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We consider the extended Skorokhod problem for real-valued cadlag functions with the
constraining interval [a, f], where a and f change in time as values of two cadlag functions.
We find an explicit form of the solution and discuss its continuity properties with respect to the
uniform, J; and M;, metrics on the space of cadlag functions. We develop a useful technique of
extending known results for the Skorokhod maps onto the larger class of extended Skorokhod
maps.

1. Introduction

The Skorokhod problem (SP) was introduced originally in [1] as a tool for solving stochastic
differential equations in a domain with one fixed reflective boundary. Given a function ¢, a
solution of the Skorokhod problem on [0, c0) is a pair of functions (¢, 77) such that ¢ >0, 77 is
nondecreasing, and [;* I(¢(s)>0yd7(s) = 0. The mapping I'o(¢s) = ¢ is called a Skorokhod map
(SM) on [0, o0) and is well defined for all cadlag functions ¢.

The Skorokhod problem has been studied since [1] in more general settings.
Chaleyat-Maural et al. studied in [2] a Skorokhod map constraining functions to [0, a].
A multidimensional version of the SP was introduced by Tanaka in [3]. Over the years,
numerous applications were found for the SM particularly in queueing theory. In [4], Kruk et
al. provided an explicit formula and studied the properties of the two-sided Skorokhod map
constraining the function to remain in the interval [0, a], where a is a positive constant. More
recently attempts were made towards relaxing the rigidity of the constrains. Burdzy et al. in
[5] found an explicit representation for the so called extended Skorokhod map (ESM), which
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is a relaxed version of the SM. [The constraining interval in that paper varies with time.]
Another explicit representation for the SM with two time-dependent boundaries, different
from the representation in [5] and based on the approach in [4], was developed by the
author in [6]. In addition, a number of properties of the SM were studied in [6] including
its continuity and Lipschitz conditions.

In this paper we obtain an alternative form of the explicit formula for the ESM with two
time-dependent boundaries developed in [5] that is simpler to understand and potentially
more useful for applications and generalizations to higher dimensions. We develop methods
of extending certain properties of the SM onto the ESM and use them to analyze continuity
properties of the ESM.

Throughout the paper, D[0,00) will denote real-valued cadlag functions on
[0,0), D7[0,00), and D*[0,00) will denote cadlag functions on [0,c0) taking values in
R U {-oo} and in R U {00}, respectively. A function is cadlag if it is right-continuous and has
finite left limits at every ¢ > 0. Similarly, we will use I[0, o) and BV[0, o) to denote subspaces
of D[0, o) consisting of nondecreasing functions and functions with bounded variation on
every finite interval, respectively. We will use Dy to denote the effective domain of f, that is,
Df={t>0] o0 < f(t) < oo}

On the space of the cadlag functions we will consider the topology of the uniform
convergence and the topology of the uniform convergence on compact sets. For every T > 0,
let || fll; = supyrlf ()] and || f|| = sup,.,|f ()] Let f, be a sequence of functions in D*[0, co)
or in D7[0,0). We say that f, converges to f uniformly on compact sets if for every T >
0, lim,, || fn = fll; = 0. Equivalently, we could say that f, converges to f uniformly on
compact setsif f, = f on Dji for large enough n and f,, converges to f uniformly on [0, T|NDy
forevery T > 0.

Definition 1.1 (extended Skorokhod problem). Let & € D7[0,0), p € D*[0, o) be such that
a < B, and let ¢ € DJ[0, ). A pair of real-valued cadlag functions, (¢, 1), is said to be
a solution of the extended Skorokhod problem (ESP) on [a, f] for ¢ if the following three
properties are satisfied:

(i) for every £ > 0, $(t) = ¢ (1) + 7(t) € [a(t), f(D)];
(ii) forevery 0 < s < t,
n(t) —n(s) 20 if ¢(r) < p(r) Vr € (s, ],
n(t) —n(s) <0 if ¢(r) > a(r) Vr € (s,t];

(1.1)

(iii) for every t >0,

0 ~7(t-) 20 if (1) < p(t),
()~ (=) <O if G(t) > a(t).

(1.2)

Traditionally 7(0-) in (iii) is defined as zero so that 7 has a jump at 0, whenever
7(0) > 0. The map 1_",,5,[; : D[0,0) — DI[0, o0) defined by I:a,p((p) = ¢ is called the extended
Skorokhod map (ESM) on [a, f]. In the traditional Skorokhod problem, conditions (ii) and
(iii) are replaced by a stronger condition.
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Definition 1.2 (Skorokhod problem). Leta, f € D[0, o0) be such that a < . Given ¢ € D[0, o0),
a pair of functions (¢,1) € D[0,00) x BV[0,00) is said to be a solution of the Skorokhod
problem on [a, f] for ¢ if the following two properties are satisfied:

(i) forevery t € [0,00), ¢(t) = ¢ (t) + 5(t) € [a(t), p(H)];
(ii) 7(0-) = 0 and 7 have the decomposition 7 = #; — 17, where 1, 1,, € 1[0, 20),

[ee]

fo Lips)>a@rydmi(s) =0, L I1p(s)<ps)ydnu(s) = 0. (1.3)

Burdzy et al. have shown in Theorem 2.6 of [5] that for any a € D7[0, ) and f €
D7*[0, o) such that a < §, there is a well-defined ESM T', 5 and it is represented by

Tap(¢) = ¢ —Zap(y), (14)

where 2, () : D[0,00) — DJ[0, o) is given by
Zap () (1) = max{ |6 - )" A jint () - a)],

sup [(¢(s) = f(s)) A Inf (¢:(r) - a(r))] }

0<s<t

They obtained their result first for simple functions and then extended it by the limiting
process. In Section 2 we will develop an alternative version of this formula.

It is easy to see that if (¢,7) is a solution of the SP on [a, ] for ¢, then it is also a
solution of the ESP on [a, ] for ¢. Conversely, it is shown in Proposition 2.3 of [5] that
a solution (¢,n) of the ESP solves also the corresponding SP whenever € BVI[0, o).
Furthermore, Corollary 2.4 of [5] shows that if inf;50(B(t) — a(t)) > 0 and (¢, 1) is a solution
of the ESP on [a, B] for ¢, then 17 € BV[0, o). Therefore we can identify the ESM with the SM
in this special case.

Remark 1.3. Tf infiso(B(t) — a(t)) > 0, then Ty p = T p.

2. Alternative Explicit Formula for the Two-Sided Extended Skorokhod
Map with Time-Dependent Boundaries

We will make the explicit formula (1.4) more user friendly by developing a new expression
for the constraining term = that is easier to understand and shows more promise for possible
extensions to higher dimensions than (1.5). Given a € D~[0, 00) and f € D*[0, o) such that
a < f, we introduce two pairs of times

T, =min{t>0|a(t)—¢(t) >0}, TP =min{t>0|¢t) - p(t) >0}, (2.1)

T, =inf{t > 0| a(t) — ¢(t) > 0}, ¥ = inf{t > 0| ¢(t) - B(t) > 0}. (2.2)
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Note that

Tu < Ta, TP < 7P (2.3)

Also note that the four times depend on ¢. When necessary we will indicate it by using full
notation such as 7,(¢) or T (¢).

Remark 2.1. Let ¢ € D[0,0), a,ay,€ D7[0,00), n = 1,2,3,..., and B,B, € D*[0,00), n =
1,2,3,....Ifa, 22 aand B =, p pointwise, then

lim sup 7 < 77, lim sup 7, < Ta. (2.4)

n—oo n—oo

Proof. Let e > 0. By (2.2) there is 7 < ty < 7P +€ such that ¢s(ty) —f(to) > 0. Let ¢s(to) — f(to) = 6.
There is ny such that |B,(to) — p(to)| < /2 for n > ny. Hence

@ (to) — Pu(to) = @(to) — P(to) + P(to) — Pu(to) > 60 — |B(to) — Pulto)| = % > 0. (2.5)

Thus 7# < ty < 7P + €. Since € is arbitrary, we conclude that limsup, ¥ < 7P. By similar
argument we can show that limsup, _,  7a, < 7, O

n

The inequalities in Remark 2.1 distinguish 7, and 7¢ from T, and T# and will be
essential for the proof of Theorem 2.11.

Remark 2.2. Let a € D7[0,00) and € D*[0, o0) be such that inf;>o(B(t) — a(t)) > 0. For any
¢ € D[0, o), there are three possibilities

either a(t) < (t) <p(t) foreveryt>0, T,<TF or TP<T,. (2.6)

Similarly, in terms of 7, and 7, the following three cases are possible:

either a(t) < (t) <p(t) foreveryt>0, 7,<7’ or 7/ <7, (2.7)

Clearly, a(t) < ¢s(t) < B(t) for every t > 0 if and only if T, = TP = o0, and a(t) < ¢s(t) < B(t) for
every t > 0 if and only if 7, = ¥ = co.

Remark 2.3. It follows from the definition of the ESM that for every 0 < t < 7, A ™, a(t) <
w(t) < B), I:u,ﬁ(qr)(t) = ¢(t) and Z,4(¢)(t) = 0. Similarly, we obtain that for every 0 < t <

T.ATP, a(t) < @ (t) < p(t) and fa,ﬂ((p)(t) =¢(t).
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Under the assumption that infy(f(t) — a(t)) > 0, we define two increasing sequences
of times {Tx | k =0,1,2,...} and {Sx | kK =0,1,2,...} similar to the sequences 7, ok used in
[6]. If TP < T,, we set Ty = 0 and Sy = T?; for k > 1, we set

Ty = min{t > Sk | Ssup [¢(s) - B(s)] > g(t) - a(t)}, (2.8)
k-15s<t
Sk = min{t > Ty | g(t) - p(t) > Tki?rfst(qf(r) —a(r)) } (2.9)

If T, < TP, we set T, = T,, we define S for all k by (2.9), and we define Ty for k > 1 by (2.8).
It is easy to see that 0 < Ty < Sgp < T; < S1 < T» < Sp < --- unless one of the times

equals oo, at which point all the following times are also co. Also note that the time sequences

depend on ¢, a and . Finally, as in Proposition 2.1 of [6], if inf;so((t) — a(t)) > 0, then

lim Ty = oo, lim Sy = oo. (2.10)

k— o0 k— oo

The following observations follow immediately from the definition of Sk.

Remark 2.4. If k > 1 orif k = 0 and T, < T?, then

¢(SK) = P(Sk) 2 inf (¢(r) - a(r) (2.11)
and for every s € [Ty, Sk)
¢(s) = p(s) < inf (¢(r) —a(r)). (2.12)
If TF < T,, then
#(So) = P(So) 20, (2.13)
and for every s € [Ty, Sp),
¢ (s) - p(s) <0. (2.14)

Similarly, by definition of T, we make the following conclusions.

Remark 2.5. If k > 1, then

¢(Tx) —a(Tx) < sup [¢(s) = B(s)], (2.15)

Sg-1<5<Tx
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and for every t € [Sk_1, Tk)

sup [gr(s) - f(s)] < gr(t) - ac(t). (2.16)

Sk-1<s<t

If T, < TP, then

a(To) - ¢(To) 2 0, (2.17)

and for every s € [0, Tp),
a(s) - ¢(s) <0. (2.18)

It follows from (2.16) that [¢(s)—p(s)] < [¢(t)—a(t)] whenever Sy <s <t < Ty, k> 1.
Therefore

[ws) - s)] < s<i?<ka [¢(r) —a(r)] whenever Sxq<s<Th. (2.19)

Also note that by (2.11),

inf  (¢(r)-a(r)) < sup [@(s)-p(s)]. (2.20)

Ty STSSk—] Sk 1<s<t
The following result establishes a straight-forward representation for the constraining

term =, 4 of the ESM similar to the representation of Theorem 2.2 of [6].

Theorem 2.6. Let a« € D™[0, 00), p € D*[0, o0) be such that info(B(t) —a(t)) > 0, let ¢ € D[0, o0)
and let = be defined by (1.5).
If TP < T,, then

0 lfo < t< SO/
Eap(p)(t) = Si}i};ﬁ [(s) = B(s)] if Ska <t<Tp, k21, (2.21)

Tki?rfst[(p(r) —a(r)]  fTe<t<Sk k>1

If T, < TP, then

0 sz <t<Ty,
Ea,ﬂ(‘l’) (t) = T:?rfst[q’(r) - (X(T)] lka <t< Sk, k > 0, (222)
sup [p(s) =p(s)] if Sk <t<Te, k21
Sk-1<s<t

We precede the proof with two technical lemmas. The first one examines Z,4(¢) on
[Sk—ll Tk ) .
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Lemma 2.7. Under the assumptions of Theorem 2.6, for every k > 1 and for every t € [Si_1, Tk),

Zap(g)(t) = sup [¢(s) - B(s)]. (2.23)

Sk-1<s<t

Proof. Lett € [Sk-1,Tk). Then Z, () (t) = X1 () V X;“l(t) \% Xé“l(t) \Y% Xi“l(t), where

Xi(8) = (¢(0) = B(0)" A inf (¢(r) = a(r), (2.24)
X0 = sup |(p(9) - p(o) k() -a(r)], 2.25)
X = sup | (9(9) =B i () - ()], (226)
X5 () =Sks§1<g<t[(</f 5) = p(s)) A inf (¢:(r) a(r))] (2.27)
By (2.20),
Xa() < inf (p(r) ~a(n) < inf (¢(r) - a(r) <SkS:1<}Z<t[<P(S) ps)], (2.28)

X5t < sup | inf (¢(r) - a(r))] inf_ (¢(r) ~a() < _sup [p(s) ~p(s)]. (229)

0<s<Tyy L5STS T <r<Si- Sk1<s<t

By (2.12) and (2.20),

Xé“l(t)s sup [ inf (¢(r) - a(r)/\ 1r1f ((p(r) a(r))

Ty 1<5<Sgy LTk-1Sr<s

(2.30)
< inf _ < B .
S nf (p(r)—a(r)) < si}gg [(s) = B(s)]
Finally, by (2.19), Xk'(t) = sups, <.[¢(s) — B(s)] which completes the proof. O

The next lamma examines Z, 4(¢) on [T, Sk).

Lemma 2.8. Under the assumptions of Theorem 2.6, if k > 1 or if T, < TP and k = 0, then for every
te [Tkl Sk)r

Zap(9)(®) = inf [¢(s) - als)]. (2.31)
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Proof. Let k be a nonnegative integer, and let t € [T, Sx). We can write Z,5(¢) (t) = X1 (t) Vv
Xé‘ (t) v Yk(t), where X; and Xé‘ are defined by (2.24) and (2.25), respectively, and

YE(t) = sup [(g(s) = f(s)) A dnf (¢:(r) - a(r) |- (2.32)

Tr<s<t

We first show the upper bound,

Xi(t) < inf (p(r) —a(r)) < inf (¢(r) - a(r)), (2.33)
X3(t) < sup inf (¢(r) - a(r) < _inf (¢(r) - a(r)). (2.34)
0<s<Ty"="= kSIS
By (2.12)
YE(®) < sup | inf (¢(r) —a(n) A inf (p(r) —a(n)| = inf (¢(s) —a(s)).  (235)

Ti<s<t LIKST'S

Thus we have shown that Z, (¢)(t) < infr,<s<t(¢r(s) — a(s)). To show the opposite inequality
for k > 1, it suffices to show that

X5 (0 2 inf (¢(s) - a(s))- (2.36)

Let € > 0 be arbitrary and k > 1, and let p € [Sk-1, Tx] be such that

5P [¢(s) = B(s)] < g (p) - B(p) +e. (2.37)
Then, by (2.15),
w(p) = B(p) 2 ¢(Tic) — a(Tie) —e. (2.38)

Therefore, by (2.19) and (2.38),

X;(0) 2 (¢(p) = f(p)) A inf (¢(r) - a(r))
> (¢(p) =P(p)) A Inf (p(r) —a(n) A inf (¢(r) - a(r)
B o (2.39)
2 (¢(p) = P(p)) A inf (yp(r) - a(r))

> (¢(Ti) -~ a(Ti) — ) A inf (¢(r) -a(r) > inf (¢(r) -a(r) -e.
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Since (2.39) holds for every e > 0, the proof of (2.36) is complete for k > 1. To complete the
proof for k = 0 in the case of T, < T#, it suffices to show that

Xq(t) = inf t(qr(r) —a(r)), for every t € [Ty, Sp). (2.40)

Tosr<

In this case T? > 0, and so ¢(0) — f(0) < 0. Also infoc,<r, (¢ (r) — a(r)) > 0 since Ty = T, and
infr, <<t (g (r) —a(r)) < ¢ (To) — a(Tp) < 0. Therefore

Xi(t) =0 inf (p(r) —a(n) A inf (¢(r) -a(r)) = inf (¢(r) -a(), (2.41)

which ends the proof. O

Proof of Theorem 2.6. Let TP < T,. If t € [0,Sy), then Eap(p)(t) = 0 by Remark2.3. If
t € [Sk-1,Tx) for some k > 1, then (2.21) holds by Lemma 2.7, and if t € [T, Sk) for some
k > 1, then (2.21) holds by Lemma 2.8.

Similarly, when T, < T?, then T = T, and (2.22) holds for ¢ € [0, Ty) by Remark 2.3, for
t € [Sk-1,Tk), k > 1 by Lemma 2.7, and for t € [Tk, Sk), k > 1 by Lemma 2.8. O

We introduce two functions

Hup(#)(0) = sup [ (9(5) - (&) A inf (9(r) = ()], )
Lap(p) () = Ogr;g[w(s) —a(s)) v sup (y(r) - ﬁ(r))]- (2.43)

It is easy to verify that the following relationship holds:

Lap(9) (1) = ~Hop-a(~¢) (). (2.44)

Corollary 2.9. Let « € D™[0,0), p € D*[0, 00) be such that inf;>o(B(t) — a(t)) > 0. Then for every
¢ € D[0, 0),

Eap(¥) () = Iipoar, Ire 00y () Hap(¢8) () + L, <10y [T, 00) (F) La g (46) (£)- (2.45)

Proof. 1f T, = oo and T? = o, then both sides of (2.45) are zero.
Suppose that T < T,. Then Sy = TP. If t € [0, TF), then Zap(g)(t) = 0 by Remark 2.3.
Let t € [Sk-1, Tk) for some k > 1. We have shown in the proof of Lemma 2.7 that

Hap(g)(t) = X571 (1) v XEH () v X7 () = XEH(1). (2.46)

Therefore (2.45) holds by (2.19) and (2.21).
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Consider now t € [Tk, Sk) for some k > 1. We have shown in the proof of Lemma 2.8
that

Hap(9) () = X3 () VY (1) = inf (¢:(s) = ax(9)). (2.47)

Hence, again, we conclude (2.45) from (2.21).

Suppose now that T, < T? and set ¢/ = —¢, @ = —f, and f' = —a. Then TF (¢') =
Ta () < TF(g) = Ty (¢') and so we can apply the already proven case of (2.45) to ¢/, a’ and f8'.
We obtain, by (2.44),

e (¢) (8) = I ooy () Hawp () (1) = L1700 () Lo () (1)- (2.48)

By Remark 1.3 and Remark 2.5 in [6], Z,4(¢)(t) = —Zx p (¢) (t), and so the proof of (2.45) is
complete. m

We are going to show next that the times T, and T? in (2.45) can be replaced by 7, and
7F. Their properties described in Remark 2.1 will be essential in expanding the representation
to a general ESM.

Corollary 2.10. Let a € D™[0, ), p € D*[0, 00) be such that infyo(B(t) —a(t)) > 0. Then for every
¢ € D[0, ),

E‘a,ﬁ (‘P) (t) = Tﬂ<Ta [T#,00) (t)Ha B ((P) (t) + I{Ta<‘l'ﬂ [Ta,00 (t)La B ((If) (t) (2-49)

Proof. By Remark 2.2, there are three possible cases. If 7, = 7P = o0, then Zap(g)(t) =0, and
(2.49) holds trivially.

Consider the case when # < ,. If t < 7, then, as in Remark 2.2, Eap(gp)(t) = 0, and
(2.49) holds.

If t > 7, then by (2.3), t > T?, and so, by (2.10), there is k > 1 such that t € [Sk_1, Tk)
ort € [Ty, Sk). If t € [Sk-1,Tk), then, as in the proof of Lemma 2.7, Z, s(¢) (t) = Xff‘l(t), and
therefore, by (2.46), 2, () (t) = Hyp(¢p)(t).

If t € [Tk, Sk), then by (2.31) and (2.47), we have Z, (¢)(t) = Hyp(¢)(t) again.

In the case of 7% < 73 we can apply the already proven case of (2.49) to —¢;, —f, and —a,
as in the proof of Corollary 2.9, to complete the proof. O

In the following final result, we extend the representation of (2.49) to a general case,
thus producing an alternative representation formula for the ESM with two time-dependent
reflective boundaries.

Theorem 2.11. Let a« € D7[0,00), p € D*[0, o0) be such that a < p. Then for every ¢ € D[0, o0)
and every t > 0,

Ea,ﬂ (‘P) (t) = Tﬁ<Ta [7#,00) (t)H“ﬂ (qj) (t) + I{Ta Tﬁ] [Ta,00 (t)L‘l ﬁ(('lf) (t) (2.50)
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Proof. Let a(t) < B(t) for every t > 0, and define a,(t) = a(t) A (B(t) —n~') and B, (t) = (a(t) +
nil)vﬂ(t)' Then an € D7[0/ w)/ ﬁn € D+[0/w)/ On T a, ﬂn l« ﬂ/ —Tl71 S ap—a S 0 S ﬂn_ﬁ S Tlil,
and infyso (B, (t) — am(t)) > n' v m™. By Corollary 2.10, for every n, m and every t > 0,

E‘ﬂmzﬂn (‘P) (t) = I{T”" <Tam }I[Tﬁ",oo) (t)Hum,ﬂn (‘P) (t) + I{Tam <rhPn }I[Tam,oo) (t)Lam,ﬂn (‘I’) (t) (251)

To complete the proof of (2.50), it suffices to show that the right-hand side of (2.51)
converges to the right-hand side of (2.50) uniformly on compact sets. By Proposition 2.5 in
[5], we could then conclude that limy, . o Za, g, (¢) = Zap(¢). In fact we will show the uniform
convergence of the right-hand sides.

It is easy to see that for every n

Ta < Ta,, ™ < 7P (2.52)
Hence, by Remark 2.1,
lim 7,, =7,, lim 7P = 7P, (2.53)
n—oo n— oo

To show the convergence of H,, g, () we consider a mapping R : D*[0,00) x
D~[0,00) — DJ0, o0) defined by

R(f, g)(t) = sup [f (s) A sisr;gtg(r)]. (2.54)

0<s<t

It is easy to see that R is continuous in the uniform metric. In fact, it can be shown that
IR(F1 81) =R(f2 &) < 1f1 = fall V[l g1 = &2l- (2.55)

Since Hy () = R(B — ¢, ¢ — a), we get that lim,, . oo Hy, p, () = Hyp(¢p) uniformly. Similarly,
limy, ., La, g, (¢) = Lap(¢g) uniformly.

We consider four possible cases: 7, = ™ =0, 1, <7, P <7y and T, = T < 0. If
T, = ™ = oo, then by (2.52), 7a, = P = oo for every n, and so the right-hand sides of both
(2.51) and (2.50) are zero.

Suppose that ¥ < 1, then also 7 < T,, for almost all n. We show first that
Iizhn o) Ha, p, () converges to I{zs ) Hap(¢) uniformly. If f — ¢ has a jump at 7, then 7P = 7F
and s0 also Ijzi o) = Ijz for sufficiently large n. Thus for large enough n we have that
Iirin ooy Ha, p,(¢) = Ijep o) Ha, p, (¢p) converges uniformly to Ijs o) Hyp (). If p—¢s is continuous
at 7f, then p(7f) = ¢(7f) and so Ha”g((p)(Tﬂ) = 0. Because H,g(¢) is right-continuous,
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limy, oo SUP pojrin Hap (@) (£) = 0. Hence

Jim ([T o) Har, o, (97) = Tiet o) Harp () |
<l || T co) Hay i, () = Tirin 0 Hap (@) || + L[| i o) Hap (97) = Tt o) Hap () |

< lim ||He, p, () = Hap(¢) || + lim  sup [Hep(g)(5)] = 0.

TP<t<Thn
(2.56)
Thus we have established that
Jm Tz, o) Ha, , (¢7) = 120,00 Hap (), (2.57)
and therefore
B [T, ot ey H o () = Ly < Ty L, (9
- JE%QI[Tﬂ"rW)H“n/ﬂn (‘F) = I[Tﬂroo) H"‘/ﬁ (‘P) (258)

= Iizpcr, 1ot 00y Hap (¢) = Iz, <o) Iirg00) Lap (¢0),

where the convergence is uniform.

By a similar argument we show convergence in the case of 7, < 7F. We consider now
the final case of 7, = 7/ < oo. Because infiso [8,(t) —a(t)] > n7!, it follows by (2.7), that T# # 7.
Analogously we can show that 7,, # 7¥. Hence, for every n,

Tﬂ < Tﬂn+1 S Tﬁnl Ta < Tlln+l S Tan' (259)

By (2.53) and (2.59), we can find an increasing sequence of positive integers {nx | k =1,2,...}
such that

7P > Ta,, > b > Ta,, > s > .. (2.60)
Let

Ay iy = Ony,, fork>0, Ay =y, fork>1, (2.61)

ﬁl2k+1 = ﬁ"zkﬂ for k 2 1/ ﬁ,zk = ﬁ"zku for k 21 (2'62)
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Then it follows from (2.60) that

Ta,,, < TPuaa for every k >0, To, > % for every k > 1. (2.63)

Therefore, as in (2.58),

klgrolo IlTﬂ,Zk*fl <Ty }I[TﬁIZk+1,oo)Hu12k+l’ﬂ,2k+l (qj) * I{Tar <t ]I["'a'y“l 'OO)Lu;.k-v-l’ﬁ,Zk-v-l (q’f)
2k+1 2k+1 (2~64)
= i Iy oLy s () = Timo) Lap ()
Similarly,
klgr(:o I{ Tﬂlzk <Ta’ }I[Tﬂlzkroo)Halzk’ﬁZk ((IJ') + I{Ta/ <Tﬂ,2k ]I[Talzk ,OO)La,Zk,ﬁlzk ((IU)
2k 2%k (2.65)

- IEIQQI[TpIZk,oo) (t)Halzkfﬂlzk ((P) = I[Tﬁ/oo) (t)Harﬂ ((,U)

Both limits, in (2.64) and in (2.65), are in fact the uniform limits. Since, by Proposition 2.5 in
[5], limk— oo Ea g, (¢) = Eap(y) and limk— oo Ea, g () = Eap(¢p), the limits in (2.64) and
(2.65) must be the same, that is,

Eap(#) = Iiryo0) (D Lap (¢8) (£) = I1p o) () Haup () (1) (2.66)

Therefore lim,, _, 5 Zq,, 4, (¢) = Ea,p(¢) uniformly, and so (2.50) holds again. O

3. Continuity Properties of the ESM in Metrics on D[0, o)

In [6] we have established a number of continuity properties of the Skorokhod map under the
assumptions that a, p € D[0, o0) and infio[f — a] > 0. We are going to extend some of these
properties onto the ESM. This will be done in two steps. First we will allow a € D[0, o),
p € D*[0, ), and secondly we will let inf»[B(t) — a(t)] > 0.

We begin by observing the following nesting property of the SP and the ESP constrains.
It can be readily verified by checking the conditions of Definions 1.2 and 1.1.

Remark 3.1. Let (¢, 1) be the solution of the SP [resp., ESP] for ¢ on [a;, 1] for some a; €
D7[0,00) and B; € D*[0,00). Consider another pair of constrains a, € D™[0,0) and f; €
D*[0,00). If a1 < ap < ¢ < o < By, then (¢, i7) is also the solution of the SP [resp., ESP] for ¢
on [ay, fo].

Instead of checking that the proofs of all the continuity properties in [6] are valid
when the constraining functions a, § are allowed to take infinite values, we develop in the
next lemma a convenient tool for expanding such properties to this more general case.



14 Journal of Probability and Statistics

Lemma 3.2. Let « € D7[0,00) and p € D*[0,00) be such that infi5o[B(t) — a(t)] > 0. For any
¢ € DI0, 00) there is a nonincreasing sequence {a, | n > 1} C D[0,00) and a nondecreasing
sequence {B, | n > 1} C D[0, co) such that the following conditions hold:

(i) a <a, <Tup(p) < Pu <P foreveryn>1;
(ii) infeso[Bn(t) — an(t)] = infiso [B(t) — a(t)] for every n > 1;
(iii) for every T > 0, there is Nt such that for alln > Nt and all t € [0,T],

a(t) ift € D,, p(t) ifte Dy,
() = { , Bult) = { o (3.1)
-n  ift¢D,, n if t¢ Dyg;

(iV) Fan,ﬂn (‘P) = Fa,ﬂ(‘l’) fO?’ every n 2 1.

Proof. Leta € D7[0,00), p € D*[0, 00) with d = infis[B(t) — a(t)] > 0, let ¢ € D[0, 00), and let
¢ =Ty p(p). For every n > 1, we define

ap=aV [(-n) ApA05(a+p—d)]as—c, pecs)]
=(aVv (-n) APANOS5(a+P—d)x—cs peso)s

Bu=PBA[nVPVOS5(a+p+d) (o, peon)] o
= (BAn)VPVO5(a+pf+d)iasco, peco)-
It is easy to verify that for every n > 1,
a <t < <G < Pu < P <P, (3.3)
an§a+§_d§a+§+d§ﬂn on D, N Dyg. (3.4)

Inequalities in (3.3) show the monotonic properties of a, and f, and prove statement (i) as
well.
To prove (ii) we note that, by (3.4), for t € D, N Dg

at+f+d a+p-d
2 2

Pu(t) — an(t) 2 d (3.5)

and so (ii) immediately follows.
For T > 0, define

Nf= sup |a(t)|, Ngz sup |B(t)
teD.N[0,T] teDyN[0,T]

, Nf=sup g, (3.6)
t€[0,T]

and set Ny = N2V NP v N?. Lett € [0, T] and let n > N. If f(£) < oo, then f,(t) = (B(t) An) v
P(E)VO.5(a(t)+ () +d)[at)>—) = P(t). If B(t) = oo, then B, (t) = (B(t) An)V$(t) = n. Similarly,
we show that a, (t) = a(t) if a(t) > —oo and a,,(t) = —nif a(t) = —oo, which completes the proof
of (ii).
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Finally, (iv) follows from (i) and Remark 3.1. O

The limiting process used in the proof of Theorem 2.11 provides a useful technique
of extending properties of the Skorokhod map with separated constraining boundaries onto
the general ESM. In the following proposition we set a formal method that will allow us to
replace the assumption of inf>o(B(t) — a(t)) > 0 by a weaker assumption of > a.

Definition 3.3. Consider C, a family of mappings T, from D[0, o) to D[0, o) indexed by
a set of pairs (a,p), where & € D7[0,00), f € D*[0, ). We will say that C is closed if the
following condition is satisfied: for any sequence Ty, 4, in C if a, —— a, f, —— f, and

Ta, p. () ==, Top(¢) for every ¢ € D[0, 00) uniformly, then T, 5 € C.

Proposition 3.4. Let C be a family of mappings T, from D[0, c0) to D[0, co) indexed by a set of
pairs (a, ), where a € D™[0,00), p € D*[0, o0). If C is closed and contains all Skorokhod maps Ty,
such that infiso (B(t) — a(t)) > 0, then C contains all extended Skorokhod maps I:u,p, where a < P.

Proof. Suppose that C is closed and contains all Skorokhod maps I'y g with infyo (B(t) — a(t)) >
0. Let f,x,p be an ESM, where a € D7[0,00), p € D*[0,00), and a < . As in the proof of
Theorem 2.11 we can construct sequences {a, | n > 1} ¢ D7[0,00) and {f, | n > 1} C D*[0, o0)
such that a, T a, f, | p, and infyo(B,(t) — ax(t)) > 1/n, so that, by Remark 1.3, I'y, g, is an
SM for every n > 1, and I'y, g, (¢r) converges to f,x,p(q,r) uniformly for every ¢ € D[0, o0). Since
L4, p, € C, forevery n > 1 we get I:a,p eC. O

Theorem 3.5. For any ¢, ¢ € D[0,00), aj, a, € D7[0,0), p1, 2 € D*[0,00) such that ay < py
and ay < P

Tau (91) = Tanp (92) || < 4llgr = 2] + 3[llar = a2l v |1 - 2] (3.7)

Proof. Assume first that a1, ap, 1, p» € D[0, o0), and that the condition infyo(f;(t) — a;(t)) > 0
holds for i = 1, 2. By Proposition 4.1 and Remark 4.3 in [6], for any ¢, ¢» € D[0, o0),

(Taipi (1) = Tar o (w2) || < 4llgp1 = 2| + 21 = axa] + [llas — axa| V || 1 = ][] (3:8)
By Remark 2.5 in [6], Iy 5(¢) = =I5 (~¢); therefore applying (3.8) to I'_p _(~¢s), we get
(Tawp (91) = Tarpo (w2) | < 4llg1 = g2|| +2[|1 = Bof| + [llor — a2l v [|Br = B2fl]. - (39)

Combining (3.8) and (3.9), we get that (3.7) holds for Skorokhod maps when the constraining
boundaries take finite values and are separated.
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Suppose now that a; € D™[0,00) and p; € D*[0, o0) for i = 1,2. We can find sequences
{al' | n>1}, {B | n>1} C D[0, ), i = 1,2, satisfying (i)-(iv) of Lemma 3.2 and we already
know that for every n > 1

Cap g (91) = Tag s (92) || < 4llgn = gl + [l = a2 | v 1187 - 211 (3.10)

If Dy, # Da, or Dg, # Dg, then ||y — az|| = oo, or ||f1 — f2|| = o0 and so (3.7) holds trivially. We
can assume therefore that D,, = Dy, and Dp, = Dg,. By part (iii) of Lemma 3.2, ||a] — a}|| =
lar — az|l and [|B} = B3Il = [|f1 — P2l for large enough n. On the other hand, by part (iv) of
Lemma 3.2, ||Tar gz (¢51) =Tz gz (@2) || = [Ty, (1) =Ly, (@92)[|- Thus, for large 7, we can replace
ay, 7, af, and B in (3.10) by a1, p1, az, and f, and so (3.9) holds for Skorokhod maps with
separated constraining boundaries.

Next, we are going to relax the assumption that a;, f; are separated for i = 1,2. For a
fixed a1 € D7[0, 00) and B1 € D*[0, o0) satisfying infso[f1(t) — a1 ()] > 0, consider a family
Ca, p, of mappings Ty, s, : D[0,0) — D[0, o0) indexed by pairs (az, f2), where a; € D™[0, o)
and p, € D*[0, o) and satisfying for every ¢, ¢» € D[0, c0)

[Tar 1 (1) = Teo o (@2) || < 4l = g2 | + 3[llrs =l v |1 = B[] (3.11)

We have already established that I'y, 5, € C4, p, Whenever infio[f2(t) — ax(t)] > 0. It is also
easy to verify that C,, 4, is closed and so, by Proposition 3.4, fdz,ﬁz € Cyy p, for any a < fo.
Thus we have shown so far that (3.7) holds whenever inf;»o[f1 (f) — a1 (¢)] > 0.

Finally, for a fixed a; € D7[0,00) and o € D*[0,00) such that ax < f, let Cq, p,
be a family of mappings T, : D[0,0) — DJ[0,c0) indexed by pairs (ai, 1), where
a1 € D7[0,00) and p1 € D*[0, o) and satisfying for every ¢, ¢, € D[0, c0)

Tao s (91) = Tan g (92) | < 4llo1 = 2] + 3Nl = ol v |11 = o] (3.12)

Then C,, g, contains all 'y, s, with infio[f1(t) — a1(t)] > 0, and it is closed. Applying again
Proposition 3.4, we obtain that 1_"“1,[;] € Cy,p, for any a; < fy, and so the proof of (3.7) is
complete. m

Applying Theorem 3.5 in the special case of a1 = a, and p; = f, we can get the
Lipschitz continuity of the ESM with the Lipschitz constant 4. However, reapplying our
techniques based on Lemma 3.2 and Proposition 3.4, we will obtain the following stronger
result, which is a generalization of Proposition 4.6 in [6].

Theorem 3.6 (Lipschitz continuity). Let a« € D~[0,00), f € D*[0,00) be such that a < p. Then
for any g1, ¢, € D[0, o0)

Tap(91) = Tap(92) | <2ll9 - - (3.13)

Proof. By Proposition 4.6 in [6], (3.13) holds for any a, € D[0, o) such that infio(B(t) -
a(t)) > 0. If a € D7[0,00) and p € D*[0, o) then, as in the proof of Theorem 3.5, we find
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sequences {a, | n > 1}, {f, | n > 1} C D[0,00), i = 1,2, satisfying (i)—(iv) of Lemma 3.2. By
part (iv) of Lemma 3.2, for any positive integer n,

[ITap (1) = Tap(@2) || = [|Tanp, (1) = Tanp, (w2) || < 2[|g51 — g2]|- (3.14)

Finally, to relax the assumption of infyo[f1(t) — a1(t)] > 0, we apply Proposition 3.4
to the family C of mappings T, s : D[0,c0) — DJ0, c0) indexed by pairs (a, ), where a €
D7[0,0) and f € D*[0, o) and satisfying

| Tos (1) = Tap(92) || < 2|91 = g2 (3.15)

Since C contains all I';p with info[f(t) — a(t)] > 0 and it is closed, we conclude, by
Proposition 3.4, that C must contain all I:R,p with g > a. Thus, (3.13) holds for every ESM. O

We next examine the continuity of the ESM under the Skorokhod J; metric dy. The
Skorokhod metric dy on D[0, o0) is defined by

do(f,8) = nf(JA =TV || f = goAll), (3.16)

where the infimum is over all strictly increasing continuous bijections of [0, o).
We are going to need the following scaling property of the ESM.

Remark 3.7. Let ¢ € D[0, ), a € D7[0,00), and € D*[0,00) be such that « < p. For any
strictly increasing continuous bijection A of [0, co)

Top(¢) 04 = Taorgor (¢ 0 1). (3.17)

Proof. Using formula (2.42) we can verify that H, 3(¢) 0 A = Hyop por (¢ © A). Then from (2.44)
we obtain Ly g(¢) 0 L = Laoy por (¢ 0 ). Using (2.2), we can verify that A (T, () = Taor (o X)
and A7 (7F (¢)) = 7P°! (gro)), which in turn implies that Iz, (4),e0) © 4 = I{r,uy sy 0) AN Iy 00) ©
A = Ijzperen o). Then by (2.50) we obtain Z,5(¢s) 0 A = oy por (¢ 0 ), and so, applying (1.4),
we conclude (3.17). O

Theorem 3.8. For any g1, ¢, € D[0,00), a € D7[0,0), p € D*[0, o) such that a < p

do(Tap(91), Tup(92) ) < 4o (g1, 4) + 3supla(r) — a(s)| v sup|B(r) - B(s) - (3.18)

r,5>0 r,5>0
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Proof. Let A be any strictly increasing continuous bijection of [0, o). By (3.17) and (3.13),

do(Tap(91), Tup(92) )

<A-1)v|

Tap(91) = Tap(y2) o || = I =11V | Tap(91) = Taorpor (2 0 1)||

<IA=TIIV [4]lgr = g2 o A][ +3(lla—ao AV [[f—poAl)] (3.19)
<NA=TIlIVAflgr = g2 o || +3(lla—ao ||V [|p-Bo i)

<4(A=I|V |lg1 = g2 0 A||) +3<sup0|a(r) —a(s)| Vsup0|ﬂ(r) —ﬁ(s)|>.

Taking inf), we obtain (3.18). O

Note that in cases when D, or Dy is a proper subset of [0,0) the oscillation terms
sup, sola(r) —a(s)| or sup, . o|f(r) — B(s)| become infinite thus rendering the upper bound of
(3.18) useless.

Remark 3.9. In general 1_",,,,,; is not continuous in dy metric on D[0, oo].

Proof. Example 4.1 in [6] shows how to construct a, B, ¢, and ¢, so that do(gi, ¢) is
arbitrarily small while do(I'ap(¢1),Tap(¢2)) is arbitrarily large. Thus T’y is not continuous
in dy metric and therefore neither is I_“,,,,ﬁ. ]

In fact the same example can be used to demonstrate that in general I:a,ﬁ is not
continuous in the Skorokhod M; metric as indicated in Example 4.2 of [6].
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