x>PT<x>. 22)

If {Sy},50 is a sequence of matrices such that the block Hankel matrices,

So -+ S
H,, =| : : m>0, (2.3)

are positive definite, then there exists a matrix measure X with moments S,,, n > 0, and a
sequence of matrix polynomials {Q,(x)},o which is orthogonal with respect to X (see [12]).
The following theorem characterizes the existence of a matrix measure X such that there is a
sequence of matrix polynomials which is orthogonal with respect to X. The proof follows by
similar arguments as presented in Theorem 2.1 of [13] and is therefore omitted.

Theorem 2.1. Let the matrices A,, n > 0, and CI,n > 1,in (1.2) be nonsingular and B, > 0, and
assume that {Q,(x)},sq is a sequence of matrix polynomials defined by recursion (1.3).

There exists a matrix measure X with positive definite block Hankel matrices H,, , m > 0, such
that the sequence of matrix polynomials {Q,(x)},5 is orthogonal with respect to X if and only if there
is a sequence of nonsingular matrices { Ry}, with

R,B,R,' symmetric, ¥n €Ny,
(2.4)
RIR, = C;l - Ci (RIRy ) Ao+ Ayr, W¥meN.

Moreover,

Ry <<ROT>_1) = (RgR())_l = So, (2.5)

and the matrices {ﬁn}n20 = {UuRy},5,, where Uy, n > 0, are orthogonal matrices and also satisfy
condition (2.4).

Note that condition (2.4) is crucial for our approach and is always satisfied in the case
d = 1.1f d > 1 it has to be checked in concrete examples, but—to our best knowledge—there
do not exist any general conditions which imply (2.4). Some examples where (2.4) is satisfied
are presented in Section 3. Several other examples can be found in the papers of Griinbaum
[14, 15], Griinbaum et al. [16], and Cantero et al. [17]. If condition (2.4) is satisfied, the
corresponding measure X is called a spectral measure corresponding to {Q,(x)},o and the
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matrix Q in (2.4), respectively. The infinitesimal generator matrix (1.2) is called conservative
if

(Ao + By)1=0, <An + B, + c5>1 =0, VneN, (2.6)

where1 = (1,1,...,1)T e R?and 0 = (0,0,...,0)" € R? (see [18]). In this case there exists a
transition function

P(t) = (Pii’(t))i,i’:o,l,../ (2-7)
with d x d block matrices P;; (t) € R,
P0) =1, P'(0)=Q, (2.8)
which satisfies the Kolmogorov forward differential equation
P'(t)=P(t)Q, Vt>0 (29)
and the Kolmogorov backward differential equation

P'(t) = QP(t), Vt>O. (2.10)

The probability P(X; = (i',j') | Xo = (i, j)) of going from state (i, j) to (7, j') in time f is given
by the element in the position (j, j') of the matrix Py (t).

Note that there always exists a transition function P(t) such that the Kolmogorov
forward differential equation (2.9) is satisfied. The infinitesimal generator Q is called regular
if there exists only one such transition function (see [18]). If additionally a spectral measure
2 corresponding to the generator matrix (1.2) exists, we can derive an integral representation
for the block of the transition function P(t) in the position (i, ) in terms of the spectral
measure and the corresponding matrix orthogonal polynomials, which generalizes the
famous Karlin and McGregor representation.

Theorem 2.2. Assume that the conditions for the existence of the measure X in Theorem 2.1 are
satisfied and that there exists a transition function P(t) which satisfies the Kolmogorov forward
equation (2.9) for all t > 0. Then the following representation holds for the block P;;(t) € R in
the position (i, j) of the transition function P(t):

pi) = ([ @izl ) ([Qwiswalw) 1)

Proof. Let Q(x) = (QOT(x), QlT(x), ...)T denote the vector of orthogonal matrix polynomials
Qi(x) with respect to the spectral measure X. Then the recursive relation (1.3) is equivalent
to the matrix equation

-xQ(x) = QQ(x). (2.12)
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Defining
F(x,t) :== P(H)Q(x), (2.13)
we obtain the differential equation
%F(x, t) = P'(t)Q(x) = P(H)QQ(x) = ~xP(t)Q(x) = —xF(x, 1), (2.14)
and the condition P(0) = I yields
F(x,0) = P(0)Q(x) = Q(x). (2.15)
Hence, it follows that
F(x,t) = e Q(x) = P(HQ(x), (2.16)

which implies (integrating with respect to dX(x)) that
[eramazmal @ - po) [ Quazeo] 217)

Because of the orthogonality of the matrix polynomials Q, (x), n > 0, we obtain for the blocks
P;;(t) of the transition function the representation

2y = ([eromisao)([ewaswmw) ., vij @)

which completes the proof of Theorem 2.2. O

In what follows we present two results, which relate the Stieltjes transforms of
the spectral measures of two quasi-birth-and-death processes, which have an infinitesimal
generator of similar structure. The first result refers to the case where the entry By has been

replaced by the matrix By. The proof is similar to a corresponding result in [13] and is
therefore omitted.

Theorem 2.3. Consider the infinitesimal generator defined by (1.2) and the matrix

By Ag 0
Cl Bi A
Q= Cl B, A, . (2.19)
Cl B; A;
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Let X be a spectral measure corresponding to the infinitesimal generator Q with positive definite
block Hankel matrices such that the matrix ROEORal is symmetric and such that {R,},sq is a
sequence of matrix polynomials which satisfies condition (2.4). Then there exists a spectral measure
. corresponding to Q. If the spectral measures = and 3 are determined by their moments, then the
Stieltjes transforms of the measures satisfy

— -1 -
@@4@:{( =0) _501@0_30)} | 22

Given a sequence {Q,(x)},5o of matrix polynomials defined by recursion (1.3), the

corresponding associated sequence of matrix polynomials { % (x) }.s0 of order k, k > 1, is
defined by a recursion of the form of (1.3), in which the matrices An,_Bn, and C,, have been
replaced by the matrices A, .k, Byik, and C,.k, respectively (see [19]). The following result
gives a relation between the Stieltjes transform of the spectral measure corresponding to
the sequence of matrix polynomials {Q,(x)},s, and the Stieltjes transform of the spectral
measure corresponding to (0P (x) } ns0- The associated quasi-birth-and-death process will be
denoted by (Xt(k) )0 With state space E defined by (1.1) (throughout this paper we use the
notation Xt(o) =Xy).

Theorem 2.4. Consider the infinitesimal generator Q defined by (1.2) and the matrix

Br A 0
C£+1 Bk+1 Ak+1
QW = Cl,, Br2 Akn ) (2.21)

T
Ck+3 Bris Akss

The matrix Q%) is called the associated matrix of order k, k > 1, corresponding to Q. Assume that % is
a spectral measure corresponding to Q with positive definite block Hankel matrices, that is, there exists
a sequence { Ry, },5o of nonsingular matrices, which satisfies condition (2.4) of Theorem 2.1. Then there
exists a spectral measure %) corresponding to Q%) with positive definite block Hankel matrices. If the
measures are determined by their moments, then the Stieltjes transforms of the measures are related by

[zt

zZ—X

1 -1
dz® (x
<o =Dy {zId—Ek_l—DkRk f Tgc)R{D,{ D} | .

-1

-1
--DZT} D{} (ROT)_l,

(2.22)
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where

Dy = —-R,AxR ! E,=-R,B,R}, D! = -R,CIR! (2.23)

n+1’/ ni\p-1s

and the Stieltjes transforms of the matrix measures X% and SV are related by

(£

dZ(k+1)
R {z[d + RiBkR," — R Ax j a7 (x)
z—X z—X

-1
-1
Ramacl ) (1) @2

Proof. Let the sequence of polynomials {Q,(x)},5 be defined by recursion (1.3) with
corresponding spectral measure X. Then the polynomials W,,(x) := R,Q,(x) are orthonormal
with respect to the matrix measure X and satisfy the three-term recurrence relation

an(x) = Dn+1Wn+1(x) + Ean(x) + Dgwn—l(x) (2-25)

with initial conditions W_;(x) = 0 and Wy (x) = Ry. From Theorem 1.2 and Lemma 1.3 in [20]
it follows that

ds(x)

zZ—X

= lim Rol{ZId—EO—Dl{ .o 'ZId_El_DZ{ZId_EZ—‘ ..
n—oo

1 -1
"_Dn{ZId_En}_lDZ} }

B! L
D! } D{} (R))

(2.26)

Assume that the sequence of polynomials {Qilk) (x) } 150 is defined by recursion (1.3), where
the matrices B,, A,, and C, have been replaced by the matrices Bk, Ansk, and Ciuk,
respectively, that is

~xQP (x) = AkQW (%) + Bk QP () + T .QW, (), (2.27)

with Qék)(x) =TJand Q(_];)(x) = 0. Define Ag,k) = Anik, B,Sk) = Bk, Cilk) = Cpur, and R;,k) = Ru+k,
n > 0. From Theorem 2.1 we obtain the symmetry of the matrices

-1
-RBY(RY) " = ~RuwkBrak Ryl V20 (2.28)

n+k’
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and the equation

n+k

(RO)'RY = T, Ry

=clc?! . .Cglcil - CflRoTRvoA1 v A1 Af o Ak

n+k —n+k-1"

(2.29)
=CLCh - CLRIRcAx -+ Anaka

n+k —n+k-1"

= () (e) " () (RY) RO AR, vz

Therefore, from Theorem 2.1 it follows that there exists a spectral measure =*) with positive
definite block Hankel matrices corresponding to the sequence of polynomials { 0 (x) Y ns0-

The polynomials W,(lk> (x) := Rﬁlk)Qflk) (x) are orthonormal with respect to the measure
3(®) and satisfy the recursion

k k k k k K\ k k k
x[/\/,(, )(x) = D( >1[/\/( )1(x) + E.fl )W,(l )(x) + (Dil )> [/\/( )1(x), Wé >(JC) = R(() ) = Ry,
(2.30)

where

DY =Dy, EF =Enx, Vn>0. (2.31)

n+l

Therefore, it follows from Theorem 1.2 and Lemma 1.3 in [20] that

[

zZ—X

n—oo

. -1 k k k k
= lim (R{") {zzd_Eg )-Di"’{zld—Ei ) ){zld—Eg -

=D 21, - EY }_1 (Dfﬁ)T }_1

-1

Feo eyt (o)

= lim R;l{zId—Ek—DkH{ . 21q=Ex =D { zla=Era—+-

n—oo

i -1
-1 -1 -1
++=DysklzLa=Enee) DL, } } D{+2} DZH} (R)
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A combination of (2.26) and (2.32) yields

zZ—-X

f ds(x)

=Ry' | zla-Eo-D: ZId—El_DZ{ZId—E2—~-

-1 -1
Az (x
..._Dk_l{zjd_Ek_l-DkRkjTQ(C)R{D[ D/,

-1 -1

it ol b (R),

(2.33)
and from (2.32) and (2.23) we obtain
-1
ds®(x) d=®+ (x) -
J’ = = R;{ zla - Ec ~ D Rin f = ZR.DL.p (R
(2.34)
1 1 d=® ) (x) r T 1 B T\
= R zI, + ReBeR;, —RkAkfkaﬂRkﬂcmR; (Rf)
which completes the proof of the theorem. O

Remark 2.5. Note that in the literature, many queueing models are considered, where the
matrices C,, do not have full rank (see [21]). Following the arguments used in Remark 2.7 in
[13] the conditions

Ran = Eanl n 2 0/

(2.35)
Cn+1RT Rn+1 = RanAn/ n>1

n+1

are sufficient for the existence of a spectral measure X corresponding to Q, where {E, } . is a
sequence of symmetric matrices and

f Qi (x)dZ(x)Q].T(x) = 6,-]~R].TR]-. (2.36)

In other words, the assumption of nonsingularity of the matrices C,, can be relaxed. The same
arguments as those used in Theorem 2.2 then imply that

Pi]-(t)R]-TRj = fe*fXQi(x)dZ(x)Q].T(x). (2.37)
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3. Examples

Example 3.1. Dayar and Quessette [3] considered a queuing system consisting of an M/M/1-
system and an M/M/1/d - 1-system. Both queues have Poisson arrival processes with rate
Ai, i =1,2, and exponential service distributions with rate y;, i = 1,2, and it was assumed that
Y = M + Ay + 1 + po. The level represents the length of queue 1, which is unbounded, and
the phase represents the length of queue 1, which can range from 0 to d — 1. The process is of
interest because of its level geometric stationary distribution. This system can be described by
a homogeneous Markov process X (t) = (L1 (t), L(t)) g+ with state space E = Nx {0,...,d-1},
where L;(t) and L,(t) denote the length of the first queue at time ¢ and the length of the
second queue at time £, respectively. The entries of the corresponding infinitesimal generator
(1.2) have the form

(M +42) A2
o —(r-m) Lk
By = p
o —(y-m) Ak
o —(h+ o)
3.1)
~(r—12) A2
H2 -1 A
B; = , 121,
2 -y Ak

p2 —(y - A2)

A;=M1I;1i>0,and CiT = p1ly,i > 1. Itis easy to see that Q is conservative. A straightforward
calculation shows that the conditions of Theorem 2.1 are satisfied with the matrices

)L )L 2 )L d-1
Rozdiag<14/i,<,/f> ""'<‘/F§> )
Ri=< ﬂ>Ro, ieN.

Vlil

This implies the existence of a spectral measure.

Example 3.2. In general, the spectral distribution can only be identified in special cases. Even
if the Stieltjes transform can be determined, its inversion is usually difficult (see, e.g., [22,
Chapter 3]). We now present an example where the spectral measure can be found explicitly.
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To be precise consider a homogeneous Markov process (X;);s, with infinitesimal generator
(1.2), where

-y B -6 p
P2 -y P P -6 ﬁl
B0: ; Y#O, Bi . : ’ 121/ 67"-0/
B -y B ﬁz —5 23}
P2 -y p. -6

(3.3)

A; =aly,i>0,and Cl.T = a1y, 1 > 1. A generator matrix of this form can be associated to a
queueing model which consists of d different M/M/1-systems. Each M/M/1-system has a
Poisson arrival process with rate a; and an exponential service time distribution with rate a;.
If the customer is situated in system i, then it changes to the system i —1 and i+ 1 with the rate
P> and P, respectively. This model can be described by the two-dimensional homogeneous
Markov process (N, S);so with state space E = Ny x {0,...,d -1}, where Ny = {0,1,2,...}, N;
denotes the number of customers in the whole model at tlme t, and S; denotes the number of
the system at time t.

If p1 #0 and f, #0 the conditions of Theorem 2.1 are satisfied with

r-ass((§) L (5) o (B) ),
R, = <\/Z:;>nRO, n>1.

This implies the existence of a spectral measure X corresponding to Q. In order to determine
the measure explicitly, note that the matrices in (2.23) have the form

(3.4)

D =D, =-/axaly, n>1,
/P12
—~VBp

VB oy (3.5)

-/ Pip2

Vﬁlﬁz Y' VB2
- P12
-\ P1p2 o -\ P1p2

-\ P1p2 6 - P1p2
—\/P1p2 6
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The eigenvalues of the matrix E are given by

A =6 +24/p12 cos< kr

d+1), k=1,...,d, (3.6)

(k) (k)
1 7

with corresponding eigenvectors given by u® = (u,", ..., u; )", where

(k)_1/ 2 [ kjr s _ 3.7
u; = —d+1s1n<—d+1>, jk=1,...,d. (3.7)

With the notations H := diag(\ —z,..., 1y —z) and U := w®,. .., u®), it follows that

E -zI; =UHUY, uru = 1,. (3.8)

Let Q be the infinitesimal generator obtained from Q by replacing the first diagonal block By
by block B; (which coincides with all other blocks B;, i > 2), and denote by S the spectral
measure corresponding to Q. From [23] we obtain for the Stieltjes transform ®(z) of the
matrix measure X

— 1 1/2
®(z) = -5 D (E - zId)l/z{Id + {Id —4D?*(E - z[d)_z} }(E —zIy)"?
: / (3.9)
1/2
=- llHl/z{Id + {Id - 4cx1(x2H’2} }Hl/zuT,
2(11[12

and Theorem 2.3 gives the Stieltjes transform @(z) of the measure X. Moreover, the results in
[23, page 318] also show that the support of the spectral measure is given by

supp(X) = {x € R: D Y?(xI; — EYD™'/? has an eigenvalue in [-2, 2]}
(3.10)

d
= [—2«/a1a2+6+2 ﬂlﬂzcos<%),2\m1a2+6+2 ﬂlﬂzCOS<d7:1>]-

Note that supp(2) C [0,00) if 6 > a1 + a2 + p1 + po.

4. x-Recurrence

The decay parameter of continuous-time quasi-birth-and-death processes was introduced by
van Doorn [19]. To be precise assume that (X;),, is an irreducible quasi-birth-and-death
process with state space (1.1) and infinitesimal generator Q defined by (1.2), where

Byl + Apl < 0. (41)
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Then the decay parameter a of the process (X;),,, is defined by
a= sup{s >0: e]-Tf e Py (t)dt e < oo}, (i,7),(i,j') € E. (4.2)
0
A state (i, €) € E is called a-recurrent

egf e P;(t)dtes = oo, (4.3)
0

where e, = (0,...,0,1,0,..., O)T € R4 denotes the ¢th unit vector. The process (X}) is called
a-recurrent if and only if some state (and then all states in E) is a-recurrent. The process
(Xi)4s0 s called a-positive if and only if for some state (i, €) € E (and then for all states in E)

egtlirglo e P;(t)ey > 0. (4.4)

The following results characterize a-recurrence of the process (X;);o in terms of the
spectral measure X, the corresponding orthogonal polynomials Q;(x), and the blocks of the
infinitesimal generator. Throughout this section it will be assumed that condition (2.4) of
Theorem 2.1 is satisfied.

Theorem 4.1. Assume that the conditions of Theorem 2.1 are satisfied with a spectral measure
supported in the interval [a,o0) and that there exists a transition function, which satisfies the
Kolmogorov forward differential equation (2.9). The process (X)q is a-recurrent if and only if for
some state (i, €) € E (and then for all states in E)

‘! < [ (x)> ([@eaismare) e=e 45)

X -

Proof. With representation (2.11) and Fubini’s Theorem, condition (4.3) is equivalent to
“ -1
ey (H e“dt Qi(x)d=(x)Q] (x)> (f Qi(x)dZ(x)QiT(x)> e¢ = oo, (4.6)
0

which implies (4.5). O

In the following we define for a matrix measure X with existing moments the d x d
matrices o = 0 and {x = (Sk_1 — S;_l)‘l(Sk - S;) € R™4, where S, - S5, and Spu1 — S,
denote the Schur complement of S,, and S, in the matrix H, and

S, -+ S,
Aoy1 = : : ’ (47)

Su ... Sona
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respectively (see [24]). The next result gives a representation of the Stieltjes transform of the
spectral measure X in terms of the quantities ¢; and the blocks of the generator matrix (1.2).
Note that supp(X) C [a, ) is crucial for our approach and in general difficult to
check. Consider for example the case of recurrence (i.e., « = 0), then it follows from the
results of Duran and Lopez-Rodriguez [25] that the spectral measure X can be found as weak
accumulation points of a sequence of discrete measures with support precisely on

A, = (x| detQy(x) = 0}. (4.8)

A straightforward calculation shows that the set A, coincides with the eigenvalues of the
matrix

By A

Cl By A
- (4.9)

CT

n-1

By

and consequently all bounds on eigenvalues of these matrices will yield bounds on the
support of spectral measure.

Corollary 4.2. Assume that conditions (2.4) of Theorem 2.1 are satisfied. Let {Q,(x)},o denote
the corresponding orthogonal matrix polynomials defined by recursion (1.3). Assume that the
corresponding spectral measure X is supported in the interval [0, 00) and that it is determined by
its moments. Then the Stieltjes transform of the measure X can be represented as

-1

_ -1 -
J'(/‘IZZ_(?;) =nli_{r010{21d_{Id_{ZId_'”_{ZId—égnH}1@;} 1} d} g{ So.

(4.10)
In particular, the following representations hold:
d(x) .. & -1
f > = Jm >, (addie) (B¢da-2)So (4.11)
=0
n+1

= lim > T AT C T T AT CLy Ty T -+ To Ty AT To S, (4.12)
j=0

where T; = Q;(0), j > 0.
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Proof. From Lemma 3.3 in [24] it follows that the monic orthogonal matrix polynomials
{P,(x)},5 with respect to a matrix measure X supported in [0,00) satisfy the recursive
relation

3P, (%) = Py (0 + (S + 80) P () + Ghuhya Py (), (4.13)
with P_, (x) =0, Py(x) = I4,60 =0, and {x = (Sk-1 — S,;l)fl(Sk - S;), where the matrices
ni= (P, Py) = (Sobi-+Gon)" (4.14)
are positive definite. Then the polynomials
Pu(x) := A;)?P (x), n>0, (4.15)
are orthonormal with respect to the matrix measure X and satisfy the recursion
XPy(x) = Apa1 Pus1 () + BuPy(x) + AL Pya (%) (4.16)
with P_;(x) = 0, Py(x) = S;'/2, and

At = A51/2A12

2n+27
By = A/ (8L,+ S ) A3, (4.17)

=4, 1/2§2n§2n 1A;1/122
From Theorem 1.2 in [20] it follows that

Pn(z) = (Pn+1(z)) 1Pn.1,.)1( )
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where 13,51) (z) denote the first associated polynomials for P,(z) defined by recursion (4.13)
with initial conditions 1551)(2) =0, 131(1)(2) = ng. An application of Markov’s Theorem (see
[26]), (4.17), and (4.18) now yields

f dx(x)

z—X

= lim F,(z)

n—oo

= lim {zId—ng—{ZId—Qg—Qg—{ZId—Q{_ég"'

— -1 = -
T {ZId_ggn_ggnH} 1§§nggn—l } T gzég} ggg{} SO

-1

_ 1) !
:JLH;O{ZId_{Id_{ZId_"‘_{ZId—ggn+1}_1€§n} 1} Qg} & So

(4.19)
If z = 0, then we obtain from (4.19) and (1.3) in [27]
f T = - jim §X711§§'§§‘71X1—1X71gg‘—zgg XX XX S, (4.20)
—x e j+192j52j j 92j-2%2j i
where X = I3, Xy = —{/, and
X1 = =(Chuet + 6h0) X = Glhyr X, m2 1. (4.21)
An induction argument yields X, = (—1)"§§n71§§n_3-~ 1T,n > 1, and the first repre-

sentation in (4.11) follows. For the second part we note that the polynomials Q (x) :=

(-1)"Ap -+ Ap-1Qn(x),n > 0, have leading coefficient I; and because of (1.3) they satisfy
the recursion

Q (1) =xQ (0)+ Ao AraBuAyl - ATQ (1) = Ao+ AaCEAL, - AT'Q ().
(4.22)

A comparison with the polynomials P, (x) in (4.13) now yields

A() ce An—anA;11 e Aal = _<§gn + §§n+1>’
(4.23)
Ao+ ApiChAns Ay =001
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Define T, := Q,(0),n > 0. Then (4.23) imply

Tn= Al AV Gpabans 61, Y20, (4.24)

Therefore, we can define the polynomials Qn(x) := T,,'Q,(x). From (1.3) it follows that these
polynomials satisfy the recurrence relation

xQu(x) = AnQuia () + BaQn (%) + C1 Qa1 () (4.25)
with
Ay =T,'AyTois,  By=T,;'B,T,, Cl=T,'CiTu, (4.26)
and A, + B, + CI = 0. Consequently we obtain from (4.23) that

Ao A By At = (8 + o)

(4.27)
A\O T A\"—légzz&;lZ e Aﬁl = anggnfll
and hence
Cone1 = Ay- "AHA;11 "A61f
(4.28)
T _ 2 A OT a1 A-1
g =Ag--AClAY - Afl
Equation (4.11) finally yields
dX(x) i jas ~_1 AT 5 T-1AT 7-1
Tx =n5‘<}oZOAf CjAja AT Gdg So
=
) (4.29)
n+

= lim DT LA CITIAT AL CTL Tia T -+ ToTy A ToSo,
j=0

which completes the proof of the theorem. O
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In the following, the a-recurrence condition will be represented in terms of properties
of the spectral measure, the corresponding orthogonal matrix polynomials, and the blocks
of the infinitesimal generator (1.2). For this purpose, consider the process (X )5, with state
space E defined in (1.1) and infinitesimal generator matrix

BO,a AO,u 0
CT Bl,a Al,a

1a
Qa = Cro Bra Aza , (4.30)
ng;“ B3,a A3,u

where

An,vz = ;1 (a)AnQrH-l (d), n>0,
By« = Q;l (a)ByQn(a), n2=0, (4.31)

Cl = QM (@) ClQua(a), n>1.

The corresponding sequence {Q;.(x)},5 of matrix polynomials satisfies the recurrence
relation

_xQn,a (.X') = An+l,uQn+l,u(x) + Bn,aQn,u (x) + Cz;,aQn—l,a (x) (432)

with initial conditions Q_1,(x) = 0, Qu«(x) = I, If conditions (2.4) of Theorem 2.1 are
satisfied, then the matrix Q, can be symmetrized with the matrices

Rn,a = RnQn (a)/ n>0. (433)

An induction argument shows the representation
Qnalx) = Q;l (@)Qn(x+a), n=0, (4.34)

and therefore
an,m)dzu(x)an,a(x) =0, n#m, (4.35)

where the matrix measure %, is defined by

2.(0,x] = Z(ar, @ + x]. (4.36)
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If representation (2.11) holds, it is easy to see that
e Py (t) = fe‘tdeu(x)S‘l, (4.37)

and the following remark is a consequence of Theorem 4.1.

Remark 4.3. Assume that the conditions of Theorem 4.1 are satisfied and that X is a
corresponding spectral measure supported in the interval [a, o). The process (X;);sq is a-
recurrent if and only if

Sylej = (4.38)

X X—a

T f A% (x) Sile; = T I dx(x)
0 a

for some j € {1,...,d}. The process is a-positive if

eg lime™ Py (t)ee > 0 (4.39)
for some ¢ € {1,...,d}. This is the case if and only if the measure e, dZ(x)S e¢ has a jump

in the point x = a.

Theorem 4.4. Assume that the conditions of Theorem 2.1 are satisfied and that the corresponding
matrix measure X is supported in the interval [a, oo) and determined by its moments. The process
(Xt)1s 1s a-recurrent if and only if for some state (0, €) € E (and then for all states in (0, k) € E)

e?ZH;}lA 'CTH;1H;' A7, C] | Hjs--- CTHy ' Ay HoSoee = oo, (4.40)

where Hj := Qj(a), j > 0.

Proof. Because condition (2.4) holds for the polynomials {Q,(x)},5o, this condition is also
fulfilled for the polynomials {Q; «},50 With Ry, s := R,Qn(a), n > 0. From (4.34) it follows that
Qja(0) = I for all j > 0. Therefore we obtain with (4.12)

A (x)
J‘ ZA]a je ]1a ]1a C{uAOuSO (441)

From the representation A7'CT Q7+1(a)A]TlC].TQ,-,1(a), j > 0, it follows from Remark 4.3

Jx

that the state (0, ¢) is a-recurrent if and only if

e§ZH]+lA 'C/Hj-H; ' AL Cl Hja -+ CTH; Ay HoSoeg = oo, (4.42)

where H; = Q;(a),j > 0. O
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Remark 4.5. In the case d = 1, the results of Theorems 4.1 and 4.4 reduce to known results in
the scalar case (see Theorem 5.2(ii), (iii), (vii) in [10]).

Remark 4.6. Assume that the conditions of Theorem 4.4 are satisfied, and let =) be a spectral

measure corresponding to the sequence of associated matrix polynomials { W (x) }ns0-

(1) The state (0,€) € E is a-recurrent if and only if

-1
ds a=®
ez (x) 56135 _ eg —al;— By - Ag JR{Rlcf eg = oo. (4.43)
X-a X-a

(2) The state (0,¢) € E is a-positive if and only if

. . ax(x _
eztlgge”‘tPoo(t)eg = l{r})zez Cra)—x a() z xsol

o !
= eTlim{Z:aId + %<BO - Ay f MR{I%C{) } > 0.

€220 (z+a)—x

(4.44)

Note that conditions (4.3) and (4.4) reduce to recurrence and positive recurrence if a = 0.
Therefore, with Theorem 4.2 we obtain the following conditions for recurrence and positive
recurrence of a quasi-birth-and-death process.

Corollary 4.7. Assume that the conditions of Theorem 2.1 are satisfied and that the corresponding
matrix measure X is supported in the interval [0, 0o) and determined by its moments. The following
statements hold.

(1) The state (i, €) € E is recurrent if and only if

. T B
i < [ Q450 <x>> ([eeizware) o=, (4.45)

where ey = (0,...,0,1,0,..., O)T. In particular, the state (0, €) € E is recurrent if and only

if

Sylee = co. (4.46)

4
0

o r’ dZ;x)

(2) The state (0, £) is recurrent if and only if

=3
e; > T A T T AT CL T T - To Ty Ay ToSoee = oo (4.47)
j=0
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(3) The state (0, €) is positive recurrent if and only if the matrix measure egdZ(x)Sgleg has a
jump in the point x = 0.

Remark 4.8. (1) Let =V be a spectral measure supported in [0,00) corresponding to the

associated polynomials { 511) (x)},50 introduced in Theorem 2.4. Then, a combination of
Theorem 2.4 and Corollary 4.7 shows that the state (0, ¢) € E is recurrent if and only if

dx(x) ) ax(x
e f P 3tee = -lime} j = R Ruee

o B (4.48)
>
= eg{-BO - Ao f wR{Rlc{} e¢ = oo.
An induction argument shows that
QY (x) = -Q, (0, 4o, n20, (4.49)

where Qfll) (x) are the first associated polynomials corresponding to Qfll) (x), and Q,(}) (x) are
the associated polynomials of order k = 1 corresponding to Q,(x). Therefore it follows for
the Stieltjes transform of the spectral measure corresponding to the associated orthogonal
polynomials that

dsz® (x i 1 4-
f% = lim 3 A0"S0Z; Aj Cla Zim Z; AT -

=0 (4.50)

—1,~T 7-1 -1 T -1

A CIZ7 AT Zo(RIRy)

where Z; := Q](i)l(O).
(2) A straightforward calculation yields

ei Z({0})e; = limze] D(2)e;. (4.51)

From Theorem 2.4 it follows that the state (0, ¢) € E is positive recurrent if the condition

ee hm Poo(t)@g =e, hmzj %55165

dsM(x -
JZ—”RTRlcTR } Roee  (4.52)

= ¢l 11mzR {zId + RoBoR," — RoAg
-1

> (1)
MR{&C{} e¢ >0

= e?hm{[d + —(By - Ag f

holds.
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