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Let for each n € N X, be an R?-valued locally square integrable martingale w.r.t. a filtration
(Fn(t), t € R)) (probability spaces may be different for different 7). It is assumed that the disconti-
nuities of X,, are in a sense asymptotically small as n — oo and the relation E(f ((zX,) (£))|¥Fx(s)) -

f((zXn) (1)) L Oholds forall t > s > 0, row vectors z, and bounded uniformly continuous fun-
ctions f. Under these two principal assumptions and a number of technical ones, it is proved
that the X,,’s are asymptotically conditionally Gaussian processes with conditionally independent
increments. If, moreover, the compound processes (X, (0), (X)) converge in distribution to some

o
(X, H), then a sequence (X,,) converges in distribution to a continuous local martingale X with ini-
tial value X and quadratic characteristic H, whose finite-dimensional distributions are explicitly

expressed via those of (X, H).

1. Introduction

The theory of functional limit theorems for martingales may appear finalized in the mono-
graphs [1, 2]. This paper focuses at two points, where the classical results can be refined.

(1) The convergence in distribution to a local martingale with G-conditional in-
crements has been studied hitherto in the model, where the c-algebra G enters the setting
along with the prelimit processes. This assumption is worse than restrictive—it is simply
unnatural when one studies the convergence in distribution, not in probability. In the pre-
sent paper, conditions ensuring asymptotic conditional independence of increments for a
sequence of locally square integrable martingales are formulated in terms of quadratic chara-
cteristics of the prelimit processes (Theorem 4.5). Our approach to the proving of this pro-
perty is based on the idea to combine the Stone-Weierstrass theorem (actually its slight
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modification—Lemma 2.2) with an elementary probabilistic result—Lemma 2.4, which issues
in Corollaries 2.7 and 2.8. These corollaries, as well as Lemma 2.4 itself and the cognate
Lemma 2.5, will be our tools.

(2) The main object of study in [1, 2] is semimartingale. So, some specific for local mar-
tingales facts are passed by. Thus, Theorem VI1.6.1 and Corollary V1.6.7 in [2] assert that under
appropriate assumptions about semimartingales Z,, the relation

zZ, 2z (%)

where Z also is a semimartingale, entails the stronger one (Z,, [Z,]) lay (Z,[Z]) (below, the

notation of convergence in law will be changed). For locally square integrable martingales,
one can modify the problem as follows. Let relation (*) be fulfilled. What extra assumptions
ensure that Z is a continuous local martingale and

(Zu (Za)) 25(Z,(Z))? (%)

There is neither an answer nor even the question in [1, 2]. A simple set of sufficient conditions
is provided by Corollary 5.2 (weaker but not so simple conditions are given by Corollary 5.5).
Recalling that the quadratic variation of a continuous local martingale coincides with
its quadratic characteristic, we see that the last two relations imply together asymptotic
proximity of [Z,] and (Z,). Actually, this conclusion requires even less conditions than in
Corollary 5.2. They are listed in Corollary 5.3.

The main results of the paper are, in a sense, converse to Corollaries 5.2 and 5.5. They

deal with the problem: what conditions should be adjoined to (Z,) law H in order to

ensure (**), where Z is a continuous local martingale with quadratic characteristic H? If
the assumptions about the prelimit processes do not guarantee that H performing as (Z)
determines the distribution of Z, then results of this kind assert existence of convergent
subsequences but not convergence of the whole sequence (Theorems 5.1 and 5.4). Combining
Theorems 5.4 with 4.5, we obtain Theorem 5.6 asserting that the whole sequence converges to
a continuous local martingale whose finite-dimensional distributions are explicitly expressed
via those of its initial value and quadratic characteristic. The expression shows that the
limiting process has conditionally independent increments—but this conclusion is nothing
more than a comment to the theorem.

The proving of the main results needs a lot of preparation. Those technical results
which do not deal with the notion of martingale are gathered in Section 2 (excluding
Section 2.1), and the more specialized ones are placed in Section 3. The rationale in Sections 3
and 4 would be essentially simpler if we confined ourselves to quasicontinuous processes
(for a locally square integrable martingale, this property is tantamount to continuity of
its quadratic characteristic). To dispense with this restriction, we use a special technique
sketched in Section 2.1.

All vectors are thought of, unless otherwise stated, as columns. The tensor square xx'
of x € R will be otherwise written as x®>. We use the Euclidean norm | - | of vectors and
the operator norm | - || of matrices. The symbols R*, &, and &, signify: the space of d-di-
mensional row vectors, the class of all symmetric square matrices of a fixed size (in our
case—d) with real entries, and its subclass of nonnegative (in the spectral sense) matrices,
respectively.
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By Cp(X), we denote the space of complex-valued bounded continuous functions on a
topological space X. If X = R and the dimension k is determined by the context or does not
matter, then we write simply Gy

Our notation of classes of random processes follows [3]. In particular, M(F) and M (F)
signify the class of all martingales with respect to a filtration (= flow of o-algebras) F =
(F(), t € R,) and its subclass of uniformly integrable martingales. An [F-martingale U will be
called: square integrable if E|U (t)|* < co for all t and uniformly square integrable if sup,E[U (t)|* <
0. The classes of such processes will be denoted M (F) and M, (F), respectively. The symbol
IF will be suppressed if the filtration either is determined by the context or does not matter.
If U is a class of F-adapted process, then by U we denote the respective local class (see [2,
Definition 1.1.33], where the notation 2#!°° is used). Members of £_#, and ¢_M, are called local
martingales and locally (better local) square integrable martingales, respectively. All processes,
except quadratic variations and quadratic characteristics, are implied R%-valued, where d is
chosen arbitrarily and fixed.

The integral fé p(s)dX(s) will be written shortly (following [1, 2]) as ¢ o X(t) if this
integral is pathwise (i.e., X is a process of locally bounded variation) or ¢ - X(t) if it
is stochastic. We use properties of stochastic integral and other basic facts of stochastic
analysis without explanations, relegating the reader to [1-4]. The quadratic variation (see
the definition in Section 2.3 [3] or Definition 1.4.45 together with Theorem 1.4.47 in [2]) of
a random process ¢ and the quadratic characteristic of Z € M, will be (and already were)
denoted [¢] and (Z), respectively. They take values in &, which, of course, does not preclude
to regard them as R%’-valued random processes.

2. Some Technical Results

The Stone-Weierstrass theorem (see, e.g., [5]) concerns compact spaces only. In the following
two, its minor generalizations (for real-valued and complex-valued functions, resp.) both the
compactness assumption and the conclusion (that the approximation is uniform on the whole
space) are weakened. They are proved likewise their celebrated prototype if one argues for
the restrictions of continuous functions to some compact subset fixed beforehand.

Lemma 2.1. Let 2 be an algebra of real-valued bounded continuous functions on a topological space T .
Suppose that A separates points of T and contains the module of each its member and the unity func-
tion. Then, for any real-valued bounded continuous function F, compact set B C T, and positive num-
ber ¢, there exists a function G € U such that ||Gl|e < ||Flle and maxyep|F(x) — G(x)| < €.

Lemma 2.2. Let A be an algebra of complex-valued bounded continuous functions on a topological
space T. Suppose that U separates points of T, and contains the conjugate of each its member and the
unity function. Then for any complex-valued bounded continuous function F, compact set B C T, and
positive number ¢ there exists a function G € 2 such that ||Gl|e < ||F||e and maxyep|F(x) — G(x)| <
E.

We consider henceforth sequences of random processes or random variables given,
maybe, on different probability spaces. So, for the nth member of a sequence, P and E should
be understood as P, and E,. In what follows, “u.i.” means “uniformly integrable”.

Lemma 2.3. In order that a sequence of random variables be u.i., it is necessary and sufficient that each
its subsequence contain a u.i. subsequence.
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Proof. Necessity is obvious; let us prove sufficiency.
Suppose that a sequence (a,) is not u.i. Then, there exists a > 0 such that for all N > 0

lim E|ay|I{|a,] > N} > 2a. (2.1)

Consequently, there exists an increasing sequence (ny) of natural numbers such that
Epil{Pr > k} > a, where fx = |a,,|. Then, for any infinite set ] C Nand N > 0, we have

li_m E‘Bkl{ﬂk > N} >a, (22)
k— oo,ke]
which means that the subsequence (a,, ) does not contain u.i. subsequences. O

Lemma 2.4. Let foreachn &y, . .., &p be random variables given on a probability space (Qy, Fn, Pn),
and H,, a sub-o-algebra of F,. Suppose that for each j € {1,...,p},

E(énj | Hn) = &nj 0 asn— oo, (2.3)

and for any J C {1,...,p} the sequence (IT;c;énj, n € N) is .i. Then,

P P P
E H‘gnj | Ky | - Héni — 0. (2.4)
-1 j=1

Proof. Denote 11,; = E(&; | #5). By the second assumption, the sequences (&,;, 1 € N),(17,j,n €
N), j=1,...,p, are stochastically bounded, which together with the first assumption yields

P
[ [ -1 —0, (2.5)

j€J j€J
forany J C {1,...,p}. Hence, writing the identity
E(énlénZ | elgn) = E((énl - 7’ln1) (§n2 - 71n2) | Jen) + Nn1Mn2, (26)

and using both assumptions, we get (2.4) for p = 2. For arbitrary p, this relation is proved by
induction whose step coincides, up to notation, with the above argument. O

The proof of the next statement is similar.
Lemma 2.5. Let a,, and f,, be random variables given on a probability space (Qy,, Fn, Pn) and H#,, a

sub-o-algebra of . Suppose that

a, — E(a, | H,) L 0, (2.7)
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and the sequences (), (Bn) and (a,f,) are u.i. Then,
E(anfn | ) — anE(By | ) — 0. (2.8)

Lemma 2.6. Let n € N Z,, be an RF-valued random variable given on a probability space (Qn, Fn,
Pn), and H#,, a sub-c-algebra of §,. Suppose that

lim lim P{|Z,|> N} =0, (2.9)

N —-con—oo
and the relation
E(F(Zn) | &) —F(2,) — 0 (2.10)

holds for all F from some class of complex-valued bounded continuous functions on R* which separates
points of the latter. Then, it holds for all F € Cy,.

Proof. Let 2 denote the class of all complex-valued bounded continuous functions on R¥
satisfying (2.10). Obviously, it is linear. By Lemma 2.4, it contains the product of any two
its members. So, 2 is an algebra. By assumption, it separates points of R¥. The other two
conditions of Lemma 2.2 are satisfied trivially. Thus, that lemma asserts that for any F € Cy,
N > 0 and € > 0, there exists a function G € 2 such that ||G||es < [|F||e and maxjy<n|F(x) —
G(x)| < e. Then,

IF(Zn) = GEI{|E4] < N} <&,

(2.11)
[F(En) = GE)| I{IEa] > N} < 2| Flle, I{|=a] > N}
By the choice of G
E(G(Zn) | Hu) = G(En) — 0, (212)
whence by the dominated convergence theorem
E[E(G(Zn) | #n) = G(En)| — 0. (2.13)

Writing the identity

E(F(Zn) | #n) = F(Zn) = E(F(En) = GENI{|Zn] < N} | Hn)
+E((F(Zn) = GENI{|Zn] > N} | Hn) + E(G(En) | #n) - G(En)

+ (G(En) - F(En))I{|En| < N} + (G(En) - F(En))I“EnI > N},
(2.14)
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we get from (2.11)-(2.13)

Jim E[E(F(Z) | H#n) =~ F(En)| < 2¢ +4]|F|, lim P{|,] > N}, (2.15)

which together with (2.9) and due to arbitrariness of € proves (2.10). O

Corollary 2.7. Let for each n {1, - . ., {np be R9-valued random variables given on a probability space
(R, Fn, Pn) and H,, a sub-c-algebra of F,. Suppose that the relations

im lim P{|¢y| > N} =0, (2.16)

|
N —>own—ow

E(g(%n) | ) - g(&nj) =0 asn—s oo (2.17)

hold forall j € {1,...,p} and g from some class § of complex-valued bounded continuous functions on
R4 which separates points of the latter. Then,

ECF(Gty s Gnp) | ) = F(Gut, - Gnp) — 0, (2.18)

for all F € C,(RP4).

Proof. Denote =, = ({n1, ..., §np). Condition (2.17) implies by Lemma 2.4 that relation (2.10) is
valid for all F of the kind F(xy,...,xp) = Hle gi(x;), where g; € §. Obviously, such func-
tions separate points of RP4. Furthermore, condition (2.16) where j runs over {1, ..., p} is tant-
amount to (2.9). It remains to refer to Lemma 2.6. O

Corollary 2.8. Let for each n K,, be an SG-valued random process given on a probability space (Qy,
Fu, Pn), Hy a sub-c-algebra of F,, and §no an H,-measurable R™-valued random variable. Suppose
that the relations

limTim P{[[K, ()] > N} =0,
(2.19)
E( f(zK,,(t)zT) | J€n> - f(an(t)zT> .0,

and (2.16) hold for j = 0, all t > 0 and any bounded uniformly continuous function f on R. Then, for
anyl €N, s;> -+ >3, > 0and F € C,(R™ x &) the relation

E(F(%n0, Kn(51), -+, Kn(51)) | &) = F(Gn0, Kn(51), -, Kn(s1)) — 0 (2.20)

is valid.

Recall that for any B € &

_ T
1Bl = max|«Bx], (221)

X!

where S is the unit sphere in RY.
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Lemma 2.9. For any symmetric matrices By and By,

max |x"Bixx'Byx| < ||Bi]||| B (2.22)

x€8d-1

Proof. 1t suffices to note that the left-hand side of the equality does not exceed max; ,egi-
|x"B1xy By 0
Let X, X1, X5 ... be Ri-valued random processes with trajectories in the Skorokhod

space D (= cadlag processes on R,). We write X,, 5 X if the induced by the processes X,
measures on the Borel o-algebra in D weakly converge to the measure induced by X. If herein

X is continuous, then we write X, — X. We say that a sequence (X,,) is relatively compact
(rc.) in D (in C) if each its subsequence contains, in turn, a subsequence converging in
the respective sense. The weak convergence of finite-dimensional distributions of random
processes, in particular the convergence in distribution of random variables, will be denoted

9, Likewise £ means equality of distributions.
Denote I(t,r) = {(u,v) ER?*: (v—71), <u<v <t}

Au(fit,r) = sup )|f(v)—f(u)| (feD, t>0,r>0). (2.23)

(u,v)ell(t,r

Proposition V1.3.26 (items (i), (ii)) [2] together with VI.3.9 [2] asserts that a sequence (¢,) of
cadlag random processes is r.c. in C if and only if for all positive t and ¢

lim lim P{sup|§n(s)| > N} =0, lim lim P{Ay(&u;t,7) > €} = 0. (2.24)

N—>own—ow s<t r—0n—co

Hence, two consequences are immediate.

Corollary 2.10. Let (¢,) and (Z,) be sequences of R-valued and R™-valued, respectively, cadlag pro-
cesses such that (Z,) is r.c. in C,|&,(0)| < |2,(0)| and for any v > u >0

16n(0) = én(W)] < |2a(v) = Zn(u)]- (2.25)

Then, the sequence (&) is also r.c. in C.

Corollary 2.11. Let (¢,) and (¢,) be r.c. in C sequences of cadlag processes taking values in RY and
RP, respectively. Suppose also that for eachn &, and ¢, are given on a common probability space. Then
the sequence of R4*P-valued processes (¢, &) is also r.c. in C.

Lemma 2.12. Let (1,1, n € N), (1), and (1) be sequences of cadlag random processes such that for
any positive t and €

1,(5) =1 (5)] > s} =0, (2.26)

lim lim P4 sup
l—)oo?l—>00 SSt
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foreach |

7, 2n asn— oo, (2.27)

the sequence (1) is r.c. in D. Then, there exists a random process 1 such that ' LA 7.

Proof. Let p be a bounded metric in D metrizing Skorokhod’s J-convergence (see, e.g., [2,
VI1.1.26]). Then, condition (2.26) with arbitrary t and ¢ implies that

lim lim Ep(qi, qn> =0. (2.28)

| socon—oo

Hence, by the triangle inequality, we have

i, Jeo () -0 -
k— oo

Let F be a uniformly continuous with respect to p bounded functional on D. Denote
A =sup, plF(x)], 8(r) = SUP, yep. p(x,y)ql]-"(x) — F(y)|. Then, 3(0+) = 0 and for any r > 0

E|F () - F(nk)

< AP{p (i, ny) > r} +00), (2.30)

which together with (2.29) yields

. Fre _ K\| = 0.
%}Hgg Tim |EF () —EF(n5) | = 0 (2.31)
By condition (2.27),
Tim [EF () - EF (5 ) | = [EF (1) - EF () |, (2.32)

which jointly with (2.31) proves fundamentality and, therefore, convergence of the sequence
(EF(11)),1 € N). Now, the desired conclusion emerges from relative compactness of (1) in
D. O

Corollary 2.13. Let the conditions of Lemma 2.12 be fulfilled. Then, 1, LA 1, where 1) is the existing
by Lemma 2.12 random process such that 1! LA 7.

Proof. Repeating the derivation of (2.31) from (2.29), we derive from (2.28) the relation

lim Lim |EF<11£Z> ~EF (1)

l—>oo7‘l—>00

= 0. (2.33)

It remains to write [EF(1,) ~ EF ()| < |EF (112) ~ EF (1] + [EF () - EF ()] + [EF (') ~ EF ().
O
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Corollary 2.14. Let (1), ('), and (1) be sequences of cadlag random processes such that for any
t € Ry and € > 0 (2.26) holds; for each | € N relation (2.27) is valid; the sequence (111) isr.c. in C.

Then, there exists a random process 1 such that ' 5 1 and 1, 5 7.

Below, % is the symbol of the locally uniform (i.e., uniform in every interval) conver-
gence.

Lemma 2.15. Let X, X1, X, ... be cadlag random processes such that X, S x Then, F(X,,) 4
F(X) for any U-continuous functional F on D.

Proof. Lemma VI.1.33 and Corollary VI.1.43 in [2] assert completeness and separability of the
metric space (D, p), where p is the metric used in the proof of Lemma 2.12. Then, it follows
from the assumptions of the lemma by Skorokhod’s theorem [6] that there exist given on a
common probability space cadlag random processes X', X}, X, ... such that X’ 4 x (so that
X' is continuous), X, 4 X, and p(X,,X') — 0 a.s. By the choice of p, the last relation is tan-
tamount to X, 2 X' as. Hence, and from continuity of X', we get by Proposition V1.1.17 [2]
X X X as. and, therefore, by the choice of F, F(X;,) — F(X') a.s. It remains to note that

F(X,) 2 F(X,), F(X') £ F(X). m

2.1. Forestopping of Random Processes

Let IF be a filtration on some probability space, S an F-adapted random process, and 7 a stop-
ping time with respect to F. We put S(0-) = S(0) and denote S™(t) = S(t A T),

TS(t) = S(H) I, (t) + S(T=) 11,001 (1), (2.34)

TE() =Ft)NF(r-), °F = ("¥(t),t € R,). Obviously,
(§H=7s, (2.35)
[S]="[S], (2.36)

provided [S] exists. In case 7 is F-predictable, the operation S — " S was called in [7] the fore-
stopping. The following three statements were proved in [7].

Lemma 2.16. Let a random process U and a stopping time T be F-predictable. Then, the process "U is
"F-predictable.

Theorem 2.17. Let X be an F-martingale and T an F-predictable stopping time. Then, " X is a "F-mar-
tingale. If X is uniformly integrable, then so is " X.

Lemma 2.18. Let V be an R%-valued right-continuous F-predictable random process and A a closed
set in RY. Then, the stopping time inf{t : V(t) € A} is F-predictable.

The operation of forestopping was used prior to [7] by Barlow [8] who took the asser-
tion of Theorem 2.17 (which he did not even formulate) for granted.
We will need some subtler properties of this operation.
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Lemma 2.19. Let U be a starting from zero locally square integrable martingale with respect to F, N
a positive number, and o an F-predictable stopping time such that

o <inf{t:tr(U)(t) > N}. (2.37)

Then, E sup,, |“U(s)]* < 4N.

Proof. Predictability of o implies by Theorem 2.1.13 [3] that there exists a sequence (o,) of
stopping times such that

{oc>0}clo, <0}, (2.38)

o,/ 0 as. (2.39)

By the choice of U there exists a sequence (7) of stopping times such that

T« /oo as, (2.40)
U =U™ € My (F). (2.41)
Then,
sup|U(s)| = klim sup |U(s)l- (2.42)
s<0, TP 5<0 ATk
Herein, obviously,
sup |U(s)| = sup|Uk(s)|- (2.43)
S<O ATk s<oy,

From (2.41) we have by Doob’s inequality

E sup|Uy(s)[* < 4E|U (0,)- (2.44)

s<oy

Noting that: (1) for any x € R |x|> = tr xx', (2) EUk(0,)Uk(0,)" = E(Uk)(0,), we may re-
write the last inequality in the form

E sup|Ux(s)[* < 4E tr(Uy) (o). (2.45)

s<oy,
Writing

(Uk) (o) = (U™ )(0n) = (U)™(0n) = (L) (Tk A On), (2.46)
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we get from (2.37) and (2.38) tr(Ux)(0x) < N, which together with (2.45) results in Esup__
|Uk(s)|* < 4N. Then, from (2.42) and (2.43), we have by Fatou’s theorem

Esgplu(s)l2 <4N. (2.47)
The assumption U (0) = 0 yields
Esup|U(s)* = Esup|U(s)|*I{c > 0}. (2.48)
s<0 s<O

Relations (2.38) and (2.39) imply that

sup|U(s)[*I{c > 0} = lim sup|U(s)[*I{c >0}, (2.49)

s<o s<oy

which together with (2.47) yields by Fatou’s theorem Esups<0|ll(s)|21 {oc > 0} < 4N. It re-
mains to note that sup, g, | U(s)| = sup,_ |U(s)|I{o >0} in view of (2.34). O

Lemma 2.20. Let U be a locally square integrable martingale with respect to F such that

E[U(0)]* < oo, (2.50)
and for any t
2
Emax|AU(s)[" < co. (2.51)

Let, further, N be a positive number and o a predictable time satisfying condition (2.37). Then, U° €
M (F).

Proof. In view of (2.50) it suffices to show that (U - U(0))° € M (F). In other words, we may
consider that U(0) = 0. Then condition (2.51) and the evident inequality

sup|U* (s)] < sup| “U(s)| + max|AU(s)| (2.52)

s<t s<t
imply by Lemma 2.19 that for any ¢

E sup|U°(s)[* < co. (2.53)

s<t
It remains to prove that for all £, > ¢; >0,

E(U(t2) | F(t)) = U (). (2.54)
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Taking a sequence (7,,) with properties (2.40) and (2.41), we write

EU(B Ao ATk | F(t)) =U (8 Ao A Tg). (2.55)

To deduce (2.54) from this inequality and (2.40), it suffices to note that

Ut Ao AT)| < suplll"(s)|, (2.56)

s<t

so that (2.53) provides uniform integrability of the sequence (U (t2 A 0 A Ti), k € N). O
Corollary 2.21. Under the conditions of Lemma 2.20 U € M2(°F).

Theorem 2.22. Let U be a locally square integrable martingale with respect to F satisfying conditions
(2.50) and (2.51), N a positive number, and o a predictable time satisfying condition (2.37). Then,
(“u) = *U).

Proof. Denote X = (U2 - (U))7 = (U?)**—(U°),Y = “U**-°(U) = “(U* - (U)). It suffices
to show that Y is a °F-martingale. To deduce this fact from Theorem 2.17, we note that, firstly,
X e ﬁ(]F) by construction and Lemma 2.20, and, secondly, Y = °X by construction of both
processes and because of (2.35). O

3. Martingale Preliminaries
The next statement is obvious.

Lemma 3.1. Let (M') be a sequence of martingales such that
M LM, (3.1)

and for any t the sequence (|M'(t)|) is uniformly integrable. Then, M is a martingale.

Lemma 3.2. Let (M) be a sequence of martingales such that (3.1) holds and

sup E tr{ M) (t) < co.
leN,th+ < > (3.2)

Then, sup, E[M(t)|* < co.

Proof. By condition (3.2) and the definition of quadratic characteristic, there exists a constant

C such that E|M’(t‘)|2 < C for all t and I. Hence, and from (3.1), we have by Fatou’s theorem
(applicable due to the above-mentioned Skorokhod’s principle of common probability space)
EIM(t)*> < C. O

Corollary 3.3. Let a sequence (M') of square integrable martingales satisfy conditions (3.1) and
(3.2). Then, M is a uniformly integrable martingale.
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Lemma 3.4. Let Y be a local martingale and K be an G-valued random process. Suppose that they are
given on a common probability space and (Y, K) d (Y, [Y]). Then for any t K(t) = [Y](t) a.s.

Proof. By assumption,
S - Yt - K1) & Y (Y (k) - Y(t0) - [YI(E), (3.3)
i=1 i=1

for all n,t and ty < t; < ---t,. Hence, recalling the definition of quadratic variation, we get
[Y](t) - K(t) 0. O

We shall identify indistinguishable processes, writing simply ¢ = 5 if P{Vt € R,,¢(t) =
1(t)} = 1. Theorem 2.3.5 [3] asserts that

[Y]=(Y), (3.4)

for a continuous local martingale Y. Hence, and from Lemma 3.4, we have

Corollary 3.5. Let Y be a continuous local martingale and K an S-valued random process. Suppose

that they are given on a common probability space and (Y, K) d (Y, (Y)). Then, K = (Y').

Proof. Lemma 3.4 and formula (3.4) yield P{Vt € Q,, K(t) = (Y)(t)} = 1. Continuity of both
processes enables us to substitute Q. by R,. O

Lemma 3.6. Let U be a locally square integrable martingale. Then, ||(U)|| is an increasing process.

Proof. For any x € R, the process x"U is a numeral locally square integrable martingale and,
therefore, the process (x"U) increases. It remains to note that (x"U) = x" (U )x and to recall
formula (2.21). O

Lemma 3.7. Let Zy and Z, be locally square integrable martingales with respect to a common filtra-
tion. Then,

{Z1, Z2) + (Zao, Z1) || £ 20/ I Z D) I Z2) |- (3.5)

Proof. For d = 1 (then (Z,, Z1) = (Z1, Z,)), this is the Kunita-Watanabe inequality [3, page
118]. In the general case, we take an arbitrary vector x € S4~! and write

xX"((Z1,25) + (Zo, Z1))x = 2<xT21,xTZ2> <2\ /(xXTZW(xTZ,) = 2\/xT(Zl>xxT<Zz>x,

(3.6)

hereupon the required conclusion ensues from (2.21) and Lemma 2.9. O
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Lemma 3.8. Let Uy and U, be locally square integrable martingales with respect to some common
filtration. Then, for any t > 0

sup|| (U1 ) (s) = (W) (9)]] < (U = U2) ()] + 24/ (Us ~U) DIV IU) O (37)

s<t
Proof. Writing the identities

(Uq) =(Uy — Uy + Up) = (U; - Uz) +(Uy - Uy, Uz) + (U, Uy -Us) +(Uy), (3.8)

we deduce from Lemma 3.7 that

[{U1)(s) = (U2) (s)]| < (U1 = U2) (s) ]| + 2\/II<U2 - Ul)(S)II\/H(Uz)(S)II- (3.9)

It remains to note that the right-hand side increases in s by Lemma 3.6. O

For a function f € D we denote Af(t) = f(t) — f(t-).
Let us introduce the conditions:
(RC) The sequence (tr(Y;)) isr.c. in C.
(UI1) The sequence (]Y;,(t) = Y, (0)[?) is w.i.
(UI2) For any z € R% the sequence (tr(zY,)(t)) is u.i.
(UI3) The sequence (sup,,[Yy(s) = Y, (0)[*) is u.i.

Lemma 3.9. Let (Y;,) be a sequence of local square integrable martingales satisfying the conditions:
(RC),

lim lim P{|Y,(0)| > L} =0, (3.10)
L—oon—o
and, for each t > 0, the condition
n;<atx|AYn(s)| 0. (3.11)

Then, (Yy,) is r.c. in C.

Proof. It follows from (RC) and (3.10) by Rebolledo’s theorem [2, V1.4.13] that (Y;,) is r.c. in D.
Hereon, the desired conclusion follows from Proposition V1.3.26 (items (i) and (iii)) [2] with
account of VI.3.9 [2]. O

Combining Lemma 3.9 with Corollary 2.11, we get

Corollary 3.10. Under the assumptions of Lemma 3.9, the sequence of compound processes
(Yo, (Yyn)) isr.c.in C.

Some statements below deal with random processes on [0, t], not on R,. In this case,
the time variable is denoted by s and C means C[0, f] instead of C(R,).
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Lemma 3.11. Let (Y;,) be a r.c. in C and satisfying condition (UI1) sequence of martingales on [0, t].
Then, for any z € RY, the sequence ([zY,](t)) is u.i.

Proof. The obvious equality [V — V(0)] = [V] allows us to consider that Y;,(0) = 0. Then, con-
dition (UI1) together with Doob’s inequality yields

sup Esup|Y,(s)|* < oo, (3.12)
n s<t
whence
Slip EIIslth|AYn(S)| < oo. (3.13)

By assumption, for any infinite set Jy C N, there exist an infinite subset | C Jy and a ran-
dom process Y such that

YniY asmn— oo, n€EJ. (3.14)
Condition (UI1) implies that Y is a square integrable martingale and for any z € R%,
E(zY,(t)* — E(zY(t))* asn— oo, neJ. (3.15)
From (3.14) and (3.13), we have by Corollary VL.6.7 [2]
[zYa] S [zY] asn— o0, ne]. (3.16)

Hence, and from (3.15), recalling that for any R-valued M € M, one has E(M - M(0))* =
E[M] [3, Theorem 2.2.4], we get

E[zY,](t) — E[zY](t) asn— o0, n€ J. (3.17)

Comparing this relation with (3.16), we conclude that the sequence ([zY,](t),n € J) is uni-
formly integrable. Hence, in view of arbitrariness of Jy, we deduce by Lemma 2.3 uniform
integrability of ([zY,](t),n € N). O

Lemma 3.12. Let (Y;) be a sequence of martingales on [0, t] satisfying condition (UI1) and (UI2).
Suppose that there exists an R x &, -valued random process (Y, K) such that

(Yo, (Ya)) = (Y, K). (3.18)
Then, firstly,

[Y,] - (Y,) 5O, (3.19)
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where O is the null matrix, Y is a continuous martingale, and, secondly,
(LK) £ (Y,(Y)). (3.20)

Proof. For the same reason as in the proof of Lemma 3.11, we may consider that Y, (0) = 0.
Then, as was shown above, condition (UI1) implies (3.13). Combining the latter with

Y, S, (3.21)
(a part of (3.18)), we get by Corollary V1.6.7 [2] that
(Y, [Ya]) = (¥, [YD). (3.22)

From (3.18) and (3.22), we get by Corollary 2.11 that for any infinite set Jy C N, there exist an
infinite subset J C Jo and an &, x &,-valued random process (Q’, R/) such that

(Y, (Y)) — (QL,R) asn— oo, ne]. (3.23)

(Of course Q' £ K, R £ [Y].)
Denote Z,, = [Y,,] — (Y»). This is a martingale by Lemma 10.4 in [4]. Relation (3.23) im-
plies that

Zn —>Q]—R] asn— oo, n€J. (3.24)

For any z € R%, the sequence (zZ,(t)z") is, by Lemma 3.11 and condition (UI2), u.i. So, rela-
tion (3.24) implies by Lemma 3.1 that z(Q’ — R/)z" is a martingale. Also, it implies its conti-
nuity. Relation (3.23) shows that the processes zQ’z" and zR/z" increase and start from zero.
So, z(Q/ — R/)z" starts from zero and has finite variation in [0, t]. These four properties of
Q/ - R/ imply together that Q/(s) — R/(s) = O for all s € [0,t]. Thus, any subsequence (Z,,
n € Jp) contains, in turn, a subsequence (Z,,n € J) such that Z, — O as n — oo, n € J. This
proves (3.19).

From (3.22) and (3.19), we have (Y, (Y},)) S (Y, [Y]). And this is, in view of (3.4),
tantamount to

(Yo, (Ya)) = (Y, (X)). (3.25)

Comparing this relation with (3.18), we arrive at (3.20). O
Remark 3.13. The second conclusion of Lemma 3.12 implies by Corollary 3.5 that K = (Y').

Corollary 3.14. Let a sequence (Y,,) of martingales on [0, t] satisfy conditions (RC), (3.11), (UI1),
and (UI2). Then, relation (3.19) holds.
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Proof. By Corollary 3.10 for any infinite set Jo C N, there exist an infinite set | C Jp and an
R4 x &, -valued random process (Y, K) such that relation (3.18) holdsasn — oo, n € J. Then,
by Lemma 3.12, so does (asn — oo, n € J) (3.19). Due to arbitrariness of Jy this relation
holds when n ranges over N, too. O

Corollary 3.15. Let (Y;) be a sequence of martingales on R, satisfying conditions (RC) and for all
t > 0, conditions (3.11), (UI1), (UI2). Then, relation (3.19) holds.

Lemma 3.16. Let a sequence (Yy,) of martingales on R, satisfy conditions (RC) and, for any t > 0,
(3.11) and (UI3). Then, relation (3.19) holds.

Proof. Denote oN = inf{s : tr(Y,)(s) > N}, YN = %Y, Obviously,

{o}y < t} C {te(Y,)(t) > NJ. (3.26)

By Corollary 221 YN is a square integrable martingale with respect to R, By
Theorem 2.22,

(Y = 7 (). (3.27)

Condition (RC) implies relative compactness of the sequence ((Y;N),n € N). By construction
YN (t) = Y,N(0)] < sup,,|Y,(t) = Y,,(0)]. So, condition (UI3) implies that for any t and N the

sequence ([YN(t) - YN (0)[*, 7 € N) is wi. Thus, Corollary 3.15 asserts that for any N
[Y,{V] ~(YN) 50 asn— oo, (3.28)

Equalities (3.27) and (2.36) yield the relation

{sup<|| (2] - )| + [ (3 Yo - s)|) > 0} clod<t), G

s<t

which together with (3.26), (3.28) and (RC) entails (3.19). O

Corollary 3.15 and Lemma 3.16 are only the steps towards the final result about asym-
ptotic proximity of quadratic variations and quadratic characteristics—Corollary 5.3.

Corollary 3.17. Let a sequence (Y;,) of martingales on R, satisfy conditions (RC) and for any t > 0,
(3.11) and (UI3). Suppose also that there exists an RY x &, -valued random process (Y, K) such that
relation (3.18) is valid. Then, Y is a continuous martingale, and (3.20) holds.

Proof. Lemma 3.16 asserts (3.19). The implications ((3.21) and (UI1) = (3.22)); ((3.22) and
(3.19) = (3.25)), were established in the proof of Lemma 3.12. O
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4. Sequences of Martingales with Asymptotically Conditionally
Independent Increments

Lemma 4.1. Lef for each n M,, be an R-valued square integrable martingale on [0, t] with respect to
a flow (G, (s),s € [0,t]) and H#,, a sub-c-algebra of G,(0). Suppose that conditions (UI1) and (RC)
are fulfilled for Y, = M,

M,,(0) =0, (4.1)

max|A M, (s)| .0 (4.2)

and there exists a nonrandom number N such that for all n
(M) () < N. (4.3)
Then,

E<eiMn(t)+<Mn)(t)/2 | e(en> P (4.4)

Proof. Conditions (RC) (Y, = M,), (4.1), and (4.2) entail, by Lemma 3.9, relative compactness
of (M,,) in C.
Denote T, = (M) /2, & = eMtTn X, = ([M,] = (M) /2, Yn = &, © X,

o = () (2T 1= AT, (9) - IAML(5) + 5AMLOF ). @)

s<t
Condition (RC) (Y, = M,,) implies that

maxAT,(s) . (4.6)
In view of (4.1) ¢,(0) = 1. Then, by It6’s formula

Gu(t) = 1+ i85 - Ma(t) + &5 0 To(8) — 585 0 (M5) (1)
(4.7)
+ S éa(s0) <eiAMn<S>+ATn<S> —1-iAM,(s) - ATn(s)>.

s<t
Hence, recalling that (M) (t) = [M,,](t) - Zsst(AMn(s))z, we get

En(t) =1+ig, - Mu(t) - &, 0 Xu(t) + 1. (4.8)
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By the definition of ¢, and by condition (4.3),

supléa(s)| < eN2. (49)

s<t
Consequently,

E(&, - Mau(t) | #u) =0, (4.10)

and E[¢; - M, (1)[> = E(|&;]* 0 (M,,)(t)). The right-hand side of the last equality being less than
eN N, the sequence (¢, - M, (t)) is w.i., and so is ([M,,](t)) by Lemma 3.11 whose conditions
(those not postulated) we have verified. This together with (4.9) and (4.3) implies uniform
integrability of (¢, o X, (t)). Now, (4.8) and inequality (4.9) show that (77,) has this property,
too.

By construction and Lemma 10.4 in [4], X}, is a martingale. Then, it follows from (4.9)
that E(¢,, o X,,(t) | #,) = 0, which together with (4.10) and (4.8) yields

E(Gn(t) | Hn) =1+ E(Tln | ewn). (4.11)

So, it suffices to show that

M — 0. (4.12)
Obviously, for any real a and b

e _a=(e"-1-a)e" + a(eb’ - 1> + e,

(4.13)

. . b2
le” -1 - al < |afel, 'eb’—1|§|b|, e~ 1-bi+—| <l

Hence, from (4.5), (4.9), we get

|71 ] < €N <e3NZ(ATn(s))2 +max|AM,(s)| <ZATn(s) + Z(AMH(S))2> > (4.14)

s<t s<t s<t

Now, (4.12) ensues from (4.6), (4.3), (4.2), and stochastic boundedness of the sequence
([M](1)- O

Lemma 4.2. Let for each n, M, be an R-valued starting from zero locally square integrable martin-
gale with respect to some flow (G (t),t € R,) and H#,, a sub-c-algebra of G, (0). Suppose that con-
dition (RC) is fulfilled for Y,, = M,,;

2
Err;SatX(AMn (s))—0, (4.15)
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for any t > O; there exists a nonrandom function q : R, — R, such that
(M) (8) < q(b), (4.16)

forall nand t. Then, for any t, relation (4.4) holds.
Proof. Let us denote, only in this proof, Tny, = inf{t : |M,(£)| > N}, Mnu(t) = Mu(t A TNn),
Tnn(t) = T,(t ATNy) (sO that My, € €My and (Mpy,) = 2TNy), Enn = eMNn*TNe The evident

inequality

sup| My, (5)] < N + max|A M, (s)] (4.17)

s<t

and condition (4.15) show us that for any positive t and N, the sequence (M Nn(h)?, neN)is
u.i.

By assumption, there exists a sequence (ox) of stopping times such that ox " o a.s.
and for each k, M% € M. Then, foranyt>s>0, N >0andn, k €N,

E(Mnn(tA0k) | Gu(s)) = E(M (EATNn) | Gn(s)) = M (S ATNn) = MNn(s A 0k).  (418)

Writing |[Mn(t A 0k)| < sup,,|Mnn(s)|, we deduce from (4.17) and (4.15) uniform integra-
bility of the sequence (M, (t A 0x), k € N). So, letting k — oo in (4.18), we get

E(Mnn(t) | Gn(s)) = Minn(s), (4.19)

thatis, M ny, is a martingale. It is square integrable because of (4.17) and (4.15). Thus, for any
N and t the sequence (M, n € N) satisfies all the conditions of Lemma 4.1 which, therefore,
asserts that

E@Nn(t) | H#p) —>1 asn— oo. (4.20)

Here, in |&,(t)| V |Enn(t)] < €9®) because of (4.16), so

|8 (t) = Enn (1) < 2270 T (TN, <t (4.21)

Obviously, {Tnn <t} C {sup,|My(s)| > N'}. From (4.16), we have by the Lenglart-Rebolledo
inequality

lim lim P{sup|Mn(s)| > N} =0. (4.22)

N —-ocon—ow o<t

The last three relations imply that

Jim Tim EJg, () — éna(t)] = 0, (4.23)

which together with (4.20) yields (4.4). O
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Lemma4.3. Let foreachn, M,, M}, M2 ... be R-valued starting from zero locally square integrable
martingales with respect to a flow (G, (t), t € Ry) and H#,, a sub-c-algebra of G,,(0). Suppose that for
almeN, t>0,¢>0,

lim Emgtx(AM;"(u))z =0, (4.24)
. Yo 1 _ _
lim '}E&P{ <Mn Mn>(t) > g} =0, (4.25)

there exists a nonrandom function q : R, — R, such that
(M) () V(M) (1) < q(t), (4.26)

forall m,n, and t; for each m, the sequence ((M}}), n € N) is r.c. in C. Then, for any t relation (4.4)
holds.

Proof. Denote T = (M™) /2. By Lemma 4.2 E(eM* T ®) | 4,y £ 1asn — oo. So, in view

of (4.26), it suffices to prove that for any ¢ > 0,

lim lim Ele

laooﬂ—ﬂ)o

iML(D+TL(E) _ eiMn(t)+T,,(t)| -0. (4.27)

Conditions (4.25) and (4.26) imply by Lemma 3.8 that for all positive ¢t and ¢

lim HP{
l—)oo n—oo

TL(t) - T,,(t)| > g} =0. (4.28)

Furthermore, (4.25) together with the Lenglart-Rebolledo inequality and the assumed equal-
ities M, (0) = 0 = M (0) yields

lim EP{|M;(t)—Mn(t)| >g} =0, (4.29)

| —-ohn—w

which jointly with the previous relation and condition (4.25) entails (4.27). O

Lemma 4.4. Let for each n, M, be an R-valued starting from zero locally square integrable martin-
gale with respect to a flow (G, (t), t € R,) and H#,, a sub-c-algebra of G, (0). Suppose that conditions
(RC) (Yn = My,), (4.24) (for all m and t) and (4.25) (for all t and €) are fulfilled; for all m € N and
u, >u; >0,

(M) (u2) = (M) (1) < (M) (u2) = (M) (02); (4.30)
for any t > 0 and bounded uniformly continuous function f : R, — R,

E(f((Mp)(t) | H#n) = F((M,) () = 0. (4.31)
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Then, for any t,

E( M) | Jgn) _ e Mn/2 P o (4.32)

Proof. (1°) Let us fix t and denote a, = eT*®, B, = eM:® 50 that ¢,(t) = a,f,. If there exists
a nonrandom constant N such that (M, )(s) < N for all n and s, then all the conditions of
Lemma 4.3 are fulfilled, and therefore,

E(anfn | Hn) — 1. (4.33)

Also, under this assumption a,, = g™ (T, (t)), where gV (x) = e*",

[N] _ Nx '
NV |x|

(4.34)

So, substituting f(x) = g™ (2x) to (4.31), we obtain (2.7), whence by Lemma 2.5, relation (2.8)

follows. Juxtaposing it with (4.33), we get a,E(f, | #,) — 1 2o Dividing both sides of this
relation by a, (> 1), we arrive at (4.32).

(2°) Let us waive the extra assumption.

Denote oy, = inf{s : (M,)(s) > k},

Tin(s) = Tu($)110,0,[(S) + Tn(0kn=) {01,000 (5), (4.35)
TZ;(S) = T,T(S)I[()/Ukn[(s) + T:ln (O‘kn—)I[gkn,w[(S), (4.36)

and likewise with M instead of T. Lemma 2.18 asserts predictability of oy,. By construction
and condition (4.33), ok, < inf{s : (M?")(s) > k}. Thus, Theorem 2.22 asserts that My, and

M]! are square integrable martingales and (M) = 2Tk, (M} ) = 2T} . Consequently, for
any tp > t; >0

(M) (t2) = (M) (t1) < (M) (t2) = (M) (). (4.37)

In view of (4.35) and (4.34),

R R e L () @.38)
whence
(Ta(®)™ = T (8)] € ATu(0kn A1) < MaXAT, (5). (4.39)

Here, in condition (4.6) is fulfilled because of (RC).
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Let f be a bounded uniformly continuous function. Then,
E(f (@™ | <,) - F((T ™) 0, (440)

by condition (4.30);
fTa®) = F(Tue)™) S0, (4.41)

on the strength of (4.39), (4.6) and uniform continuity of f. From the second relation, we get,
since f is bounded,

E(f (Tun(®) = F (L)) | ) L0, (442)
These three relations together yield
E(f (Tin(1)) | ) = f(Tra(t)) — 0. (4.43)

Thus, the sequences (Mk,, n € N) and (M, , n € N) satisfy all the conditions of the lemma

plus the above extra assumption. Then, according to item (1°) E(eMi(® | ) e~ (M) /2 &,
0asn — oo. Hence, and from (RC), relation (4.32) emerges by the same argument as (4.4)
was derived from (4.20) and (4.22). O

Theorem 4.5. Let for eachn € N X,,, X}, X2 . .. be locally square integrable martingales with respect
to a flow Fy,. Suppose that the sequence (tr(X,)) isr.c.in Candforallm eN, t>s>0, e>0, t, >
t1 >0, z € R% and bounded uniformly continuous functions f : R, — R

lim Enl}gtxmxgﬂ(unz =0, (4.44)

lim EP{H(X@ - Xn>(t) > 5} =0, (4.45)
(zX5') (k) = (2X5') (1) < (2Xn) (R2) = (2X5) (B), (4.46)
E(f((2Xa) (1) | Fu(5)) = F((2Xa) (£) = 0. (4.47)

Then, (1) forany p,l EN, t, >+ >t >t >5>0,z1,...,2 ER™ and 5> -+ > 51 >0

E <exp{iilzj (Xn(t;) = Xu(tj-1)) } | 9’:n(5)>

P
—exp{—éj;zj<<xn><t,-> - <Xn><t,--1>>z}} 0

(4.48)
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(2) under the extra assumption that the sequence (X, (0)) is stochastically bounded,

14
E <exP{iZZ,-(Xn(tj) - Xu(tj1)) }F(Xn(O), (Xu)(51), .- (Xu)(s1)) | %(S)>
j=1

P
—EXP{_%ZZJ(<Xn>(ti) - <Xn><t]--1))z}}F<Xn<0>, (Xa)(51), -, (X (s1) 0,
j=1

(4.49)

forallp, €N, t, > >t >tg>5>0,z1,...,2, ERY, 5y>--->5,>0,and F € C,(R? x &).
Proof. The relative compactness condition implies that for any t, the sequence (|[{X,)|(t)) is

stochastically bounded. Then, it follows from (4.47) by Corollary 2.8 thatforany t > # > s > 0,
£>0,z € R* and ¢ € C,(R?)

E[E(p((2Xn) (1), (2X0) (F')) | Fuls)) — @((2Xn) (1), (2Xn) ()| — 0. (4.50)

If, moreover, the sequence (X,(0)) is stochastically bounded, then the same corollary asserts
that, in the notation of formula (4.49),

E(F(Xu(0), (X)) (51), -+, (X} (1)) | Fu(s))
(4.51)
—F(Xn(0), (Xu)(51), -+, (Xn)(s1)) == 0.

Let us fix j and denote M, (u) = z; X, (tj-1+u)~z;X,,(tj-1) (likewise with a superscript),
Gn(u) = Fn(tj-1 +u). Then,

(Mn>(u) = <Z]'Xn>(t]'_1 + u) - <Z]'Xn>(i’]'_1), (452)

Mi(tj = tj1) = 2;Xu(t)) = 2jXu(tj-1),
(M) (t; = i) = (ziXn) (t;) = (2iXn) (tj21),

o o (4.53)
max| AM (u)] = ug}ﬁlﬁtIZ;AXn (w)],

(M = My () = (2;(Xh = X)) (b1 + 1) = (27 (XE = X0) Y (t0).

So we have the implications: (4.44) = (4.24); (4.45) = (4.25). Setting in (4.50) t = t; 1 + u,
t'=ti1,z=2z,0xy) = f(x-y) (f € CG(R,)), and taking to account (4.52), we get (4.31)
with #,, = G,(0). Equality (4.52) shows that the sequence ({(M,)) is r.c. in C, since ((X,)) has
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this property. The similar equality for M and condition (4.46) imply (4.30). Thus, Lemma 4.4

asserts that for any ¢ relation (4.32) with &#, = G, (0) holds. Putting t = t; — t; 1, we convert it
to

E<eiz]-(xn(t,~)—xn(t,-,1)) | (tf*1)> _ e H X)X t)zf/2 P (4.54)

Denote the left-hand side of this relation by s¢,. Inequality |s,| < 2 allows to rewrite it in the
form E|s¢,| — 0. Consequently, for any s € [0, t;-1]

E<€izj(X,,(t,~)—Xn(tj71)) | ?n(5)> _ E<€*Zj(<Xn)(tj)*<Xn>(tj—1))Z]T/2 | ?n(5)> L 0. (455)
Hence, and from (4.50) (p(x,vy) = f(x —y)), wehaveforj=1,...,p

E(eiZ/(Xn(tj)—Xn(tj—l)) | ?n(5)> _ e*Zj((X,,>(t/-)7<X,,)(t]»_1))z]T/2 L 0. (456)

Now, (4.48) emerges from Lemma 2.4.
Relation (4.49) follows from (4.48) and (4.51) by Lemma 2.5. O

Remark 4.6. Relation (4.49) implies that every partial limit (with respect to the weak convergence in
law) of a sequence (X,,) is a process with conditionally independent increments.

The following result can facilitate the verification of condition (4.47).

Lemma 4.7. Let for eachn € N Q, be an G-valued or R*-valued random process adapted to a flow F,,
on a probability space (€2, Fn, Pn). Suppose that there exists a sequence (Ay) of scalar random pro-
cesses such that, for any n € Nand u > 0, A, (u) is an §,(0)-measurable positive random variable;
forallt >s >0,

Qult) = 43 Qu(s) L0 457)

Then, for all for t > s > 0 and bounded uniformly continuous functions g on & (or on R¥),
P
E(8(Qn(1) | Fa(s)) - 8(Qn(t)) — 0. (4.58)
Proof. Denote A, (t,s) = A,(t)/An(s). Condition (4.57) implies that

PQu(t) = An(t, 5)Qu(s)| > & | Ky} =0, (4.59)
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foranyt > s > 0, ¢ > 0 and sequence (#,,) whose nth member is a sub-c-algebra of ¥#,. Hence,
and from the evident inequality

E(|g(Qu(®)) = g(An(t, )Qn(s))| | H#n)

< 2(1gllooPIQn(E) = Xu(t, 5)Qu(s)|| > € | H} + ”As%p |2(A) - (4.60)
we get by the choice of g
E((Qu(5) = g(n(t, 8)Qu(5)) | Hy) — 0. (4.61)

Setting here at first #,, = ¥,(s) and then H#, = ¥,(t), subtracting the second relation from
the first and recalling that the random variable 1, (t,5)Q,(s) is, by the assumptions about Q,
and A, ¥.(s)-measurable, we arrive at (4.58). O

Example 4.8. Let F,(t) = F(nt) and Q,(t) = n"'R(nt), where R is an F-adapted random pro-
cess (so that Q, is F,-adapted). Writing

R(nt)  R(nt) >’ (4.62)

nt ns

QulD) - £0u(0) = (o

we see that condition (4.57) will be fulfilled with A, (t) = t if we demand that t ' R(t) tend in
probability to some limitas t — oo.

5. The Convergence Theorems

Theorem 5.1. Let (Y;,) be a sequence of local square integrable martingales satisfying conditions
(RC), (3.10), and, for each t, the condition

2
Emax|AYy(s)|” — 0. (5.1)

Then, for any infinite set Jo C N there exist an infinite set | C Jo and a continuous local martingale Y/
such that

(Yo, (Yy)) = (Yf, <Yf>) asn— oo, n € J. (5.2)

PT’OOf. (10) Denote Til — 1nf{t . |Yn(t) — Yn(0)| > l}, lel(t) = Yn(t/\T,lq),Kn = <Yn>/ Ki = <Y1lz> (SO
that K. (t) = K,(t A TL)),

M=K, 1= (Y K,), (5:3)

regarding 7, and 7, as R4’ -valued processes.
Conditions (RC), (3.10) and (5.1) imply by Corollary 3.10 that the sequence (77,,) is r.c.
in C. Then, by Corollaries 2.10 and 2.11, for any I € N the sequence of compound processes
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(11,11, e, 1151, K,) is r.c. in C, too. Hence, using the diagonal method, we deduce that for any

infinite set Jy C N, there exist an infinite set J C Jy and random processes Y!, K!, Y2 K2...
such that forall l € N

(q}l,...,qil,Kn) < <111,...,111,K> asn—oo, NEJ, (5.4)

where
7= (Y, K). (55)

The distribution of the right-hand side of (5.4) may depend on ], so the minute notation
would be something like (11, ...,7}, K/). We suppress, “for technical reasons”, the super-
script J, keeping, however, it in mind.

(2°) By the definition of Y},

sup|Y,,(s) = Y, (0)| <1+ max|AY(s)], (5.6)

s<t

which together with (5.1) shows that for any I and t, the sequence (sup, St|Y,ll(s) - Yfl(0)|2,
n € N) is uniformly integrable. Then, it follows from (5.3)-(5.5) by Corollary 3.17 and
Remark 3.13 that Y is a continuous martingale and

K = <Y’>. (5.7)

(3°) Writing

{ sup
s<t

and recalling that (Y},) is r.c. in C, we arrive at (2.26).
(4°) Note that the processes 1!, 7% ... are given, in view of (5.4), on a common proba-
bility space. Let us show that

1 (s) - qn(s)| > o} c {T,ﬁ < t} C {supm(s) ~Y,(0)] 1}, (5.8)

s<t

lliri sup EQ<11i, 711> =0, (5.9)

>l

where ¢ is the metric in D defined by

o(f.q) = iZ"” <1 Asup|f(s) - g(s) I>. (5.10)
m=1 ssm

From (5.4), we have by Lemma 2.15

sup|r, (s) = 1,(s)| <= sup|r(s) ~ ()| asm— o0, me ], (5.11)
s<m s<m
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for all natural m,i and I. Then, Alexandrov’s theorem asserts that for any ¢ > 0,

ni(S)—fz’(S)|>£}S lim P{sup nZ(s)—nL(s)|>s},
n— oo, nej s<m

P { sup
s<m
which together with the definitions of 7%, lim and lim yields, for i > I,

P{sup|,1i(s) _Wl(s)i > 5} < EeIP{sup|Yn(s)| > l}.

s<m s<m
Hence, and from the evident inequality
E(LAy) <e+P{y>¢},

where y is an arbitrary nonnegative random variable, we get for i > [,

E<1Asup|,li(s)_,11(s)|> <e+ lim ]P{sup|Yn(s)| Zl}.
n— oo, ne

s<m s<m

By the Lenglart-Rebolledo inequality,

P{sup|Yn(s)| > l} < 132 +P{trK,(m) > a},

s<m
for any a > 0. Relation (5.4) implies, by Alexandrov’s theorem, that

lim ]P{trKn(m) >a} <P{trK(m) > a},
n— oo, ne
which together with (5.10)—(5.16) yields

sulp Eq<11i,111> <e+ lﬁz + ZZ’mP{trK(m) > al.
> m=1

Hence, letting I — oo, then a — oo finally ¢ — 0, we obtain (5.9).

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5°) Obviously, ¢ metrizes the U-convergence and the metric space (C, ¢) is complete.
Relation (5.9) means that the sequence (77') of C-valued random elements is fundamental in
probability. Then, by the Riesz theorem, each of its subsequences contains a subsequence con-
verging w.p.1. The limits of every two convergent subsequences coincide w.p.1 because of
(5.9). So, there exists a C-valued random element (= continuous random process) # such that

Jim Eo(' 1) = 0.

(5.19)
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And this is a fortified form of the relation

= (5.20)

In particular, the sequence (7') is r.c. in C (which can be proved directly, but such proof does
not guarantee that partial limits are given on the same probability space that the prelimit
processes are).

(6°) Relation (5.4) together with the conclusions of items (3°) and (5°) shows that all
the conditions of Corollary 2.14 (with the range of n restricted to J) are fulfilled (and even
overfulfilled: relation (5.20) proved above without recourse to Corollary 2.14 contains both
an assumption and a conclusion of the latter). So, Corollary 2.14 asserts, in addition to (5.20),
that

fMh——1 asn— oo, n€EJ (5.21)
This pair of relations can be rewritten, in view of (5.3) and (5.5), in the form

(Y’, K’> S (v K), (5.22)

(Yn, Ku) = (Y,K) asn— oo, ne], (5.23)

where (Y, K) is a synonym of 7. We wish to stress again that, firstly, all the processes in (5.22)
are given on a common probability space and, secondly, they depend on the choice of J.

(7°) Let us show that Y is a local martingale.

Denote oy, = inf(t : tr K(t) > m},and M, (t) = Y(tAon), ML, (t) = Y!(tAoy,). Equalities
(5.19), (5.10), and (5.5) yield

lim EQ(Mi,,,Mm) =0, (5.24)
whence
M. M, asl— oo. (5.25)
On the strength of (5.7),
<M£n>(t) =K' (t A o). (5.26)

By the construction of the processes Y,i and Ki, for any s € R, and n € N, the sequence
(tr Kl (s),1 € N) increases. Then, due to (5.4) so does (tr K'(s),I € N). Hence, we have with ac-
count of (5.19), (5.10), and (5.5)

tr K'(s) < tr K (s), (5.27)
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for all s and I. Comparing this with (5.26), we see that
E tr<an>(t) <E tr K(t A oy). (5.28)

But tr K is a continuous increasing process, so tr K(o,,) = m, tr K(tAoy,) < m. Now, it follows
from (5.25) and (5.28) by Corollary 3.3 that M,, is a uniformly integrable martingale. Thus,
the sequence (0,) localizes Y.

(8°) Relation Y Sy (a part of (5.22)) where the prelimit processes are, according to
item (2°), continuous martingales implies by Corollary VI1.6.7 [2] that

(Y’, [Y’]) S (v [Y)D. (5.29)

Comparing this with (5.22), we get with account of (3.4) (Y,K) 2 (v, (), hereupon
Corollary 3.5 asserts that K = (Y'). O

Corollary 5.2. Let (Y,) be a sequence of local square integrable martingales satisfying conditions
(RC), (3.21), and, for all t > 0, (5.1). Then, Y is a continuous local martingale and relation (3.25)
holds.

Proof. Let Jo be an arbitrary infinite set of natural numbers. Then, Theorem 5.1 whose con-
dition (3.10) is covered by (3.21) asserts existence of an infinite set | C Jy and a continuous
local martingale Y/ such that (5.2) holds. By assumption, the distribution of Y/ and, con-
sequently, of (Y/, (Y/)) does not depend on J, which allows to delete the superscript in (5.2).
Hence, taking to account arbitrariness of Jy, we conclude that (5.2) holds for | = N. O]

Corollary 5.3. Let a sequence (Y,) of locally square integrable martingales satisfy conditions (RC)
and, for all t > 0, (5.1). Then, relation (3.19) holds.

Proof. It was shown in items (1°) and (2°) of the proof of Theorem 5.1 that for each I, the se-
quence (Y,’,,n € N) satisfies all the conditions of Lemma 3.16 which, therefore, asserts that

(Y] - (Y} S Oasn — oo Hence, by the same argument as in item (3°), relation (3.19)
follows. u

Theorem 5.4. Let for eachn € N X,,, X}, X2 ... be locally square integrable martingales with respect
to a common filtration. Suppose that for all m € N, t > 0 and € > 0 conditions (4.44) and (4.45) are
fulfilled, and

Jim sup Tim P{|x,0)]>L} =0, (5.30)

lim sup Tim P{tr<xi,>(t) > L} -0, (5.31)

}13(1) Sl.llp n@OP { (tl,tzs)l;g(t,r) <tr<XL >(t2) - tr<X£l>(t1)> > s} =0, (5.32)
lim ,ELP{ |X§,(0) - Xn(0)| > g} = 0. (5.33)
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Then, for any infinite set Jo C N, there exist an infinite set | C Jo and a continuous local martingale
X such that

(X (X)) > (X, (X)) asn—s oo, n€J (5.34)

Note that relation (5.34) is, up to notation, a duplicate of (5.2). So, the superscript | on
the right-hand side is tacitly implied (but suppressed because the conditions of the theorem
contain another superscript).

Proof. Conditions (5.31) and (5.32) imply that for each m, the sequence ((X7*),n € N) is r.c.
in C. Then, it follows from (4.44) and (5.30) by Lemma 3.9 that the sequence (X}},n € N) is
r.c. in C. So, there exist an infinite set J,;, C J;;-1 and a random process X™ such that

X SoxXm oasn—s 0, N E [ (5.35)
Consequently, if we denote by J the set whose mth member is that of J,,, then for each m,
X SoX™ asn— oo, ne J. (5.36)

And this together with (4.44) and relative compactness of ((X}'),n € N) implies by
Corollary 5.2 that X™ is a continuous local martingale and

my = (X0, (Xi)) <5 " = (X, (X™)) asm— o0, nE ], (5.37)
Then, it follows from (5.30)—(5.32) that

Jim sup P{ |Xl(0)| > L} =0, lim sup P{tr<Xl>(t) > L} =0,
(5.38)
lim sup P{ sup <tr<Xl>(t2) —tr<Xl>(t1)> > e} =0,

=0 (t1b)el1(Er)

and therefore, the sequences ((X')), (X!) and (7') are r.c. in C.
Conditions (5.33) and (4.45) imply by the Lenglart-Rebolledo inequality that for all
positive t and ¢

XL (s) - Xn(s)| > g} - 0. (5.39)

|—-ocon—o s<t

lim lim P{sup

Conditions(5.31) and (4.45) imply by Lemma 3.8 that

<Xi>(5) - <Xn>(s)” > s} =0, (5.40)

lim lim P{ sup
| —-whn—ow s<t
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which together with the previous relation yields (2.26). Then, Corollary 2.14 asserts existence
of a random process 7 = (X, H) such that

(Xl, <X’>) S (X, H), (5.41)

(X, (X)) <, (X,H) asn— oo, n€]. (5.42)

The ensuing relation X' S X, continuity (due to (5.37)) of all X! and relative compactness
of ((X')) imply by Corollary 5.2 that X is a continuous local martingale and (X!, (X)) S

(X, (X)). Comparing this with (5.41), we get (X, H) d (X, (X)), which converts (5.42) to
(5.34). O

Repeating the deduction of Corollary 5.2 from Theorem 5.1, we get from Theorem 5.4
the following conclusion.

Corollary 5.5. Let foreachn € N X,,, X}, X2 ... be locally square integrable martingales with respect
to a common filtration. Suppose that, they have the same initial value; conditions (4.44), (4.45), (5.31),

and (5.32) are fulfilled for all m and t; there exists a random process X such that X, S X. Then, X
is a continuous local martingale and (X, (X)) S (X, (X)).

Theorem 5.6. Let for eachn € N X, X}, X2 ... be locally square integrable martingales with respect
to a flow IF,,. Suppose that, conditions (4.44)—(4.47) and (5.30)—(5.33) are fulfilled for all m € N, ¢ >
§>0,>0,t >t >0,z € R™ and bounded uniformly continuous functions f : R, — R; there

exist an Re-valued random variable X and an &.-valued random process H such that
(X0), (%) S (%, H). 543)

Then, (1) foranyp,l €N, t, >--- >t >0,8>--->51 >0, z1,...2, € R%* and bounded conti-
nuous function F: R x 6. — R

p
E (exp{izz]’(xn(t}') - X (tj-1)) }F(Xn(o), (Xu) (1), <Xn>(sl))>
=

(5.44)

p o
— E<exp{—%zlzj(H(tj) - H(t]-_l))z]T}F<X,H(s1),...,H(51)> >,
=
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(2) there exists a continuous local martingale X with initial value X and quadratic characteristic H
such that (X, (X)) = (X, H) and

P
E<exp{iZz]-(X(tj) - X(t-1)) }F(X(O), (X)(s1),. .-, (X)(sl))>

j=1
(5.45)

e <exp{—%ézj (H(t;) - H(tj_l))z]T}F<}o(,H(sl),. ..,H(sl)> >

foranyp,l€N, t,>--- >t >0, 5y>--->51>0, z1,...2, € R%* and bounded continuous func-
tion F: R4 x G, — R.

Proof. Since the assumptions of this theorem contain those of Theorem 5.4, the conclusion of
the latter is valid. It implies, in particular, that the sequence ((X,)) is r.c. in C. So, firstly, the
assumptions of Theorem 4.5 are also fulfilled (and therefore the conclusions are valid), and,
secondly, the relation

lim Tim P{[X,(t) = X, (0)| > ¢} = 0 (5.46)

t—-0n—oo

holds.

If ty > 0, then Theorem 4.5 asserts relation (4.49) which together with (5.43) yields, by
the dominated convergence theorem, (5.44). Relation (5.46) and continuity (due to (5.43)) of
H enable us to let g — 0in (5.44), thus waiving the interim assumption ¢, > 0.

Combining (4.49) with the conclusion of Theorem 5.4 and with the dominated conver-
gence theorem, we see that for any infinite set Jo C N, there exist an infinite set | C Jo and
a continuous local martingale X such that for all p,l € N, t, > --- >t >0, 55> --- > 51 >
0, z1,...zp € R and bounded continuous function F : R? x 6. — R

p
E<exp{i2zj<xn(tj> = Xu(tj-1)) }F(Xnm), <Xn><s1>,...,<xn><sz>>>
j=1

(5.47)
P
. E<eXp{ —%Z;z]-(<><><tj> - <X>(tf-1))z}}P<X<o>, (X) (1), (X) (1) )
]:

asn — oo, n € J. The comparison of (5.43) and (5.34) shows that the right-hand side of
(5.47) equals

P o
E <exp{—%zlzi(H(ti) - H(tj1))z; } F(X, H(sy),.. .,H(s,)) > (5.48)
o
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and, therefore, does not depend on the choice of Jy and J. So, (5.47) holds as n ranges over N,
too. This together with (5.44) proves the second statement under the extra assumption t5 > 0
which can be waived exactly as above. O

Corollary 5.7. Let the conditions of Theorem 5.6 be fulfilled. Then, X has conditionally with respect to
G =o0(X,(X)(:)) independent increments.
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